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CHARACTERIZATIONS ON GEODESIC GCR-LIGHTLIKE
SUBMANIFOLDS OF AN INDEFINITE KAEHLER
STATISTICAL MANIFOLD

VANDANA RANI AND JASLEEN KAUR*

Abstract. This article introduces the structure of GC R-lightlike sub-
manifolds of an indefinite Kaehler statistical manifold and derives their
geometric properties. The characterizations on totally geodesic, mixed
geodesic, D-geodesic and D’-geodesic GC R-lightlike submanifolds have
also been obtained.

1. INTRODUCTION

The geometry of lightlike submanifolds of semi-Riemannian manifolds in-
troduced by [4] is a significant field of study. Various classes of lightlike sub-
manifolds of an indefinite Kaehler manifold have since been investigated. The
C R-lightlike submanifolds and SC R-lightlike submanifolds of the indefinite
Kaehler manifold were developed by [4],[5]. Further, [6] introduced a class
called GC R-lightlike submanifolds of an indefinite Kaehler manifold which con-
tains SCR-lightlike and C R-lightlike submanifolds as subcases.

The statistical manifolds, which are an outcome of the inspection of geo-
metric structures on probability distributions, were initiated by [19], and there-
after developed substantially by [1], [2],[7],[14],[8],[9],[11],[12],[15] and [21] et al.
Consolidating the notion of the statistical structure with the indefinite Kaehler
metric structure, we get an indefinite Kaehler statistical manifold which was
introduced and studied for the C'R-lightlike submanifolds and hypersurfaces by
[10],[17] and [18].

Motivated by these, the geometry of GC R-lightlike submanifolds for an
indefinite Kaehler statistical manifold has been studied. The geodesicity and
the structure of subbundles of the tangent bundle for the GC R-submanifolds
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have been worked upon. Some characterizations on totally geodesic, mixed
geodesic, D-geodesic and D’-geodesic GC R-lightlike submanifolds have been
developed.

2. PRELIMINARIES

Following [4], some basic facts about the lightlike theory of submanifolds
are as follows:
Consider (M,g) as an (m + n)-dimensional semi-Riemannian manifold with
semi-Riemannian metric g and of constant index ¢ such that m,n > 1,1 < ¢ <
m+n—1.
Let (M, g) be a m-dimensional lightlike submanifold of M. In this case, there
exists a smooth distribution Rad(T'M) on M of rank r > 0, known as Radical
distribution on M such that Rad(T'M,) = TM, NTMy,¥ p € M where T'M,
and TMpL are degenerate orthogonal spaces but not complementary. Then M
is called an r-lightlike submanifold of M.

Now, counsider S(T'M), known as screen distribution, as a complementary
distribution of radical distribution in T'M i.e.,

TM = Rad(TM) L S(TM)

and S(TM+), called screen transversal vector bundle, as a complementary
vector subbundle to Rad(TM) in TM* i.e.,

TM™* = Rad(TM) L S(TM™)
As S(TM) is non degenerate vector subbundle of TM|,,, we have
TM|,, = S(TM) L S(TM)*
where S(T'M )+ is the complementary orthogonal vector subbundle of S(T'M)
in TM|,,.
Let tr(TM) and Itr(TM) be complementary vector bundles to 7'M in
TM)|,, and to Rad(TM) in S(TM*)*. Then we have
tr(TM) = ltr(TM) L S(TM*),
TM|,; =TM & tr(TM),
= (Rad(TM) @ itr(TM)) L S(TM) L S(TM™).
Theorem 2.1. [4] Let (M, g, S(T'M), S(TM™)) be an r- lightlike submani-
fold of a semi-Riemannian manifold (M, g).Then there exists a complementary
vector bundle ltr(T'M) called a lightlike transversal bundle of Rad(TM) in

S(TM*)* and basis of T'(Itr(T'M)|;) consisting of smooth sections {N1, -+, N,.}
S(I'M*)*|,; such that

g(Nzagj):61]7 g(NZ7Nj):O7 Za]:OalaaT
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where {£1,- -+, &} is a lightlike basis of I'(RadT M)|,;.

