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NEW VOLUME COMPARISON WITH
ALMOST RICCI SOLITON

SHAHROUD AZAMI AND SAKINEH HAJIAGHASI

ABSTRACT. In this paper we consider a condition on the Ricci curvature
involving vector fields which enabled us to achieve new results for vol-
ume comparison and Laplacian comparison. These results in special case
obtained with considering volume non-collapsing condition. Also, by ap-
plying this condition we get new results of volume comparison for almost
Ricci solitons.

1. Introduction

Let (M™, g) be a complete smooth n-dimensional Riemannian manifold with
a smooth vector field X € x(M) and a smooth function A : M — R. Then
(M™, g) is said to define an almost Ricci soliton if

1
Ricg + iﬁXg = \g,

and it is called a gradient almost Ricci soliton if the vector field X is the
gradient of a smooth function f,ie., X =V f.

Volume comparison has a wide role in differential geometry and analysis on
manifolds. In several years, many different results with different conditions
on Ricci curvature and scalar curvature on manifolds have been shown for
volume comparison. The first result is related to Bishop and Gromov’s in [5]
that depends on Ricci curvature which is bounded from below. Actually, they
compared volume of R-balls in a manifold M™ with R-balls in it’s model space
M7, Then Qian [9] improved the results with Ricci curvature of the weighted
Laplacian Ay, i.e., A, =A —-Vh- V.

John Lott [7] studied on metric measure space (M, ¢dvoly) with co-Bakry-
Emery Ricci curvature

Riceo = Ric — Hess(In ¢),
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and obtained important results on comparison geometry. Then Wei and Wylie
in [11] expanded the Qian’s results on volume comparison with considering the
lower bound for this Ricci curvature.

Hu et al. [6] by considering a lower bound for scalar curvature showed that
volume of balls with conformally compact metric g is closed to volume of balls
with complete noncompact Riemannian metric g. In [14] Zhu and Zhang, under
a lower bound for Bakry—Emery Ricci curvature

1
Ric + §£Vg’

obtained volume comparison, Laplacian comparison, isoperimetric inequality
and gradient bounds. In fact, they showed that

Vol(B(z,12)) _ (O A K p)Mr3—13) 4 K (ra—r1) 7] Vol(B(z,r1))
Ty - T
for 0 < r; < ro <1, where A\, a, K and C are constants.

Wei Yuan in [13] compared the volume of balls in Riemannian manifold M
with a V-static metric ¢ and a Rimannian metric g. For study more about
volume comparison with another condition in details you could see [1-4,8, 10,
12,15].

It is interesting to extend the Ricci condition in [14] for an almost Ricci
soliton.

Let (M, g) be a Riemannian manifold of dimension n with fixed base point
O € M. Consider the following basic conditions for Ricci curvature tensor,

1
(1) Ric +5Lvg = —Ag,
and
K
2 Vv < — .
(2) Viy) < iy, 00

Here ) is a non-negative smooth function and V' is a smooth vector field on M,

also we denote the distance from O to y by d(y,0), and K > 0and 0 < a < 1

are constants. Later we will use a notation C(aq,as, ..., a,) for constants that

depend on parameters a1, as,...,a, where may it changes line to line.
Motivated by above works, we prove:

Theorem 1.1 (Volume comparison 1). We assume (1) and (2), and denote by
w(s,-) the volume element of the metric g on M in geodesic polar coordinates.
Then for any 0 < s1 < s2, we have

3) W(s2:-) _ Cla)Ksh +f22 & [ Mi?drds W(51,°)
Sg—l =€ 8?_1 ’

and specially by letting s; — 0, we get

(4) w(s, ) < eC(a)K517Q+S% N At2clt$nfl7 Vs > 0,
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and hence
Ca , n—1
(5) Vol(B(z,r)) < @K+ fg Atzdtwr”, vr > 0.
n

Note that S™~! is the unit sphere in R™.
For the next theorems we considered an upper bound K for A.

Theorem 1.2 (Volume comparison 2). Let the assumptions (1) and (2) hold.

(a) Let the conditions on Theorem 1.1 and volume noncollapsing condition
Vol(B(x,r)) > p hold for any x € M. Then for any 0 < 11 <19 < 1, we get
the ratio bound as follows:

(6) w < ec("»K,K1,a7p)[K1(rg—rf)+K(r2—r1)1*0‘]M.
2 1

(b) Specially, assume that the Bakry—E‘mery Ricci curvature tensor Ric +
HessL implies that

(7) Ric + HessL > — g,
and

K
8 VL < —
0 VLI < 3o

for ally € M, a fized point O € M, and constant K > 0 and o € [0,1]. Then
the results of Theorem 1.1 and part (a) of this theorem hold.

