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Abstract  

In this paper, we estimate the mean number of objects in the M/H2/1 model for web service when the mean 

object size in the M/H2/1 model is equal to that of the M/G/1/PS and M/BP/1 models. To this end, we use the 

mean object size obtained by assuming that the mean latency of deterministic model is equal to that of M/H2/1, 

M/G/1/PS, and M/BP/1 models, respectively. Computational experiments show that if the shape parameter of 

the M/BP/1 model is 1.1 and the system load is greater than 0.35, the mean number of objects in the M/H2/1 

model when mean object size of M/H2/1 model is the same as that of M/G/1/PS model is almost equal to the 

mean number of objects in the M/H2/1 model when the mean object size of M/H2/1 model is the same as that 

of M/BP/1 model. In addition, as the upper limit of the M/BP/1 model increases, the number of objects in the 

M/H2/1 model converges to one, which increases latency. These results mean that it is efficient to use small-

sized objects in the web service environment. 
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1. Introduction 

The object size and the number of objects are important parameters in the design of web service. These 

parameters depend on the mean waiting latency in the used web service model. They are also affected by the 

number of concurrent users accessing the web server. The M/G/1 model [1] is used as the web service model 

and the probability distribution of the service includes exponential, hyper-exponential, and Weibull [2,3]. FIFO 

is mostly used as a service policy, but process sharing (PS) is also commonly used web service policy. This 

case is called an M/G/1/PS model [4,5,6]. 

The object size affects the mean waiting latency in the web service model and for this case, the M/BP/1 

model [6,7,8] is considered. Here, BP means the Bound Pareto distribution, which has the upper bound and 

lower bound parameters of the file size and shaping parameter. 

The number of objects should be also found in the web design. In general, web objects are classified into a 

static object and several dynamic objects. M/H2/1 model describes this feature [9,10].  

When multiple users access objects on a web server simultaneously by round-robin, we can find the mean 

waiting latency by the deterministic model [10]. By inferring that at steady state, mean waiting latency in the 

deterministic model is equal to that of M/H2/1, M/G/1/PS, and M/BP/1 models respectively, mean object size 

with the same mean waiting latency can be found. By inference from the same logic that mean object size for 

M/H2/1 model is equal to that for M/G/1/PS and M/BP/1 models, we find the mean number of objects.  

This paper is based on the related research [4,6,8,10] and finds the mean number of objects for M/H2/1 

model in web service environment. Numerical experiments show that mean number of objects when the object 
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size of M/H2/1 model is equal to that of M/G/1/PS model is about the same as mean number of objects when 

the object size of M/H2/1 model is equal to that of M/BP/1 model.  

The rest of this paper is organized as follows. Section 2 describes mean waiting latency and mean object 

size in the related web service models. Section 3 derives the mean number of objects for M/H2/1 model. Finally, 

section 4 presents the conclusion. 

 

2. Related works 

In this section, we describe mean waiting latency and mean object size in the deterministic model, M/H2/1 

model, M/BP/1 model, and M/G/1/PS model used in the related papers [4, 6, 8, and 10]. 

The deterministic model describes mean waiting latency in the web object transfer [10]. In most object 

transfer service, m concurrent users access the same object on the web server simultaneously. In the transport 

layer, an object is divided into several packets with the maximum segment size (MSS). If we set S and θ to the 

maximum segment size and the object size respectively, the number of packets (n) is equal to θ/S.  

In the web service environment, service completion time of each user is affected by the scheduling policy. 

Most operating systems uses a round-robin scheduling policy. 

We can assume that a packet service time is equal to the time quantum in the round-robin scheduling policy. 

When a user access an object on the server, the object contains n packets. The task size (x) is equal to the total 

service time of each user. Since the time quantum is the packet service time (γ), thus γ = x/n. If γij is the jth 

packet service time of the ith user and γij = γ for all i, j, we determine mean waiting latency in the deterministic 

model (E(WD)) [4].  