Let V be the Levi-Civita connection on M. We have, from the above men-
tioned theory, the Guass and Weingarten formulae as:

(1) VxY =VxY +h(X,Y), VX, Yel(TM)
and
VxV =-AyX +V%V, VX cTI(TM),V € T(tr(TM))
Using the projections L : tr(TM) — ltr(TM) and S : tr(TM) — S(TM*1),
from [4], we have the following equations from the above formulae:

VxY = VxY +B(X,Y) + h*(X,Y)

VxV = —AyX + DYV + D%V

In particular,

VxN = —AnX + V4N + D*(X, N)

VW = —Aw X + VW + DY(X, W)
for any X,Y € T(TM), N € T'(ltr(TM)) and W € T(S(TM>)). Here
RN(X,Y) = Lh(X,Y), h*(X,Y) = Sh(X,Y), DLV = L(VLV), DV =
S(VxV), V&N, DI(X,W) € T(itr(TM)), VW, D*(X,N) € T(S(TM™))
and VxY, Ay X, AwX € I'(TM).

Denoting by P, the projection morphism of tangent bundle TM to the
screen distribution, we consider the following decomposition:

VxPY =V PY + I (X, PY)
Vx&=—A;X + V¢
forany X,Y € I'(T'M),§ € I'(Rad(TM)), where {V’y PY, A, X'} and {h'(X, PY),
V'L €} belong to T'(S(T'M)) and T'(Rad(TM)) respectively; V/ and V'* are lin-
ear connections on complementary distributions S(T'M) and Rad(T M) respec-
tively. Then we have the following equations:

g(h' (X, PY),&) = g(AL X, PY), g(I'(X,PY),N)=g(AnX,PY)
g(ALPX, PY) = g(PX, ALPY), AL£=0
for any X,Y € I'((TM)), £ € T'(Rad(TM)) and N € T'(Itr(T'M)).

Further, the theory of lightlike submanifolds of an indefinite statistical man-
ifold as investigated by [7], [8], [15], [21] is as follows:

A pair (V,9) is called a statistical structure on a semi-Riemannian man-
ifold M such that for all XY, Z € T'(TM)

1. ?_XY - va = [_X7 Y],

2. (Vx9)(Y,2) = (Vyg)(X, Z) hold.
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Then (M, g, V) is said to be an indefinite statistical manifold.

Moreover, there exists V* which is a dual connection of V with respect to

g, satisfying
Xg(Y,Z2)=g9(VxY,Z) + g(Y,VxZ).

If (M, g, V) is an indefinite statistical manifold, then so is (M, g, V*). Hence,
the indefinite statistical manifold is denoted by (M, g, V, V*).

Let (M, g) be a lightlike submanifold of an indefinite statistical manifold
(M,g,V,V*). The geometry of the lightlike submanifolds of an indefinite sta-
tistical manifold developed heretofore gives the Gauss and Weingarten formulae
on its structure as

(2)
VxY =VxY+R(X,Y)+h¥(X,Y), VY =VyY+hri(X,Y)+hr*(X,Y)

(3) VxV=—-AyX + DYV + D%V, ViV =—-A,X + DV + D%

(4) _

VxN = -ANX + VYN +D*(X,N), ViN=—-AyX +ViN+D*(X,N)
() _

VxW = —Aw X +V5WHDY X, W), VW = A}y X +VEW D (X, W)

forany X,Y € [(TM),V € T(¢tr(TM)), N € T(ltr(TM)) and W € T(S(TM1)).
Now, from the concept of indefinite statistical manifold and using the equa-
tions (2), (3), (4), (5), we have the following results:

