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ON PARTIAL SUMS OF FOUR PARAMETRIC
WRIGHT FUNCTION

Muney U DIN

ABSTRACT. Special functions and Geometric function theory are close
related to each other due to the surprise use of hypergeometric function
in the solution of the Bieberbach conjecture. The purpose of this paper is
to provide a set of sufficient conditions under which the normalized four
parametric Wright function has lower bounds for the ratios to its partial
sums and as well as for their derivatives. The sufficient conditions are
also obtained by using Alexander transform. The results of this paper
are generalized and also improved the work of M. Din et al. [15]. Some
examples are also discussed for the sake of better understanding of this
article.

1. Introduction and preliminaries

The four parametric Wright function

Zm

(av,a) _ =
(1.1) Wiglhy (2) = mz::o I'(a+ma)T (b+mpB)’

a,beC, a,feER,

was studied by E. M. Wright for «, 8 > 0. The series defined in (1.1) converges

absolutely and it is an entire function. For details see [18,20, 38,39]. The

Wright function is the particular case of the four parametric Wright function.
The Wright function

o0 Zm
Wenle) =3 —— 2 (51, neC,
= mll (Cm + n)

was introduced by E. M. Wright [37] and have been used in the asymptotic
theory of partitions, in the theory of integral transforms of Hankel type and in
Mikusinski operational calculus. Recently, Wright functions have been found
in the solution of partial differential equations of fractional order. It was found
that the corresponding Green functions can be expressed in terms of Wright
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functions [27,30]. Mainardi [19] involved Wright functions in the solution of
fractional diffusion wave equation. Luchko et al. [13,18] obtained the scale
variant solutions of partial differential equations of fractional order in terms
of Wright functions. For positive rational number (, the Wright functions
can be expressed in terms of generalized hypergeometric functions. For some
details see [16, Section 2.1]. In particular, the functions Wi ,+1(—22/4) can be
expressed in terms of the Bessel functions J,, given as:

= ()" (/)

Ju (2) = (%) W1 (=2"/4) = mzzjo m!l'(m+v+1)

Let A be the class of functions f of the form
fz)=z+ Z A 2™
m=2

analytic in the open unit disc i = {z : |z| < 1}. Consider the Alexander trans-
form given as:

Alf](2) :/Ozf(tt)dt:z+ 3
m=2

Special functions and Geometric function theory are close related to each
other due to the surprise use of hypergeometric function in the solution of the
Bieberbach conjecture. Due to this special functions become more important
for the researchers. Recently, many researchers studied some geometric proper-
ties such as univalency, starlikeness, convexity and close-to-convexity of special
functions. Several researchers have studied the geometric properties of hyper-
geometric functions [22,29], Bessel functions [5-11,31,35,36], Struve functions
[25,40], Lommel functions [14], Wright functions [15, 28], g-Bessel functions
[1, 4], and Fox-Wright functions [20,21]. This study motivated Sourav Das
and Khaled Mehrez [21] to study some geometric properties of four parametric
Wright function. The series (1.1) is not normalized. To make it normalized we
consider the following form

WG (2) = 2T (a) T () W53 (2)
(1.2) B > T (a)T (b) _—
_Z+mZ:1F(a+ma)F(b+m6)z ’

In this note, we study the ratio of a function of the form (1.2) to its sequence

. (av,a) - & T'(a)T'(b m
of partial sums (W(ﬁ’b) )n (2) =2+ mzz:l W’Z +1 when the coeffi-
()

cients of W( 1) satisfy certain conditions. We determine the lower bounds of

wise (2) (WG), (W) @) (W), @
R (8,b) LR n , R /<B,) B AL A
{(Wiz:zf)w} { WG ) (W), (W) @)
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A W(a a) z A W(a ) (=) «@,a
[( (f:;ﬂ( ) , R’ —( [ (fabi)}) , where A [Wgﬁ’b))] is the Alexan-
(A[W(ﬁ . ]) (2) A[W(ﬁ b)](z) .
der transform of ng Z)) Some similar results are obtained for the function

W(g Z)) (z) . For some works on partial sums, we refer [2—4,12,17,23,24,26,32-34].

Lemma 1.1. Leta,b,a, 3 € R and A = a+b+ab, u = ab with inequality A >
0. Then the function W(a YU C defined by (1.2) satisfies the following

(8,b)
inequalities:
(i)
(a,a) Ap+A+1
‘W(ﬁb)( )‘ <T7 zeU,
(ii)
/(o) )‘,U/+2)‘_M+2
[wisiy )] < St e

Proof. (i) By using the well-known triangle inequality
|21 + 22| < [21] + |22
with the inequality T' (a +m) < T'(a +ma), m € N, which is equivalent to

F(EJ(r{zr)La) < a(a+1)-~1(a+m—1) = (a%"g m € N, and (a),, > ()", m € N, we

obtain

P@IB) e
I'(a+ma)T (b+mp)

['(a)T(b)
I'(a+ma)T (b+mp)

IN

S+ bZ (ermor)