 

𝐸(𝑊𝐷) =
(𝑚−1)(2𝑛−1)𝐸(𝑋)𝑆

2𝜃
                                                                                  (1) 

  

Now, we consider M/H2/1 model for web service [10]. Web objects typically consist of two types. A static 

object is the first requested home page. N dynamic objects are embedded in the static object and requested 

after the home page is parsed. This situation can be represented by the Hyper-exponential distribution [10], 

which chooses the ith negative exponential distribution. The density function is given by 

 

𝑓(𝑥) = ∑ 𝑝𝑖𝜆𝑖
2
𝑖=1 𝑒−𝜆𝑖𝑥          𝑥 ≥ 0                                                                        (2) 

 

For a static object, access probability (p1) is 1/(N+1) and arrival rate (λ1) is λ. For N dynamic objects, access 

probability (p2) is N/(N+1) and arrival rate (λ2) is Nλ.  

E(X) and E(X2) represents the first and the second moment for the object service time, respectively. They 

are obtained by 

                               

       𝐸(𝑋) =
2

(𝑁+1)𝜆
         𝐸(𝑋2) =

2

𝑁𝜆2
                                                                           (3) 

 

Using M/G/1 queueing theory [1, 10], mean waiting latency in M/H2/1 model is given by  

 

𝑊𝐻 =
𝑁+1

𝜆(𝑁−1)𝑁
                                                                                                          (4) 

 

By letting E(WD) = E(WH),  we find mean object size of M/H2/1 model (θM/H2/1) [10]. 
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 𝜃𝑀/𝐻2/1 =
(𝑁−1)𝑁(𝑚−1)𝑆

2(𝑁−1)𝑁(𝑚−1)−(𝑁+1)2

where 𝑚 >  1+
(𝑁+1)2

2𝑁(𝑁−1)

                                                                         (5) 

 
M/G/1/PS model utilizes processor sharing service. If we set the service rate to μ and there are m jobs in the 

server, each job can be managed at a rate of μ/m. Because γ is equal to μ/m, mean waiting latency in the 

deterministic model can be considered as mean waiting latency in M/G/1/PS model (WQ(x)). WQ(x) is given by 

[4,6].  

 

   𝑊𝑄(x) =
𝜆𝐸(𝑌)

1−𝜌
=

𝜆𝑥

𝜇(1−𝜌)
=

𝜌𝑥

1−𝜌
                                                                               (6) 

 

In Eq. (6), λ is mean arrival rate and ρ (0 ≤ ρ <1) is the system load and equal to λ/μ. E(Y) is mean service 

time of job. We can assume that mean waiting latency in the deterministic model using round-robin policy and 

that in M/G/1/PS model become the same at the steady state. By setting E(WD) = E(WQ(x)), we find mean 

object size of M/G/1/PS model (θM/G/1/PS) [4,6]. 
 

𝜃𝑀/𝐺/1/𝑃𝑆 =
(𝑚−1)(1−𝜌)𝑆

2[(𝑚−1)(1−𝜌)−𝜌]

where 𝑚 >  1+
𝜌

1−𝜌

                                                                        (7) 

 

Now, we describe mean waiting latency in M/BP/1 model [6, 8]. We set E(X) and E(X2) to first and second 

moment for service time distribution, respectively. If the link capacity is C, we obtain E(X) and E(X2) by Eq. 

(8). Here, α is the shape parameter. L and U are file size’s lower bound and upper bound, respectively. Ex(x) 

and Ex(x2) represent mean and second moment of Bounded Pareto distribution. 