g(h*(X,Y), W) + g(Y, D*(X,W)) = g(Y, A} X),
g(h'(X,Y),€) +9(Y, V&) + (¥, 1™ (X, €)) = 0,
g(DS(X’ N)v W) = g(Nv A%X)v
G(ANX, PY) = §(N, Vi PY),
and
9(ANX,N') + g(AN X, N) = 0.
From the non-degenerate theory of submanifolds of a statistical manifold, it is
known that submanifold of statistical manifold is a statistical manifold but this
is not true for lightlike submanifolds since the definition of statistical manifold
and the equation (2) implies
(Vxg)(Y, Z) = (Vy9)(X, Z) = g(Y,h'(X, Z)) — g(X,h'(Y, Z)).
and
Xg(yv Z) - Q(VXYa Z) - g(Y, V;(Z) = g(hl(Xv Y)v Z) + Q(Y, h*l(Xv Z))

Considering the projection morphism P of the tangent bundle T'M to the screen
distribution, we have the following decomposition w.r.t V and V*:

(6) VxPY =VsPY +h'(X,PY), V%PY =VYPY +h"(X,PY)
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(7) Vx&=—A; X + V%, ViE=—-AYX + Vi
for any X,Y € T(TM), ¢ € T(Rad(TM)).

Using (2),(3),(6) and (7), we obtain
(8)  g(h'(X,PY),€) = g(A{X, PY), g(h'(X,PY),£) = g(ALX, PY)

for any X,Y € I(TM), € € T(Rad(TM)) and N € T'(ltr(TM)). As h! and h*!
are symmetric, so from (8), we obtain
g(Afg-PX, PY) =g(PX, A'gPY), g(Az'PX7 PY)=g(PX, AE'PY).

Let V° be the Levi-Civita connection w.r.t g. Then, we have V° = 1(V +
).
For a statistical manifold (M,g,?,?*), the difference (1,2) tensor K of a
torsion free affine connection V and Levi-Civita connection V° is defined as
(10) K(X,Y)=KxY =VyxY - V%Y
Since V and V° are torsion free, we have

K(X7Y):K(Y?X)7 g(KXY7Z):g(Y7KXZ)

for any X,Y,Z e T(TM).

Also, from (10), we have
(11) 9(VxY,Z) = g(K(X,Y), Z) + §(VXY. Z)

Now, from [21], we have the following equations for the almost Hermitian
manifold:
(VxJ)Y = (V&)Y + (KxJ)Y
(V)Y = (VXJI)Y — (KxJ)Y
for any X,Y,Z e I'(TM).
This implies
(VxJ)Y + (Vi)Y =2(VLJ)Y

The idea of the indefinite Kaehler statistical manifold introduced in [10] and
further elaborated in [17] and [18] is as below:

Definition 2.2. Let (g, J) be an indefinite Hermitian structure on M. A
triplet (V = V°+ K, g, J) is called an indefinite Hermitian statistical structure
on M if (V,g) is a statistical structure on M.

Then (M,V,V*,g,J) is called an indefinite Hermitian statistical manifold.
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An indefinite Hermitian statistical manifold is called indefinite Kaehler sta-
tistical manifold if its almost complex structure is parallel with respect to
Levi-Civita connection i.e. if,

(V&)Y =0
Equivalently
(Vx )Y + (V5 J)Y =0
for all X,Y € T(TM).

3. GCR - LIGHTLIKE SUBMANIFOLDS OF INDEFINITE KAEHLER
STATISTICAL MANIFOLD

The class of GC R-lightlike submanifolds which contains SC R-lightlike and
CR-lightlike submanifolds as subcases was introduced by [6]. In this section,
we define the GC R-lightlike submanifolds for the indefinite Kaehler statistical
manifold and elaborate its structure with an example. Further, some geometric
properties related to the structure of these submanifolds have been introduced.

