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ON THE CONSTRUCTION OF MDS SELF-DUAL CODES
OVER GALOIS RINGS'

SUNGHYU HAN

ABSTRACT. We study MDS(maximum distance separable) self-dual codes
over Galois ring R = GR(2™,r). We prove that there exists an MDS self-
dual code over R of length n if (n — 1) divides (2" — 1), and 2™ divides n.
We also provide the current state of the problem for the existence of MDS
self-dual codes over Galois rings.
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1. Introduction

In this paper, we study the construction of MDS(maximum distance sepa-
rable) self-dual codes over Galois rings. There are many researches for MDS
self-dual codes. Grassl and Gulliver [5] gave almost complete results for MDS
self-dual codes over finite fields with even characteristic. For finite fields with
odd characteristic, there is an extensive result [4]. For MDS self-dual codes
over the rings Z,m, there is also a research [10]. The next step is Galois rings
GR(p™,r) which include finite fields and the rings Z,m. For p = 2 case, the
codes were studied in [1], where MDS self-dual codes of length n = 2" were con-
structed using an extended Reed-Solomon codes. For p =1 (mod 4) with any r
or p=—1 (mod 4) with even r, the codes were investigated in [9], where vari-
ous MDS self-dual codes over GR(p™, 2) were constructed using the building-up
construction. For p = —1 (mod 4) with odd r, the codes were investigated in [6],
where various MDS self-dual codes over GR(p™, 3) were constructed using the
building-up construction.

In [2], Dougherty et al. studied minimum distance, MDS codes, and self-dual
codes related to projection and lifting of codes over finite chain rings. This study
was developed in [7], where MDS self-dual codes over Galois rings were described
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with respect to the projection and the lifting of codes. In this paper, we continue
the study. The results of this paper are as follows. First we prove that there
exists an MDS self-dual code over GR(2™, r) with parameters [n,n/2,n/2 + 1],
if (n—1) | (2" —1) and 2™ | n. Second, we give the current state of the problem
for the existence of MDS self-dual codes over Galois rings.

This paper is organized as follows. In Section 2, we provide basic facts for
finite chain rings, Galois rings, linear codes, self-dual codes, and MDS codes.
And then we give the results for the existence of MDS self-dual codes over finite
chain rings. In Section 3, we describe our main results, which are about the
existence of MDS self-dual codes over Galois rings. In Section 4, we summarize
this paper and give some future works.

2. Preliminaries

We provide well-known facts for finite chain rings, Galois rings, linear codes,
self-dual codes, and MDS codes. After that we present the results for the exis-
tence of MDS self-dual codes over finite chain rings.

2.1. Finite chain rings. We give basic facts about finite chain rings [2].
Let R be a finite chain ring, m the unique maximal ideal of R, and let v be
the generator of the unique maximal ideal m. Then m = (vy) = Rv, where
Ry ={(y) ={Bv | B € R}. We have

R=(")> ()2 2()> D) ={0} (1)

Let e be the minimal number such that (y¢) = {0}. The number e is called the
nilpotency index of ~.

Let F = R/m = R/(v) be the residue field with characteristic p, where p is a

prime number. We know that |F| = ¢ = p” for some integers ¢ and r. We also
know that for any element a of R, it can be written uniquely as

a=ao+ary+ay’+-+ a1y (2)
where a; € F. For an arbitrary positive integer ¢, we define R; as
Ry ={ao +a1y+apy* +---+a;i_17"" ' | a; €F} (3)
where 7'~ #£ 0, but 4’ = 0 in R;, and define two operations over R;:
i—1 i—1 i—1
dart + > byt = (ar+ by (4)
1=0 1=0 1=0
i—1 i—1 i—1
dant Y bt =) () abe)y? (5)
1=0 1'=0 s=0 I+1'=s

It is easy to get that all the R; are finite rings.
For two positive integers ¢ < j, we define a map as follows:

U R, — R (6)
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i1 i—1
2 = ) ar ™)
1=0 1=0
Let a,b be two arbitrary elements in R;. It is easy to get that
W/ (a+b) = ¥(a) + W] (b), ¥}(ab) = W] (a)¥] (D). (®)
We note that the map ¥/ can be extended naturally from R} to R}

2.2. Galois rings. We give basic facts about Galois rings [13]. Let p and m be
a fixed prime and a positive integer, respectively. First, we consider the following
canonical projection:

p: Lpm — Ly (9)
which is defined by
p(e)=c (mod p). (10)
The Map p can be extended naturally to the following map:
i Lynla] = ZJa] (1)
which is defined by
w(by +brz+ -+ bpa™) = u(by) + p(by)z + -+ + u(by)z™. (12)

This extended g is a ring homomorphism with kernel (p).
Let f(x) be a polynomial in Z,m[x]. Then, f(z) is called basic irreducible if
u(f(x)) is irreducible. The Galois ring is constructed as

GR(p™,r) = Zym[z]/(f(2)), (13)

where f(z) is a monic basic irreducible polynomial in Z,m [z] of degree r. The
elements of GR(p™,r) are the residue classes of the form

bo+biz+ -+ bo1z"t + (f(z), (14)
where b; € Zpm (0 < i <r—1).