(a+1)(b+1)(ab+1) —ab -b
= —_— Z/{
ab(a+b+ab) SR U
CAutA+1
="
(ii) To prove (ii), we use the well-known triangle inequality with the inequal-

: I'(a) 1 _ 1
1ty T'(a+ma) < a(a+1)---(a+m—1) — (a),,’

(m+1)<2™ meN,
(@), > ()", meN,

m € N, with inequalities
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we have
/(aa) _ = F(a)r(b)(m+1) m
’W(ﬂb) )‘_ 1+ZI‘a—|—ma)F(b+m5)z
<1 b) (m+1)
- a+ma T'(b+ mp)
<1

+Y

> m—|—1
2 @O

1 & m+1
7)2 (a+1), ,(b+1)

bz (M)m_l

~(a+1)(b+1)(ab+2) —2ab 1-9

N ab(a+b+ab—1) ’ a>b—|—1’

At A+l

N DY R O

m—1

Lemma 1.2. Let a,b,a,6 € R and M = (a+ 1) (b+ 1), N = ab with inequal-
ity MN > 0. Then the function W(ﬂ Z)) U — C defined by (1.2) satisfies the
following

z€eU.

a) ’ 2MN + M — 2N
‘A[ 51’)}()_ 2MN —2N ’

['(a)

Proof. Making the use of triangle inequality with Flatma) < a@r- (a+m 0=

((5 , m € N; and the inequality

(m+1)>2, meN,

we have

.. i NONG) i

A DYVl (2 (m+1)T(a+ma)T (b+mp)

1

B — (m+1)(a),, (b),,

<1+Jw,§;(m>m

~ 2ab{(a+1)(b+1) =1} +(a+1)(b+1) —b
- 2ab{(a+ 1) (b+1) -1} R
2MN + M — 2N
9MN —2N 0

zeld
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2. Partial sums of ng g)) (z) and W/(gjl’;)l) (2)

Theorem 2.1. Let a,b,a,5 € R and A = a + b+ ab, u = ab with inequalities
a > b;—bl, A >0 and Ap > A+ 1. Then

(a,a)
W(Bb)() >)\uf)\71

(2.1) R > , Z€U,
(ev,a) A
(W b)) (2) :
and
W(a a) (Z)
b A
(2.2) » ( (’fal)) > zeu.
W(B b)( z) K
Proof. By using (i) of Lemma 1.1, it is clear that
> MeA+A+1
1 <= =
which is equivalent to
>\ + 1 Z [am] <1,
where a,, = % Now, we may write
A { Wiau(z)  Ap—A— 1}
A+1 (Wi, (2) Ap
1+ amz™ + am 2™
_ Z <’\+1) m:zn—i-l 1 4w(z)
1+ Z A 2™ 1—w(2)
m=1
Then it is clear that
(#) 3 ane”
w(z) = : v
242 % anzm+ () X amem
and
A =
(T) > laml
[w(z)] < .

2-2 3 fou| - () ¥ fanl
m=n-+1

This implies that |w (2)| <1 if and only if

A oo n
2 <H“1> 3 awl §2—2mZ:1\am\.

m=n+1
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Which further implies that

mZ=1|am|+()\

(2.3)

m=n+1

AL =
_|_1> Z lam| < 1.

It suffices to show that the left hand side of (2.3) is bounded above by

(A+1>§:|m

which is equivalent to

Ap—A-1
P2 S
To prove (2.2), we write
()
A+ A+ 1 (W(Bb)) Y
(a,0)
A+1 W(ﬁb)() Ap+A+1
1+ Zn: am 2™ — (%) ioj A 2™
_ m=1 m=n+1 - 1+ ’LU(Z)
= — =— .
14+ 3 apem 1—w(z)
m=1
Therefore
() > lanl
fu(2)] < S <1

2-2 3 Jaul = () % ol

m=n+1

The last inequality is equlvalent to

Z jam| + (A+1)

(2.4) 3

m=n-+1

Z lam| < 1.

Since the left hand side of (2.4) is bounded above by (T) > |am|, this

completes the proof.

m=1

O

Remark 2.2. When we put a = land a = 1 in Theorem 2.1, we get Theorem

2.1 of [15] as corollary.

Corollary 2.3. Let 8, b € R such that > 1, b > 1.280776406. . ..

Ws.p(2) 202 —b—2
(25) " Wo), () b2 M
and
(Wﬁ b)n( ) 26% + b
(2:6) Re{ Wb (2) } Z %1 3642

Then

zeU,

z€eU.
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Theorem 2.4. Let a,b,a,8 € R and A = a + b+ ab, p = ab with inequalities
a > ﬁ? Ap >0 and Ap > 2\ — pu+ 2. Then

Wigay ) | L - 2at 2

(2.7) ®{— > . el
(a,a) A
(Ww,b) )n (2) H
/(o)
(2.8) R (i), ©) > Au ceu.
Wl((ﬂab(;)(z) T A2 - p+ 2]