Definition 3.1. A real lightlike submanifold (M, g, S(TM)) of an indefinite
Kaehler statistical manifold (M, g,J) is called a generalized Cauchy-Riemann
(GCR)-lightlike submanifold if the following conditions are satisfied:

(i) There exists two subbundles Dy and Do of Rad(TM) such that

(ii) There exists two subbundles Dy and D’ of S(TM) such that

(13)  S(TM)={JDy& D'} L Dy, J(Do) =Dy, J(D')=1Ly L L.

where Dy is a non degenerate distribution on M; L1 and Lo are vector sub-
bundles of ltr(TM) and S(TM)* respectively.

Then the tangent bundle TM of M is decomposed as
(14) TM =D 1 D', D= Rad(TM)® Dy ® JDs,.

M is called a proper GC R-lightlike submanifold if Dy # {0}, Dy # {0} and
Ly #{0}.

Proposition 3.2. A GCR-lightlike submanifold M of an indefinite Kaehler
statistical manifold M is a C'R-lightlike submanifold if and only if Dy = 0.

Proof. The concept of CR-lightlike submanifold implies that JRad(TM) N
Rad(TM) = {0}. Hence Dy = Rad(TM) and Dy = 0.
Conversely, consider a GCR lightlike submanifold such that D; = {0}. Then
Dy = Rad(TM) and hence JRad(TM) N Rad(TM) = {0}, which shows that
JRad(TM) C S(TM). Thus M is a CR-lightlike submanifold. O
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Inspired by [6], we consider the following example:

Example 3.3. Consider an indefinite Kaehler manifold M = (R}*, §) where
g is of signature (—,—,—,—,+,+,+,+,+,+,+,+,+,+) with respect to the
basis
{6581, 8:52, 81’3, 3134, 81‘5, 81‘6, 8567, 6$8, 8359, 81’10, 6$11, 81‘12, 81713, 85814}.

As per definition (2.2), the triplet (V = V°+K, g, J) where K satisfies (11),
defines an indefinite Kaehler statistical structure on M. Consider a submanifold
M of R}* given by the following equations

_ _ _ _ ] 2
Tl =T, T2=—T13, T3==Ti2, Tr=1/1—1}

Now T'M is spanned by Zl7Z2,Zg,Z4,Z5,Z6,Z7,ZS,Z9,ZH), where
Zy = 0x1 + 0x1a,  Zy = Oxp — Ox13, Z3 = Oxz + Ox12,
Z4 = a$4, Z5 = 8x5, ZG = 8x6, Z7 = 71'881'7 + x78x8,
Zg = 0xg, Zg = 0x10, Z10=0711.
We see that M is 3-lightlike with RadT'M = Span{Zy, Z2,Z3} and JZy = Zs.
Thus, D1 = Span{Zi, Z>}. On the other hand,JZ3 = Zy — Z19 € I'(S(TM))
implies that Dy = Span{Zs}. Also JZs = Zg and JZg = Zy. Therefore
Do = Span{Z5,Z6,Z8,Z9}. B
We also have S(TM~) = Span{W = x70x7 + x30xg} which implies that JZ; =
—W. Hence, Ly = S(TM*1).
Further, the lightlike transversal bundle ltr(T'M) is spanned by

{Nl = %(—8ZE1 + 85614), Ny = %(—81‘2 — 8%13), N3 = %(—Bxg — 31‘12)}
It follows that Span{Ny, Ny} is invariant with respect to J , JN3 = —%Z4 —
%ZIO- Hence, Ly = Span{N3} and D' = Span{JNs, JW}. This shows that
M is a proper GC R-lightlike submanifold of the indefinite Kaehler statistical
manifold R*.

Considering the structure of GCR-lightlike submanifolds of the indefinite
Kaehler statistical manifold, if Q, Py and P are the projections on D, J (L) =
M, C D" and J(Ly) = My C D' respectively, then for any X € T'(TM), we
have

(15) X =QX+ P X+ PX,
Applying J on above equation

(16) JX=TX +wP X +wPX,
which can be written as

(17) JX =TX +wX,
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where TX and wX are the tangential and transversal components of JX, re-
spectively.
Similarly

(18) JV =BV +CV
for any V. € T'(Itr(TM)), where BV and CV are the sections of TM and
tr(TM), respectively.