A polynomial h(x) in Z,~ [z] is called a basic primitive polynomial if p(h(x))
is a primitive polynomial. It is known fact that there is a monic basic primitive
polynomial h(z) of degree 7 over Z,n and h(z)|(z?" ~' —1) in Z,m [z]. Let h(z) be
a monic basic primitive polynomial in Z,m [z] of degree r. Consider the following
element:

E=xz+ (h(z)) € GR(P™,r) = Zym|[x]/(h(x)). (15)
Then, the order of £ is p" — 1. Teichmiiller representatives are defined as follows:
T: {07 1757627"'761)7._2}' (16)
Then, every element a € GR(p™,r) can be uniquely represented by the form
m—1

a=ag+ap+ap®+- -+ am_1p ) (17)
where a; € T,(0 <i<m—1).
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The Galois ring GR(p™,r) is a finite chain ring of length m, and its ideals
are linearly ordered by inclusion,

GR(p™,r)=°) > (") DD ') DD (™) ={0}. (18)

The p and m in this subsection correspond to v and e in subsection 2.1, respec-
tively.

2.3. Codes over finite chain rings. Let R be a finite chain ring. An R-
submodule C' < R" is called a linear code of length n over R. Unless otherwise
specified all codes are assumed linear. The elements in C' are called codewords.
The weight of a codeword ¢ = (¢1,¢2,...,¢,) in C is the number of nonzero
¢;, (1 <j < n). The minimum weight of C' is the smallest nonzero weight of any
codeword in C.

We define the inner product, that is, for x,y € R™, we define

X Yy=21Yy1+ + TuYn. (19)
For a code C' of length n over R, let
Ct={x€eR"|x-c=0,VceC} (20)

be the dual code of C. If C' C C, then we say that C is self-orthogonal, and if
C = C*, then we say that C is self-dual.

It is known that a generator matrix for a code C' over a finite chain ring is
permutation-equivalent to a matrix of the form

I, Ao Ao Aoz - Ag,e—1 Ao,e
0 ~Alg, ~YA12 ~YA13 - VA1 e—1 YALe

G = 0 0 72Ik2 72A2,3 e 72142,571 72142,5 , (21)
0 0 0 0 v AT L T A

where e is the nilpotency index of . The generator matrix G is said to be in
a standard form. All generator matrices in a standard form for a code C' over a
finite chain ring have the same parameters ko, k1, k2, . . ., ke—1 [12, Theorem 3.3].
The rank of C, denoted by rank(C'), is defined as the number of nonzero rows of
its generator matrix G in a standard form. Therefore rank(C) = Zf;é ki. We
call ko in G the free rank of a code C. If rank(C) = ko, then C is called a free
code. We say that C is an [n, k, d] linear code, if the code length is n, the rank
of C is k, and the minimum weight of C' is d. It is immediate that a code C
with the generator matrix in Equation (21) has cardinality

ed i)k S e—i)k; re r(e— r\Kke_
|C| = |F|Zizo (6= Dki — (pr)Xizo (e=Dki — (preyho(prie=Dyki .. (prike-1  (22)
In this case, the code C' is said to have the type:

1 O L O LT R L (23)

Let ¢ and j be two integers such that 1 < i < j. We say that an [n, k] code
Ci over R; lifts to an [n, k] code Cy over R;, denoted by Ci = Cs, if Cs has a
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generator matrix G such that \Pg(Gg) is a generator matrix of C;. Hence, it
can be proven that C; = ¥ (Cy).

2.4. MDS codes. It is known [11] that for a (linear or nonlinear) code C' of
length n over any finite alphabet A

Codes meeting this bound are called MDS codes. Further, if C is a linear code
over a finite chain ring, then

d < n —rank(C) + 1. (25)

Codes meeting this bound are called MDR, (Maximum Distance with respect to
Rank) codes [3, 12]. MDR codes do not imply MDS codes. See the following
example.

Example 2.1. Let C be a linear code generated by G = (2) over Z4. Then, n =
1, rank(C) = 1, and d = 1. Therefore, C' is MDR code. Because log 4(|C|) =

log, 2 = %, C is not MDS.