 

 

{
 
 

 
 𝐸(𝑋) =

𝐸𝑥(𝑋)

𝐶
= 

𝐿𝛼

𝐶(1−(
𝐿

𝑈
)
𝛼
)
(
𝛼

𝛼−1
) (

1

𝐿𝛼−1
−

1

𝑈𝛼−1
)

   𝐸(𝑋2) =
𝐸𝑥(𝑋

2)

𝐶2
=

𝐿𝛼

𝐶2(1−(
𝐿

𝑈
)
𝛼
)
(
𝛼

𝛼−2
) (

1

𝐿𝛼−2
−

1

𝑈𝛼−2
)
                                           (8) 

 

In an M/G/1 model, if λ, ρ and X are the arrival rate, the system load, and the service time respectively, mean 

waiting latency in M/BP/1 model is given by 

 

𝐸(𝑊𝐵𝑃) =
𝜆𝐸(𝑋2)

2(1−𝜌)
                                                                                                   (9) 

 

    Now, we may infer that at the steady state, mean waiting latency in the deterministic model (E(WD)) becomes 

mean waiting latency in the M/BP/1 model (E(WBP)).  

We find mean object size of M/BP/1 model (M/BP/1) by using n = /S when E(WD) = E(WBP). Since Eq. (1) 

and Eq. (9) are the same, we find M/BP/1 as the following [6,8]. 

 

𝜃𝑀/𝐵𝑃/1 =
(𝑚−1)𝐸(𝑋)(1−𝜌)𝑆

2(𝑚−1)𝐸(𝑋)(1−𝜌)−𝜆𝐸(𝑋2)

where 𝑚 >  1+
𝜆𝐸(𝑋2)

2(1−𝜌)𝐸(𝑋)

                                                               (10) 
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3. Mean number of objects in M/H2/1 model  

This section finds mean number of objects in M/H2/1 model by using the mean object sizes of M/H2/1 model, 

M/G/1/PS model and M/BP/1 model. 

 

3.1. Mean number of objects when θM/H2/1 = θM/G/1/PS 

Assuming that θM/H2/1 in Eq. (5) is equal to θM/G/1/PS in Eq. (7), 

 

𝜃𝑀/𝐻2/1 = 𝜃𝑀/𝐺/1/𝑃𝑆  →
(𝑁−1)𝑁(𝑚−1)𝑆

2(𝑁−1)𝑁(𝑚−1)−(𝑁+1)2
=

(𝑚−1)(1−𝜌)𝑆

2[(𝑚−1)(1−𝜌)−𝜌]
                       (11) 

 

Rewriting Eq. (11) for N, we obtain the following equation. 

 

(1 − 3𝜌)𝑁2 + 2𝑁 + 1 − 𝜌 = 0                                                           (12) 

 

 By the quadratic formula,  N is given by  

 

𝑁 =
−1±√1−(1−3𝜌)(1−𝜌)

1−3ρ
,       𝑁 > 0                                                      (13) 

 

3.2. Mean number of objects when θM/H2/1 = θM/BP/1 

Assuming that θM/H2/1 in Eq. (5) is equal to θM/BP/1 in Eq. (10), 

 

  𝜃𝑀/𝐻2/1 = 𝜃𝑀/𝐵𝑃/1 →
(𝑁−1)𝑁(𝑚−1)𝑆

2(𝑁−1)𝑁(𝑚−1)−(𝑁+1)2
=

(𝑚−1)𝐸(𝑋)(1−𝜌)𝑆

2(𝑚−1)𝐸(𝑋)(1−𝜌)−𝜆𝐸(𝑋2)
                      (14) 

 

To summarize Eq. (14) for N, we have a following quadratic equation. 

 

𝑎𝑁2 + 𝑏𝑁 + c = 0                                                                               (15) 

                                                                 

𝑤ℎ𝑒𝑟𝑒 𝑎 = (1 − 𝜌)𝐸(𝑥) − 𝜆𝐸(𝑋2)   

𝑏 = 2(1 − 𝜌)𝐸(𝑥) + 𝜆𝐸(𝑋2)  

𝑐 = (1 − 𝜌)𝐸(𝑥)   

 

Using the quadratic formula, we find N. Since N is the mean number of objects, it must be positive. 