Proof. From part (ii) of Lemma 1.1, we observe that

> Me+2X—p+2
1+ Y (m+ 1), < AT RTE

m=1 )\/.L
where a,, = %. This implies that
Al =
— 1) |am| < 1.
(i) e D on <
Consider
( A ) W () ap— a2
MNi— i+ 2 1(a,a) )
=+ (W(ﬁ,b) )n(z) 1
14 3 (mt Dame" + (528) S e
m= m=n
14+ > (m+1ayz™ 1 - w(?)
m=1
Therefore
A o0
0 (2) (i) 2, m  Dlend
w(z)] < - — = <1.
2-2 3 (m+1)lan] - (5245) > (m+1lan|

The last inequality is equivalent to

29 S Dlonl + (52 ) Y el <1
m=n+1

m=1

It suffices to show that the left hand side of (2.9) is bounded above by

AL =
_ m 1).
() 2 faml m s

Which is equivalent to (ﬁ) > (m+1)|am| > 0.
m=1
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To prove the result (2.8), we write

/(o)
(Au+2A—u+2> (Ww,b))n(z) - A 1t w(z)
2 —p+2 W’((Babf)l)(z) A 420 —p+2 1—w(z)
Therefore
(Au;;\?j\,;it;Q) m_zn+1(m + 1) |am]
|’LU(Z)‘ S n — ] S L
2-2 3 (m+1)lan] - ) > (m+Dan
The last inequality is equivalent to
2.10 m 1 _ 1) |am| < 1.
(2.10) D lanln 1)+ 5 D (n 1) o

It suffices to show that the left hand side of (2.10) is bounded above by
(ﬁ) m21(m + 1) |am|, the proof is complete. O
Remark 2.5. When we put @ = land @ = 1 in Theorem 2.4, we get the
improved version of Theorem 2.2 of [15] as:

Theorem 2.6. Let 5, b€ R, with 8> 1 and b > 2. Then

W, (2) 22 — 2 — 4
2.11 R B.b > . z€el,
2 {owmua} 2w+
Wsp) (2) 202 4+ b
. Lot > .
(212) he { Wiz [T rara C°Y

3. Partial sums of A [WEZ,’;))} (2)

Theorem 3.1. Let a,b,o,f € R and M = (a+1)(b+1), N = ab with

inequalities a > bjr—bl and 2MN > M + 2N. Then

(a’a)
A [Ww,b)} () | 2mN—2N-m

(3.1) Re (A [WE;‘Z))DH(,Z) 2 SN _3N z €U,
and

awis]) @) _
(3.2) Re (A[[w;é%% (nz) = QAEJA\?[fMQ_J\;N’ zel,

where A [WEZZ))} is the Alexander transform of WE;Z))
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Proof. To prove (3.1), we consider from part (iii) of Lemma 1.1 so that

am| _ 2MN —2N + M
1
+Z (m+1) 9MN —2N

which is equivalent to

<2M]\]fw— 2N) i (nLaj:'l) <1

m=1
I'(a)I'(b) ;
where a,, = (m+1)F(aima)F(b+m5) Now, we write
OMN —2N\ [ ADWa,l(z) 2MN—2N - M
M (ADVa), () 2MN 2N
14 2 4 SMN_2N) N~ _am _,m
mzl (m+1) ( M )m§+1 (m+1) B 14+ w(z)
N " an om 1 —w(z)’
+ mz,:l (m+1)~ )
where

o0
2MN—2N |am|
(B5F) X oo

m=n-+1

w(z)] < n = <1
am 2MN—2N am
222 3 gy - (BAF) Y i
m= m=n+1
The last inequality is equivalent to
" | 2MN —2N\ = |an

3.3 <1.
SR V) A G T IP DR

It suffices to show that the left hand side of (3.3) is bounded above by
2MN — 2N i ||
M = (m+1)

This completes the proof.
The proof of (3.2) is similar to the proof of Theorem 2.1. O

Remark 3.2. When we put a = 1and a = 1 in Theorem 3.1, we get Theorem
2.3 of [15] as corollary.

Corollary 3.3. Let 5, b € R, with 8> 1 and b > 0.70710678 . ... Then

A [Wﬁ’b] (Z) 2b2 -1
34 Rl Gyt 2 A <

and

(3.5)

R{EDRLO), Wby,

AWspl(2) )] — 202 +20+ 1’
where A [Wg | is the Alexander transform of Wg .
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4. Applications

The four parametric Wright function

Zm

() ) _ N
Wiai () = mZ:O Tlatma) T mB)

a,beC, a,p€R,

is the generalization of Wright function. When we put @ = 1 and @ = 1 in
above series we get the Wright function

o0

Zm
N - 1, beC.
Wsa(2) n;) m!T (Bm +b)’ p>-1beC
For 3 =1, b = 5/2 we get Wy 5/9(—2) = %(% —cos(2\/§)), and for
n = 0, we have (W175/2)0 (2) = %, so,
sin(2v/z) — 24/z cos(24/z) 8
4.1 > — =0.
(4.1) §R( Ve > 2053333, (zel),
and
224z 15
4.2 > — =0.681818. .. .
(42)  ® (sin(2\/5) — 2\/5005(2\&)> = 5p -~ 0081818 (z€l)
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