For gradient case, i.e., V = VL, we prove:
Theorem 1.3. Consider the following condition on Bakry—Emery Ricci cur-
vature
9) Ric + HessL > —Ag.
We assume the following conditions on L:

(10)  |L(y) = L(z)| < K2d(y,2)* and ~ sup  (r’|VL|; p(oy) < K3
zeM,0<r<L1

for any y,z € M with d(y,z) < 1. Here Ko, K3 >0, 0<a<1,0<f8<1,
and g > 1 are constants, and

;,B(z,r) = (fB( | Vqu(y)dV(y)>

(a) We denote the distance from any point y to some fixed point x by s =
d(z,y) and suppose that v : [0,s] — M is a normal minimal geodesic with
v(0) =z and v(s) =y. Then in distribution sense we have

VL]

1 AK.
(11) As—nT < Kis+ oz + (VL Vs), Vs <1,
moreover

8 w(s,0 AK 0
(12) ws,6) [Kis 4+ —2 + <VL,vs>]“’(s’ )

Os sn—1 gl—«a gn—1 '
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Here, we denote the volume element in the geodesic polar coordinates by w =
w(s,0) which is regarded as 0 on the cut locus.
(b) For any 0 <1y <1y <1, we have

(13) Vol(B(x,12)) _ #:(r2=r?)+Ka(ra—ri)'P+aKs(ra—r1)*) VOUB(2, 1))
ry - ry
In above theorems if the function A is constant, Theorem 2.2 and Theorem
2.7 in [14] can be recovered by our result.

2. Proofs
To prove our main results, we need the following technical proposition.

Proposition 2.1. If conditions (1) and (2) hold for an n-dimensional Rie-
mannian manifold (M, g), then in the distribution sense we get the following
inequality,

Cla)K

SDL

(14) As— 1

)

1 S
< —2/ M2dt + (V,Vs) +
s 52 Jo

where s = d(y, x) is the distance from any point y to some fized point x.
Proof. Since the complement of the cut locus is star shaped, we can establish

inequality (14) in the distribution and so we may just prove the inequality (14)
for smooth points of s. By using Bochner formula for s and Cauchy-Schwarz

inequality [V?2s]? > %, we have
10,4 1 n—1, n-1 )
(15) 8—2%(5 As) + — (As — . )* < Eaie Ric(Vs, Vs).

We multiply the sides of the inequality by s? and then integrating from 0 to s,
it yields

—1 1 s ’ ’
(16) As < — — | £Ricly (£),7 (1)) dt.
s s2 Jo
We can choose an orthonormal frame {ei,es, ..., e,} with e; = ~ (t) at any

point y(t). Then due to the (1), we get
Rie(y (£),7 (1)) = Ric(er, e1)
1
> —A— 5/3\/9(61,61)
=-A—(V/ e1)
=-A—e(Vier) +(V,Ve,e1)
0 /
S ).
2 v o)
By this, (16) becomes

-1 1 s ,
n-1_ {t‘l;wﬁ (£)) + A2 dt

s 52
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S

IN

M+ |V )6 ;-2 [ 1 W)

5% Jo
Y 2 [° /
2, At dt+<V,Vs>—S—2 ; t(V,y (¢))dt.

We denote dy = d(x,O) and to continue proving, we consider two cases.
Case 1: If s < dj, we get the following inequality by the fact that d(v(¢),0) >
do —t.

(17)

IN

2[5 1 e k
_Z < v
S/O WV~ (8)dt < 52/0 2
Cla)k s
< SR gy — ey
Cla)k, 1_q o
= GO ey — oy
(18) < Cla)k
Sa
Now we get
(19) As — "?1 < S%/ Atht+<V,Vs>+O(:O?K.
0

Case 2: If s > dy, then for any dy <t < s, we have

So, we get the same result for — =2 fos t(V,~ (t))dt and consequently we get

S

—1 s Cla)K
(20) As— = — < | APdt+ (V.Vs) + (:7&)
0
This completes the proof of the proposition. O
Proof of Theorem 1.1. First, by (14) we have
) w (s, ")
3 D) = N
55 (s, ) = L2 = as
-1 1 [° Cla)K
(21) <ty = | APdt+(V,Vs) + (0;) .
s s Jo s

Case 1: If 51 < s3 < dy, by using triangle inequality for assumption (2), (21)
changes as

