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ABSTRACT

The purpose of the current study is to report a part of our larger project whose focus is to understand a relationship between students’
units coordination and K-12 school mathematics. In particular, in this paper we report how students who exhibit distinct levels of units
coordinations used their knowledge of proportion to solve quadratic function problems of the form y = ax” . To this end, three Tth grade
students all of whom assimiliated whole number problem situations with three levels of units but showed different levels for fraction
problems were chosen. We carried out clinical interviews not only to understand their ability to coordinate units but to understand their
problem solving process of proportion and the quadratic function problems. The analysis suggest that their abilities to coordinate units
influenced their ways to solving proportion problems, and in turn influenced their ways to solve the specific form of quadratic functions.
We have finalized our study by discussing how students’ ability to construct and coordinate units, their proportion knowledge, and their
knowledge associated with expressing the specific type of quadractic functions could be related.
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ME
Bt R A P22 7H) B8 Rd0EA o2 olsshe AR ofe] Zhxjo] AT, B SAHES tl 4, AELE 9
3 =7, Biaehs o Afole] 27, Telm Qojo} 7|5 L}To1 g3k in, 1997 1999, ol SIS & Aolo) 4= 4
WS St 208 71 4 9l S BRI, - 47} M2 Q3RS S8 9.2 2 4 9ITKim, 1997; Pang et
al, 2017). SIS0l Bidpeks §oi% X A3} omoﬂE z%gﬂ SRl W Bl 338 E 4 2l Lﬂﬂ 2
ASE ATH Yt 53] USSR o Alo]o] B ZA 0] B4 e 2551 4631 o) AR THelolA] HlA|E 1
ol XIS 2405} SIS 38 F - ax Hehe 5498 AA912 SAckPangetal, 2017, b B Arou
ARG 4 B P ZESAOIN W4 §ol2 FAHOR S| X] 9 Wolx) ofn 2T ek ol % x, y BAHAGS
£ ¥ 7o) BAH 0 2 EQlE]i F5t 1-25hA0IA = Wigo thet 7] 5 ALg 3} Sol S uh 9B, Hulal TSt Lapats:
W s Bk 2% 250aolx Fokam 25k wrh) Sy Solrl AR el akeke Age] 1y o)4at a4 B4 4%
2l olct,

Ay S8t 35hd ol A] vl = o] 2fghe= WEke o] WAdof| A WakEo] A dAIehe EA AF o= RE At &2
5} Akl wishg ol AAT Wsbol Tt ol a7 WRBITHMa & Im, 2019). TP o] Atek4e] Ele iR wishge] U
S-S Ueul= 2A =, ol & S HAH ZU 23]k 22 57 Eohe B4 25 4ol ARkl i o] 5 72 & &0
HAW, &2 7t2et Mz Zo|7t & tf Hishs ARollA 9] Ak HolE Fohe A9t 22 dRE= 53 =UE thKim et al,
2021; Kim et al, 2020; Lee et al, 2021; Lew et al, 2020).

y=azolM y=ax’ oo o) Wat= Zotmolx 153w 48k0 20] t)4A 2ol thgh Zo3 7|4
(Lobato et al, 2012) a2} o] A]7]o) &Fal $gol| A= shag o] 7HF A o]sljof] x-S F7)| Bt Ak x]Alo]ut A xtA
S T3 SHYES A =5kal lth(Korea Institute of Cumculum and Evaluation, 2007; Lobato, 2008; Lobato et al., 2012). 3] 0]
g B g0 )48 FHASA y = ar’ Fele ol3hE4 7|2 S £USHE Tl M Ael QS BT WA
A\ kg 732k 8] ol akes] stE) s 4] AR ek vl malol Ao U 47 24 Zolck

Lobato 2] (2012)+= o|xbgh4=oll thgh e-489] 7 d4 o]siE JaiA] L2 Q1 H3k(continuous variation)2}F =7H4 Q1 HsHe
(instantaneous rates of change), 12|11 H]-&-2] H|Er(rates of rates)°|2h= 374 o|ali7} B @5t o|xt&4E SHYEolA 72|+ T}
oA Uett= ol -2 2 339 v], H]&, v 7 \d 2t Wt vle] 22 2 o 2 5 e AR T 25 AR E Lee <
(2016)0ll M = A2 Fato] ‘vl et vl 7l o] Mk 7ol st 20 'St 71HAE 4= QLo §ishE 7l gol] thst =22

sk gt4-0] vislol et 4ol QJhe E 4 Ickn Faket vl 3lck,

28, Tilloma (2013)2 SPe] A cfg BAH <ol olafs/] 9i) HEHe olnlel B4 BAlel, B, AR A v
23} BRo} AF) YU AR 3 BA), ZTE, oA, ol A4 TS Tt 6751 YL o
$AYE et A2 02 Tillemas W42 o] thit sH8S A5 Yot Steffe (1992, 1994)——] ATE IO & T
(units) S 2] (disembedding), BH=(iteration)staL, T]of] T2 & 3 8= TH] 27 (units coordination)2] 22H-E S5l SHY 2] HAl
A 7ol 55l on, S F0] 2ull, 3ulet 22> A oju|o] FA4 ZAIE s Ast] Ao ARESE 24 EFo] Al AlAlET

4

o)

e A oJulo) A5AE BAIE sh2sH IOl S Lehdths 212 BelFgitt, ofefat Anke U] 20| o) &
9 A0 192 SIo|2 AGAB) 1518 AL PG AU SRS P 58 AN
2 Q17 s S0l uj2) BAlot Azl HEAR) elol ofafet o}, o