The following lemma states the necessary and sufficient condition for MDS
codes.

Lemma 2.2. [7, Lemma 2.3] Let C be a linear code over a finite chain ring R.
Then, C is MDS if and only if C' is MDR and free.

The following theorem states that the weight distribution of MDS codes over
GR(p™,r) of length n is uniquely determined.

Theorem 2.3. [12, Theorem 5.10] Let C' be a MDS code over GR(p™,r) of
length n and minimum weight d. For d < w < n, denote by A, the number of
words of weight w in C. Then,

- QEQ

For a code C over a finite chain ring, we say that C' is an MDS self-dual code
if C' is MDS and self-dual.

2.5. MDS self-dual codes over finite chain rings. In this subsection, we
describe MDS self-dual codes over finite chain rings with respect to projection
and lifting [7].

Theorem 2.4. [7, Theorem 3.8] Let R be a finite chain ring. If C is an MDS
self-dual code of length n over R; then W] (C) is an MDS self-dual code of length
n over R; forall1<i<j.

Theorem 2.5. [7, Theorem 3.9] Let R be a finite chain ring, F = R/(v), where
|F| =q=0p",2# p a prime. Let C be an MDS self-dual code over R;. Then C
can be lifted to an MDS self-dual code over R; for alli < j.
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Theorem 2.6. [7, Theorem 3.10] Let R be a finite chain ring, F = R/{¥), where
|F| = g =p", for a prime p and a positive integer r. Let C' be an MDS self-dual
code of length n. Then we have the following.

(1) Ifp=2 or p" =1 (mod 4), then n is even.

(2) If p" = —1 (mod 4), then n =0 (mod 4).

Using Theorems 2.4 and 2.5, the existence of MDS self-dual codes over R; is
equivalent to those over Fy, if ¢ is odd. For the existence of MDS self-dual codes
over F,, (odd ¢), we can refer to [4].

3. MDS self-dual codes over Galois rings

In this subsection, we describe MDS self-dual codes over Galois rings [7]. If
p is an odd prime, then by the previous subsection, we know that the existence
of MDS self-dual codes over GR(p™,r) is the same as that over F,-. More
specifically, if we have an [n,n/2] MDS self-dual code over F,-, then we can
construct an [n,n/2] MDS self-dual code over GR(p™,r) for all m > 1 using the
method in [2, Theorem 3.7].

Suppose that p = 2. By the previous subsection, we know that if we have an
MDS self-dual code over GR(2™,r) of length n, then we have an MDS self-dual
code over GR(2,r) of length n for all 1 < ¢ < m using the projection map. But
the converse direction is not guaranteed.

Theorem 3.1. [5, Theorem 3] For R = GR(2,r) = Far, there exist MDS self-
dual codes C = 2k, k,k + 1] over R for allk =1,--- 271,

If MDS conjecture over finite fields [8, Section 7.4] is true, then the case m =1
is completed. From now we assume that m > 2.

Theorem 3.2. [7, Theorem 4.5] For Galois ring R = GR(2™, ), we have the
following:
(1) If m > 2, then there is no MDS self-dual code over R for code length

n =2 (mod 4).
(2) If m > 2 and r is odd, then there is no [4,2,3] MDS self-dual code over
R.

Theorem 3.3. [7, Theorem 4.6] Let R = GR(2™,r), m > 2, and even r. Then
there is a [4,2,3] MDS self-dual code over R.

Now, we give our main result of this paper.

Theorem 3.4. Let R = GR(2™,r), and n be a positive integer such that (n—1) |
(2" — 1) and 2™ | n. Then there exists an MDS self-dual code over R with
parameters [n,n/2,n/2 + 1].

Proof. The proof is based on the proof of Theorem 4.6 in [1] and the Example
5.6 in [12]. Let £ € R be a primitive (2" — 1)th root of unity such that £ is a

primitive (2" — 1)th root of unity in For. Let oo = fijll. Then « is a primitive
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(n — 1)th root of unity such that & is a primitive (n — 1)th root of unity in Fa-.
Then the Reed-Solomon code C' over R with distance d = n/2 is generated by
g(@) = (z—a)(x —a?)--- (z —a@"1). Then C is an [n — 1,n/2,n/2] MDS code
and has the following parity check matrix:

1 a o? an~1
1 a2 (az)z (a2)n—1

H = . . . . . (27)
i ad'71 (ad;l)Q (adfi)nfl

Let h(xz) € R[z] be the check polynomial of C, i.e., 2™ — 1 = g(x)h(x), hence
h(z) = (z — a®)(x — a®1) ... (z — a"). The reciprocal polynomial
h* = zdeeMp(1/z) = (1 — az)(1 — a®'z)--- (1 — a™2).