) n-1 1 [* K Cla)K
—1 ) < — 2 .
s n(w(s,)) < S + =2 /0 Atedt + (do— ) + o

By integrating from s; to sy of both sides, we get

w(527 ) 52 \n—-1 /52 1 ° 2 -« -«
In—= < In(—= + — Atedtds + C(a) K (s —s
w(s17 ) — (81) s 82 0 ( ) ( 2 1 )

+ C()K[(do — 51)" ™" = (do — s2)" ]
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52 \n—1 I Y A l—a
< 1n($1) —&—/Sl 32/0 Atedtds + Cla) K sy

+ C()K (sg — 51)' 7

S1

S2 1 S
(22) < 1n(§)"—1+/ ;2/ MPdtds + C(a)Ksy .
S1 0

Specially for s; < dy we get
< In(

w(dOv ) do 1 /dU 1 /S 2 1—
—)" — At“dtd Cla)Kd;~“.
w(si,-) ~ 51) * s 2o s+ Cla)Kd,

Case 2: If dy < s1 < s9, then by fact that

(23) In

K
V,Vs) <|VI|(v(s)) < ——,
(V.V8) < VIO € =g
we get the same results and for so > dy, we have
w(s2,-) 52 \n_1 /82 1 /s 2 1-a
24 In——< <In(—)""" + — Atedtds + Cla) K sy <.
( ) w(d0,~) (dO) d s2 0 ( ) 2

Case 3: For s1 < dy < s9, by (23) and (24), it yields

w(sa,+) $2.\n_1 /32 1 /S 9 1—
25 1 < In(=)" — At“dtd Cla)Kss .
(25) nw(sl,~) < n(51) + eyt s+ C(a)K s,

This finished the proof of the theorem. O

In the following we consider the volume comparison Theorem 1.1 by non-
negative function A that bounded above with K.

lemma 2.2. Let the following volume noncollapsing condition hold

(26) Vol(B(x,r)) > p, Yz € M,

for some constant p > 0. If the conditions (1) and (2) hold, then for any
q€(0,2) we get

oY

(27) sup V7 gy < Cn, K, Ki,a,p,q) K,
zeM,0<r<1

a 1 a
* - LR 7 [ G — ad
|q7B(I7T) (-%B(wﬂ') |V| g) (VOZ(B(J:7 T)) -/B(w7r) |V| g)

Proof. By assumption (2), for any 0 < r < 1, we obtain

1 K4 %
28 VII* <l —d .
@) ”q’B<“>—(Vo1<B<x,r>> /BW) a0y, Oy g(y))

Case 1: For d(z,0) < 2r, we know B(x,r) C B(O,3r), then for any 0 < ¢ <
=, we conclude that

1 1
e ¥9(y) < / a9y
/B(:c,r) d(y’O)ocq ( ) B(0,3r) d(y’O)aq ( )

where

v
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(29) < Cln, o, q)elCR " +Kirlyn=aq,

In fact, from (4), for any v < n, we get

1 1—a
30 / ———dg(y) < C(n-~ elCl)Kr =+ Kur]n—y
(30) B(o,r) d(y,0)7 ) ( )

So, by (4) and (26) for r < 1 it follows

Vol(B(z,7)) = /Si /Orw(s,e)dsdé’
:r/sn 1/1w(rt,9)dtd9

L -1 A ec(a)K+K1 1w(ta 0)dtd6

(31) (a)K+K1
By this and (29), we get
1 / 1 Cla)Kr' ™"+ K
dg(y) < C(n, a, q)el K"kl
Vol(B(w.1) o, dig. 0y W) = Clm )
eC(a)K+K1
X ——————— 7,
p

Case 2: For d(z,0) > 2r, by triangle inequality we have d(y,O) > r for all
y € B(z,r). Then

1
(32 | e gmdato) < ol(Bla ),
) B(z,r) d(yv O)aq )
S0, in each case we get that
HVH;,B(z,r) < C(n7K7K17a7p7Q)KT_a° (]

Proof of Theorem 1.2. Let ¢ = (As — 2=1) . By (14), we get

(33) < Kys+ SOK C(“)K

We deduce from (27) that

+ VI

K K K
(34) % |V|dg < C(na ) 1a7aap7 q) )
B(z,r) r
Letting Q(r) = W we get, from (33) and (34),
d )K
o< o [ [ st IV (s, O)dsdd
n, K, K1,a,p, K
< g+ & ;a DK o).

By integrating of both sides the proof is complete. (I
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At the end of the proof of part (b) you can get the results by setting V = VL
in (1).

Remark 2.3. Note that in particular, we can improve the Volume comparison
theorems without assumption (26).