Q]
U ol (AR lplek A gsi A ol .M%E
F2510] o 24 2 A 4RO RZNO) o242 Tyl 2Aolek BN A

1 Ol SHXE2 ehdlo| ot ol el XAS I A FHES XAl ap "X XA 0 2 FLE8tT /ICHCabobi, 2009; Miller & Hudson, 2007; Rittle-Johnson
& Schneider, 2014). 7ZHEX X|Al2 X|HHXQI A 2|2F T ot JHEHMRI XA S ME *fE4I|01 HZA|7|= Z10|H(Canobi, 2009; Miller & Hudson,
2007), BXHE X[4l2 %'.Ejol = FXtofl ChSt X|A S Z(Canobi, 2009), sHo| BtEXMOl HES St A[Asto] oMMl HFTOZ T 2X| s Z0|
7ts3tCHRittle-Johnson & Schneider, 2014).
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o] E3/dol whaet A= oh2 A A FALS YR 4= glon, o]t Zfol= vl FA) 512 2ol A Al El= Xfol et Biio]
A2 E015}FA TH(Lee & Lee, 2022).

2 Aol A4 WEol| A T 2 3THA| SHYo| AT, 7HE4T e BISH B4 WEola s AR o2 Ty 2
Alet 2 HolE Al B9 sl o= sigitt. 18]l eHA)9] 4= Ml7| 2R E AlZsto] A4, E4eoflAe] The] 274 HhA
vl 2| 70g AtoloflAle] /g S FANE A HYATERE S o Yoy} ©he] 2 TA|eh o] ThE sHYEC] v 7
Al a4 271} v e TAZF ZFHE g ZA] s E 2 Atol o] /Y-S B} gt o] ol A ©he] 2 o] st Y2 25
Abgol| A T4 AbaLE 0] 24 A| 7] o] &4/ A olsf & Aot =7t 2 Ao =E 2ot

]2 Aol ciek shge] 24 o 2t
Simon (2006)°14 “SH439] 42814 o] 2 o]ali7} el A] ki 1 Zo] okl AR Fol2l o] Folshs a4

o] 582 8] AojA, Hlo| 2] 52 Sl IUL -85 Adrgste] 8 4= Q= 3RiA S o2kl si3itt. ofof 2
AT o] Foi3 BA dRollM et oz Esh= WS a6l ffsl HlE 24 432 #A4 (flexibility)?t &84
(efficiency) S0l A hxFA A 2 2 A3 Camey 9] (2015) Aol 53T Camey 9| = ]2 HAIE ©]-&2 m|A|gt &4 3%
oAl = 71A] T (a2 T, A T F 7R A A EAA d2a AR dD)olke R4S HE O Z o] 24 B4
= stk

FAH & Aze P2 v|o] A2t S g i E Sote] EH &2 4T 4 e TR QA sk ol g
2 H Qbof|A] = & Atolo] AT FAlA] TAS Q1AskAL o] TAIE o] 85to] 557t Hl(equivalent ratios)S I —’F 3
Zolth(Camey et al., 2015). H]& FAIE 0]-&3F n| | gk A Aol thg 722} Camey 219 4] 32 170l theh &+
Figure 13} 22T},
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Figure 1. Two perspectives on the missing value problem situation using proportional relations (Carney et al., 2015, p.142).

L}o}7} Steinthorsdottir2t Sriraman (2009)2] 47}1A] H] ] 2 4~52of] uh-2 5HAY 9] MekS uietO 2 510 Camey 9] (2015)+= H|=| &
AE Z3het v 2| gk ZA) Ad&oll A sHge] Hlg| 8 ol whet e Heks T (e Zet T gl )k A A
GAA, FAA HA)S 71522 Table 13+ Zro] A5t

AT,

Table 1. Steinthorsdottir and Sriraman (2009)'s understanding of scalar and functional perspectives on the level of proportional reasoning
(Carney etal., 2015, p. 143).

Level Identify student strategies by level Perspectives
1 Students incorrectly focus on the difference in quantities either within or between the ratios.
2 Students focus on either additively iterating or multiplicatively scaling the given ratio as a composed unit
to reach the missing value in the equivalent ratio (scale-up). S .
calar ectives
3 This level involves scaling down a given ratio, and includes two sub-levels, the ability to partition the Persp

given ratio as a composed unit to reach the missing value in the equivalent ratio (scale-down) and the
ability to combine iteration and partitioning to reach the missing value (scale up and down).
4 This level involves the flexible use of either the scalar or functional relationship depending upon the ease

of calculation with the numbers in the problem. Scalar and Functional perspectives
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Figure 2. Sangwoo's partitioning from eye measurements and Dahye's images for 3" of 11.
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Table 2. Interview tasks.

Tasks
In the cell phone picture, the rectangle is 5 in width and 3 in length. The rectangle is too small to be -
Rato, enlarged. Solve the following problems and explain them. = -

proportion- 1. If the vertical length is enlarged by 24, what is the horizontal length of the enlarged rectangle?
related task
2. If the vertical length is enlarged by 5, what is the horizontal length of the enlarged rectangle?

A new rectangular shape was created by shortening or extending a rectangle with a horizontal length of 2 and a vertical length
of 5 while keeping the ratio of the width and length constant.

1. What is the area of the rectangle according to the change in the horizontal length? (Please draw a picture and explain.)
2. Assuming that the area of a rectangle with respect to the length x of the width is y, express x as a relational expression with
respect to y, and explain why the equation was established.

Quadratic
function task
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Figure 4. The process of solving the missing value problem using Sangwoo's proportional relationship.
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Figure 5. The process of solving the missing value problem using Dahye's proportional relationship.
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Figure 9. An explanatory hypothesis for the quadratic problem solving process from the proportional problem of three students.
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