On differentiating (16) and using (2), (3), (4), (5) and (18) V XY € I'(T M),
we obtain
(19)
VxTY =TVxY +VXTY —TVYY = Aupy X + Auwr,y X + Appy X + Ay py X
+Bh(X,Y)+ Bh*(X,Y)
(20)
D*(X,wPY)+ D*”(X,wPY) = -VxwPY — VYwPY + wP,VxY + wP, VY
—h(X,TY) - WX, TY) + Ch*(X,Y) + Ch™(X,Y)
(21)
DY X, wPY) + D*'(X,wPY) = ~ViwPY — ViwP,Y + wP,VxY + wP, V%Y
(X, TY) - h*(X,TY) + ChH(X,Y) + Ch*'(X,Y)
Now the structure of indefinite Kaehler statistical manifold leads to the follow-

ing lemmas:

Lemma 3.4. Let M be a GCR-lightlike submanifold of indefinite Kaehler
statistical manifold M. Then we have

VxTY -TVxY+VXTY -TVYY = A,y X+ A,y X+Bh(X,Y)+Bh"(X,Y)
VyxwY —wVxY+VitwY —wViY = Ch(X,Y)+Ch*(X,Y)—h(X,TY)-h*(X,TY)
for any X, Y e T(TM).

Lemma 3.5. Let M be a GCR-lightlike submanifold of indefinite Kaehler
statistical manifold M. Then we have
VxBV — BVxV + VBV — BVEV = Acv X + ALy X —TAy X — TALX
V%OV —-CVRVHVECV OV V = —wAy X —wA}, X —h(X, BV)~h*(X, BV)
for any X e T'(TM) and V € T'(tr(TM)).

Theorem 3.6. Let M be an indefinite Kaehler statistical manifold and M
be a GC R-lightlike submanifold of M. Then the induced connection VxY €
I'(Rad(T'M)) if and only if the following holds

Ay X — A% X —VLIY = V'Y €T(JDy L Dy), when Y € T(Dy)
Vi JY +V%JY +h' (X, JY)+h™*(X,JY) € [(JDy L Dy), when Y € T'(D3)
VY € T(Rad(TM)), Bh(X,JY)+Bh*(X,JY) =0, when Y € I'(Rad(TM))
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Proof: Since J is the almost complex structure of M, we have
VxY = -VxJ?Y; Y €I'(Rad(TM)), X € T(TM)
The Kaehler statistical character of the manifold M and the equation (2) give
(22) VY = —JVRJY — JOLTY + V52V
VxY+h(X,Y) = —J(VxJY+h(X,JY))=J (Vi JY+h*(X,JY))-ViY—-h*(X,Y)
for any X € T(TM),Y € I'(Rad(TM)). Since M is a GCR-lightlike submani-
fold of M, we have Rad(TM) = Dy @ Dy . Further, using equations (7), (17),
(18) and then equating the tangential part for any Y € I'(D), we get
(23) _ _ _ -
VxY =TA} X-TA}, X-TV'LJY -TV'JY —Bh(X,JY)-Bh*(X,JY)-V%Y
Similarly, for any Y € I'(D2) , using (6), (17), (18),(22), we get
(24)
VxY = -TVJY —TV%JY —Th (X,JY) - Th'™*(X,JY) — Bh(X,JY)
~Bh*(X,JY) - VLY
Thus from equation (23), VxY € I'(Rad(TM)), if and only if
T(A X + A% X — V% JY =V JY) € I(JDy L Dy)
V%Y € T(Rad(TM)), Bh(X,JY)+ Bh*(X,JY)=0

forall X e T(TM),Y € I'(Dy). Also, from equation (24), VxY € I'(Rad(TM)),
if and only if

T(VxJY +V%JIY + (X, JY) + h*(X,JY)) € I(JDy L Dy)
V%Y € I'(Rad(TM)), Bh(X,JY)+ Bh*(X,JY)=0
Thus the result follows from above equations.