 

𝑁 =
−𝑏±√𝑏2−4𝑎𝑐

2𝑎
,     𝑁 > 0                                                                   (16) 

 

3.3. Mean number of objects analysis for M/H2/1 model 

We investigate the mean number of objects when the object size of M/H2/1 model is the same as that of 

M/G/1/PS model. In addition, when the object size of M/H2/1 model and that of M/BP/1 model are the same, 

we compare the mean number of objects in M/H2/1.  

Table 1 shows the comparison results when the shaping parameter (α) are 0.3, 0.7, 1.1, and 1.5 respectively. 

Lower bound (L) and upper bound (U) are 50KB and 1MB respectively for varying system load (ρ) from 0.35 

to 0.9.   

The mean number of objects is the largest when α is 1.5, and the smallest when α is 1.1. Especially, when α 

is equal to 1.1 and system load (ρ) is greater than 0.35, the number of objects when θM/H2/1 = θM/BP/1 is almost 

equal to the number of objects when θM/H2/1 = θM/G/1/PS. 
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Table 1. The number of objects (N) comparison varying α  

when θM/H2/1 = θM/G/1/PS and θM/H2/1 = θM/BP/1  

ρ 
N when 

θM/H2/1 = θM/G/1/PS 

N when θM/H2/1 = θM/BP/1  

α = 0.3 α = 0.7 α = 1.1 α = 1.5 

0.35 40 - 51 39 136 

0.37 18 50 21 18 27 

0.40 10 16 11 10 13 

0.45 6 8 6 6 7 

0.50 4 5 4 4 5 

0.60 3 3 3 3 3 

0.70 2 2 2 2 2 

0.80 2 2 2 2 2 

0.90 1 1 1 1 1 

mean 9.6 10.9 11.2 9.4 21.8 

 

Table 2 shows the comparison results when the shaping parameter (α) is 1.1 and lower bound (L) is 50KB 

for varying system load (ρ) from 0.35 to 0.9. The upper bound (U) varies from 1MB to 100MB.  

 

Table 2. The number of objects comparison varying ρ and U  

when θM/H2/1 = θM/G/1/PS and θM/H2/1 = θM/BP/1  

ρ 
N when 

θM/H2/1 = θM/G/1/PS 

N when θM/H2/1 = θM/BP/1  

L=50KB, U=1MB L=50 KB, U=10MB L=50KB, U=100MB 

0.35 40 39 2 1 

0.37 18 18 2 1 

0.40 10 10 2 1 

0.45 6 6 2 1 

0.50 4 4 2 1 

0.60 3 3 1 1 

0.70 2 2 1 1 

0.80 2 2 1 1 

0.90 1 1 1 1 

mean 9.6 9.4 1.5 1.0 

 

When the system load is less than 0.35 and U is 10MB or more, the mean number of objects is greater than 

zero unlike when U=1MB. The mean number of objects for U=100MB is less than that for U=10MB. In 

particular, the number of objects for U=100MB becomes one, thus a large file is required. 

The mean number of objects is the largest when L is 50KB and U=1MB and the smallest when L is 50KB 

and U=100MB.  

 

4. Conclusions 

In this paper, we estimate the mean number of objects for M/H2/1 model by using mean object sizes of 
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M/H2/1 model, M/G/1/PS model, and M/BP/1 model. In the previous research, mean object sizes of service 

models are found assuming that mean waiting latency in the deterministic model is equal to that in M/H2/1, 

M/G/1/PS, and M/BP/1 models, respectively. Numerical experiments show that when the shaping parameter 

of M/BP/1 model is 1.1 and the system load is greater than 0.35, the mean number of objects for the M/H2/1 

model when mean object size of M/H2/1 is the same as that of M/G/1/PS model is almost equal to the mean 

number of objects for the M/H2/1 model when the mean object size of M/H2/1 model is the same as that of 

M/BP/1 model. As the upper bound of Bounded Pareto distribution increases, the number of objects for M/H2/1 

model becomes one. Therefore, it is proposed to use multiple web objects of small size in order to reduce the 

upper bound in the M/BP/1 model. Future work includes the generalization of the mean number of objects 

model.  
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