The dual code C* is generated by g (z) = ﬁh*(m) =(x—1)(z — a)(z—
a?)---(r —a?1), and is an [n — 1,n/2 — 1,n/2 + 1] MDS code. Since g(x)
divides g1 (), C* is self-orthogonal. Futhermore since the all-one vector 1 is
not in C* but in C, we have C = C+ 4 1. Now we extend C, say C1, by adding
1 at the end of 1, and zero 0 at the end of any codewords generating C* (and
obviously by combining them). Then Cj is an [n,n/2,n/2 + 1] MDS code. By
construction, Cy is also self-dual and has the following generator matrix:

1 1 1 e 1 1
1 « a? e a1 0
G- 1 OéQ ((12)2 . (a2)n—1 0 . (28)
1 adfl (ad71)2 (adfl)nfl 0
This completes the proof. O

Remark 3.1. In [1], Dougherty et al. proved that there exists an MDS self-
dual code over R = GR(2™,r) with parameters [27,2"71 27~! 4 1], which is
an extended RS code. But in the statement they missed a condition. The
constructed MDS self-dual code contains all-one vector 1. Therefore m < r. If
m > r, then 1 is not self-orthogonal. So, we should add the condition, m < r.

Following Theorem 3.4, if we have positive integers n and m such that (n—1) |
(2" — 1) and 2™ | n, then we know that there exist the MDS self-dual codes of
length n over GR(2™,r) which are generalized Reed-Solomon codes. Therefore
it is important to know the integers. In the following we calculate them. To
simplify the calculation, we only consider the cases n > 8 and m > 2. We
introduce the notation 2™ || n which means that 2™ | n but 2™ { n. We give
positive integer pairs (n,m) such that (n — 1) | (2" — 1) and 2™ || n, (n > 8,
m > 2). If r =1 or r = 2, then there is no such pairs. Therefore we start with
r=3.

(1) r=3:2"-1=17. (n,m) = (8,3).
(2) r=4: 2" —1=15=3x5. (n,m) = (16,4).
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TABLE 1. Positive integer pairs (n,m) such that (n—1) | (2"—1)
and 2™ || n, (n > 8, m > 2).

T (n,m) T (n,m)

3 ®,3) 7 (128, 7)

4| (16, 4) 8 | (16, 4), (52, 2), (256, 8)
50 (32, 5) 9 (8, ) (512, 9)

6| (8,3), (64, 6) || 10 | (12, 2), (32, 5), (1024, 10)

TABLE 2. Existence of MDS self-dual codes of length n over
GR(2™,1),(m > 2)

r\n|2|4]|6 8 10 12| 14 16

1 | X

2 |[X|0

3 XX [X|O0O(m<3),? (m>3)

4 |X|0|Xx ? X| 7| X|0m<4),? (m>4)
(3) r=5: 2" —1=3L (n,m) = (32,5).

(4) r=6: 2" —1—63—32><7 (n, m) (8,3),(64,6).

(5) r=T: 2" —1=127. (n,m) = (128,7).

(6) r=8: 2" —1f255f3><5><17 (n,m) = (16,4), (52, 2), (256, 8).
(7) r=9: 2" —1=511=7x73 (n,m)=(8,3),(512,9).

(8) r=10: 2 — 1= 1023 = 3 x 11 x 31 (n,m) = (12, 2), (32,5, (1024, 10).

In table 1, we summarize the calculation.

In Table 2, we show the existence of MDS self-dual codes of length n over
GR(2™,r),(m > 2). In this table, 'X’, ’O’, and ’?’ represents the nonexistence,
existence, and tentatively unknown existence, respectively. Using Theorems 3.2,
3.3, and 3.4, the table can be verified. From the table, for r = 3 case, we know
the existence of MDS self-dual codes of length 8 over GR(2™,3), if m < 3. But
if m > 3 then we don’t know the existence. For r = 4 case, we don’t know the
existence of MDS self-dual codes of length 8 and 12 over GR(2™,4).

4. Summary

In this paper, we presented the results for the existence of MDS self-dual
codes over Galois rings. We proved that there exists an MDS self-dual code over
GR(2™,r) with parameters [n,n/2,n/2 + 1], if (n — 1) | (2" — 1) and 2™ | n.
And then we gave the current state of the problem for the existence of MDS
self-dual codes over Galois rings. Many aspects remain to be studied in the
future, including the existence of MDS self-dual codes of length 8 over GR(22,4)
or GR(24,3).
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