Theorem 3.7. Let M be a GCR-lightlike submanifold of an indefinite
Kaehler statistical manifold M. Then we have the following conditions:
(i) the distribution D is integrable, if and only if

h(X,JY) +h*(X,JY) = h(Y,JX) + h*(Y,JX) V¥ X,Y e (D).
(ii) The totally real distribution D’ is integrable, if and only if
A U+ A% U = AjpZ + A%, Z YU, Z € (D)
Proof: From equations (20),(21), we have
WX, JY) + h*(X,JY) — Ch(X,Y) + Ch*(X,Y) = wP(VxY) + wP(V%Y)

for XY € T'(D) Now using the fact that h and h* are symmetric and the
connections V and V* are torsion free, it follows that

h(X,JY)+h*(X,JY) = h(Y,JX) — h*(Y,JX) = 2wP[X,Y]
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which proves condition (i).
Now from (19), we obtain

Awp zU + Ay p 7U + Ayp,zU + Ay p, ;U = —BWU, Z) — BR*(U, Z)
-T(VuZ)-T(V,2)
Hence
AU+ A5, U - AjpZ — A, Z = =2T([Z,U])
The hypothesis leads to the condition (ii).

Theorem 3.8. Let M be a GCR-lightlike submanifold of an indefinite
Kaehler statistical manifold M. Then,

V74V Z = —~TAw X+ BV W+BD{(X, W)—T A%y X+ BVEW+BD™ (X, W)
for any X € [(TM), Z € T(JLy) and W € ['(Ly).

Proof: Let W € I'(Ly) so that Z = JW. Since M is a Kaehler statistical
manifold, therefore

VxJW + Vi JW = JVxW + JVAW
Then,
VxZ+MX,Z2)+ Vi Z+h*(X,Z) = J(—Aw X + VW + DX, W))

+J (= Ay X + VEW + DX, W)

= TAwX —wAwX + BVSW + CV5W + BDY (X, W) + CD"(X,W) — TA} X
—wAly X + BVEW + CVEW + BD*Y (X, W) + CD*'(X, W)

On equating tangential parts, we get

VxZ4+ViZ = —TAw X+BV5W+BD (X, W)-T A}, X+BV¥W+BD* (X, W)

4. GEODESICITY OF GCR-LIGHTLIKE SUBMANIFOLDS

In this section, we obtain the characterizations of totally geodesic, mixed
geodesic, D-geodesic and D’-geodesic GC R-lightlike submanifolds .

Definition 4.1. A GCR-lightlike submanifold of an indefinite Kaehler sta-
tistical manifold is called D-totally geodesic with respect to V (respectively
V*) it h(X,Y) = 0 (respectively h*(X,Y) =0) for all X,Y € D.

Definition 4.2. A GCR-lightlike submanifold of an indefinite Kaehler sta-
tistical manifold is called D'-totally geodesic with respect to V (respectively
V*)if h(X,Y) = 0 (respectively h*(X,Y) =0) for all X,Y € D’.

Definition 4.3. A GCR-lightlike submanifold of an indefinite Kaehler sta-
tistical manifold is called mixed totally geodesic with respect to V (resp.V*) if
h(X,Y) =0 (resp. h*(X,Y)=0) for X € D and Y € D'.
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Theorem 4.4. Let M be a GCR-lightlike submanifold of an indefinite
Kaehler statistical manifold M. Then VxY + V%Y € I'(D)V X,Y € I'(D) if
M is D-geodesic with respect to V and V*.