Corollary 2.4. Assume that (1) holds and moreover
(35) V| < K.

Then we get the following conclusions.
(a) In distribution sense we have

(36) As— T ks K
S

(b) For volume element in geodesic polar coordinate with any 0 < s1 < s9
we get

(37) w(:ivl') < 62K52+Kls§ w(:ivl') )
S2 51
In general, by letting s1 — 0, we have
(38) w(s, ) < 2KstEs® gn—1 g 5,
and then
/ n—1
(39) Vol(B(z,r)) < eZK”K”QMr”, vr > 0.
n
(¢c) According to the (39), for any 0 < 1y < ro we have
(40) VOl(B(J}, 7"2) < 6[2K(r2—r1)+K1 (r%—r%)] VOl(B(.’E, Tl)) )
Ty B T

Proof. Since |V| is bounded, Lemma 2.2 holds without any other condition
for « = 0 and ¢ = co. The proof of this corollary is similar to the proof of
Proposition 2.1, Theorem 1.1 and Theorem 1.2 as o = 0. (]

Proof of Theorem 1.3. (a) We just prove the inequalities at smooth points s.
First by (16) we have

n—1 1 [°

< - = 2Ric(—, —
(41) As < . 2, t Rlc(at’ (,%)ds
From (9), along the geodesic v(t), we get
d2
(42) Ric(0y, 0¢) > —A — HessL(0, 0¢) = —A — ﬁL('y(t)).

By (42) and integration of two sides, we rewrite (41) as following

_ s 2
n-l_1 [thL(fy(y)) + Atz} dt
0

A _
s = i

s 52

d d

1 S
< Kist g [P RLO0O) -2 [ o
0

a o]
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2 [°.d
< Kis+(VL,Vs) — — [ t—L(v(t))dt
S 0 dt

— K+ (VL) = 2LG) [+ [ Lo

= Kis + (VL,5) = 2[L2(5) ~ LO0)]

+ 2 [ n6e) - e o)

0
4Ko

gl—a’

< Kis5+ (VL,Vs) +

From this together with (0w = Asw), we can obtain (12).
(b) According to (11), we have

4K
V< Kyis+ sl_i + VL],
and by (10), we get
o K
(43) f IVL|dV < (7{ |VL|'1dv> ‘< 73
B(z,r) B(xz,r) r
By considering Q(r) = 7V0l(]f,$m’r)) and (43) we have
d 1 r 4K,
- < — K L
dTQ(T) = pntl /sn71/0 S( 18 + sl—a + |V |)W<S,€>d8d9
1K, K
< (Kyr+ ot 773)@(7“)

The proof of (b) finishes by integrating both sides of the above inequality. O

For V = VL similar to Lemma 2.8 in [14] we have the following lemma due
to bounded A, which cause the assumption (10) be a weaker condition than (8)
and (26).

lemma 2.5. Assume that (9), (8) and (26) hold. Then for q € (n, %), we have

(44) 3:61\/?%57‘<1 TOCHVLH;,B(I}’I‘) < C(n7 K7 Kla a, p)Ka

by the fact that

(45) L)~ L(:)| < T od(y,2)

foranyy,z € M.

Corollary 2.6 (Gradient Almost Ricci soliton). Let (M, g;;) be an almost Ricci
soliton satisfying in following

(46) R+ |VL]*>-2\L =0
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for positive bounded function A\. Moreover assume that
(47) |L| < K, in B(0O,24)

for some fized point O € M and radius J.
Let A(n, A\, K) be the following constant

A\ K) = 2K K.
Then the following statements are valid.
(a) In distribution sense given that |VL| < A(n, A\, K), we have

(48) As— "L c ks 1o aRE.

S

(b) Let w(s,-) be the volume element of the metric g under geodesic polar
coordinates. Then we get

49 w(s2,) < 2«/2K1K52+Kls§w(517 )
( ) Sn—l >€ Sn—l
2 1

for any 0 < 81 < s9 < d(x,0B(0,9)), specially by letting s1 — 0, for any
0 < s <d(x,0B(0,0)), we have

(50) CU(S, ) S 62\/W5+K1328n71’
and hence
(51) Vol(B(z,r)) < C(n)e2mr+1{1r2rn

for any 0 < r < d(x,0B(0,0)).
(¢) For 0 <1y <re <d(z,0B(0,9)) and any point v € B(O,J), we have

(52) Vol(B(z,r2)) _ [2VERTR (ra—11) + K (1 1)) VOI(B(iU,Tl)).
Ty - ri
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