Proof: Since D' = J(L; 1 Ly), therefore VxY + V%Y € I'(D) V X,Y €
I'(D) holds, if and only if, we have
G(VxY + ViY, JW) = 0.
Let X, Y € I'(D)
Using the fact that M is a Kaehler statistical manifold, we derive
UVxY + ViV, JE) = g(VxY — h(X,Y) + VY — (X, Y), J¢)
= G(VxY + ViY.JE) — g(h(X.Y). J6) — g(h* (X.Y). J¢)
= —g(JVxY + JVyY,€§) = —§(Vx JY,€) — g(Vx TY,§)
= —g(h(X,JY),&) - g(h* (X, JY),€)
Similarly, we obtain
Then the result follows from the hypothesis.
Theorem 4.5. Let M be a GCR-lightlike submanifold of an indefinite
Kaehler statistical manifold M. If M is mixed geodesic with respect to V and

V* |, then wA,y X + wA%y X = 0, and CVxwY — CVitwY = 0 for any
X eT(D),Y e (D).
Proof: Since M is a Kaehler statistical manifold, therefore we derive
R(X,Y)+h*(X,Y) = —J*VxY - VxY — J2VY — VY
= —J(VxJY) — J(?XJY) VxY - ViY
= —J(—Aj X +VxJY) = J(—A% X + V¥ JY) VxY — ViY
= J(Ajy X) — J(VxJY) + J(A%, ) J(VRJY) = VxY - ViY
=TAuy X +wA,y X — BVxwY — CVxwY + TA%Ly X +wAlLy X — BV
—OVitwY —VxY — VLY
Equating transversal parts on both sides, we have
R(X,Y)+h*(X,Y) = wAu,y X + wAly X — CVxwY — CVidwY
Thus, M is mixed geodesic w.r.t to V and V*, if and only if
WALy X +wALy X =0, CVxwY — CViFwY =0.

Theorem 4.6. Let M be a GCR-lightlike submanifold of an indefinite
Kaehler statistical manifold M. If M is totally geodesic with respect to V and
V* ,then

(Leg)(X,Y) =0 and (Lwg)(X,Y)=0
for any X,Y € T(TM),¢ € T(Dy)) and W € TS(TM™).
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Proof: For any X, Y € T'(TM), ¢ € T'(D5), we have
g(h(X,Y),€) = g(VxY,&) — g(VxY,€)
The Gauss formula and the dual connections in a statistical manifold give
§(h(X,Y),8) = Xg(¥,€) — g(Y, Vx¢)
=—g(Y,[X,€]) —g(Y, VeX) = —g(Y, [X,¢]) — €9(Y, X) + g(VeY, X)
= —g(Y,[X,¢]) = &9(Y, X) + 5([&, Y], X) + g(Vyv &, X)
= —(Leg) (X, Y) + Yg(§, X) — 9(¢, V- X)

(25) g((X,Y),€) = =(Leg) (X, Y) — g(& h* (Y, X))
Similarly for any X,Y € [(TM) and W € T'S(TM%)
(26) g(h(X’ Y)’W) = _(ng)(Xv Y) - g(Wv h*(YaX))

The desired result follows using equations (25) and (26) along with the hypoth-
esis and the concept of GCR lightlike submanifolds.

Theorem 4.7. Let M be a GCR-lightlike submanifold of an indefinite
Kaehler statistical manifold M. If M is mixed geodesic with respect to V and
V* then

for any X € T'(D'), £ € T'Ds.

Proof: For any X € T'(D’) and £ € T'Dy, we have
h(X,JE) +h*(X,JE) = VxJE — VxJE+ Vi JE— Vi JE
The idea of Kaehler statistical manifold and equation (2) implies
The equations (3),(4) and the mixed geodesicity of M with respect to V and
V* give
—jA'EX +JVEE— jAZ’X + IV =V JE+ N (X, JE) + V5% TE+N*(X, JE)
from equation (17)
—TA%X — wAfg-X + JVEE — TA%*X — wAé*X + IV =V JE+ B (X, JE)
+VRJE+ 1 (X, JE)
By equating transversal components, we have
WA X +wAFX =0

Hence, A;X + AYX € ['(JDy L D). Also, for Y € T'(D,) and ¢ € T'(Ds) ,
the non-degeneracy of (D) implies Az X + AFX ¢ I'(Ds).
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Theorem 4.8. Let M be a GCR-lightlike submanifold of an indefinite
Kaehler statistical manifold M. If M is D-geodesic with respect to V and V*
, then

g(Y, Ajy X) + (Y, Aw X) = g(¥, D™ (X, W) + g(¥, D'(X, W)
g(Y, AZX) + (Y, AgX) = g(Y, VX'E) + 9(Y, V)
for any X,Y € I'(D),¢ € T(Rad(TM)) and W € T'(S(TM%))
Proof: For any X,Y € I'(D),¢ € T'(Rad(TM)) and W € T'(S(TM%)), we

have
G (X, Y )+R™ (X, Y), W) = §(Vx Y+ V5V, W) = —g(¥, VieW)—g(¥, Vx W)
(27)
G (X,Y) + b (X,Y), W) = gV, Ajy X) — (V. D" (X, W) + (¥, Aw X)
_g(Ya DZ(X? W))
g (X, Y) + R (X,Y),€) = g(VxY + ViY,€) = —g(Y, V&) — g(Y, Vx§)
=—g(Y,Vx¢) — (Y, Vx¢§)
(28)
g (X,Y) +h™(X,Y),6) = g(V, AL X) = g(Y, VX'E) +9(Y, AL X) — g(Y, VX€)
So, the geodesicity of D in equations (27) and (28) gives the required equations.
Theorem 4.9. Let M be a GCR-lightlike submanifold of an indefinite
Kaehler statistical manifold M. If M is D geodesic with respect to V and V*,
then
Vi JE+ VS TEE (Do L My), Ay X + AY,.X ¢ (M)
and
RUX,JY) + (X, JY) ¢ T(Ly)
for any X,Y € I'(D), € € I'(Rad(TM)).
Proof: For any X,Y € I'(D), ¢ € T'(Rad(TM)) and W € T'S(TM~), we have
g(h(X,Y),6) + g(h™ (X,Y),€) = g(VxY,€) + §(ViY,§)
= —g(Y,Vx¢) — g(Y, Vx¢)
From the concept of Kaehler statistical manifold , we get

g(h'(X,Y),6) + g(h*(X,Y),€) = —g(JY, VX JE + Vx JE)

= —g(JY, Vi JE) — g(JY, W (X, JE)) — g(JY, Vx JE) — g(JY,h' (X, JE))
g(h'(X,Y),8) + g(h*(X,Y),€) = —g(JY, VY JE) — g(JY, h*' (X, J€)

(29)

IfY eT(D,) or Y € I'(D3) , we have
g(JY, (X, JE) + g(JY, b (X, JE)) = 0

—g(JY, V'x J&) — g(JY, h'(X, J€))
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and if Y € T'(Dy) or Y € T'(J(Dz)) , then
g(JY, b (X, J€)) + g(JY, W (X, J€)) = g(JY,Vx JE) + g(JY, Vi J€)
= —g(JE VX JIY) — g(JE hH (X, jY)) ( 5 VXJY) g(JE h(X, JY))
Now, from equation (29) we derive
g(h'(X,Y),€) + g(h™(X,Y),€) = —g(JY, VX JE) — g(JY, Vi JE)
—9(J& ATy X) = g(J& (X, TY) = g(J&, Alpy X) — g(J€, B(X, TY))
Hence, the hypothesis given leads to the desired result.

Theorem 4.10. Let M be a GCR-lightlike submanifold of an indefinite
Kaehler statistical manifold M. If M is D' geodesic with respect to V and
V*, then A%, X + Ay X have no component in M, for any X,Y € I'(D'),{ €
I'(D2).

Proof: For any X, Y € T'(D’),£ € I'(D3), we have
g(MX,Y) +h*(X,Y),€) = g(VxY + ViY,§)
Now, M being a Kaehler statistical manifold implies that
§(h(X,Y) +h*(X,Y),§) = g(Vx JY + Vi JY, J§)
= —g(Ajy X + A5, X, JE)

Thus our assertion follows .
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