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AN IMPROVED GLOBAL WELL-POSEDNESS RESULT FOR
THE MODIFIED ZAKHAROV EQUATIONS IN 1-D

AGus L. SOENJAYA

ABSTRACT. The global well-posedness for the fourth-order modified Za-
kharov equations in 1-D, which is a system of PDE in two variables
describing interactions between quantum Langmuir and quantum ion-
acoustic waves is studied. In this paper, it is proven that the system is
globally well-posed in (u,n) € L? x L? by making use of Bourgain re-
striction norm method and L? conservation law in u, and controlling the
growth of n via appropriate estimates in the local theory. In particular,
this improves on the well-posedness results for this system in [9] to lower
regularity.

1. Introduction

It is well-known that an important model in plasma physics is described by
Zakharov equations, which describes the interaction between Langmuir waves
and ion-acoustic waves. More recently, by taking into account quantum effects,
a modified system of Zakharov equations was proposed in [7] via a quantum
hydrodynamic approach, and further analyzed in [10,12]. For a more complete
account, refer to the monograph [11]. This quantum correction are important
for a better description of various models in plasma physics, and are significant
especially in high-density scenarios such as small-scale dense plasma systems
or compact astrophysics objects.

In this paper, we will study the initial-value problem for 1-D modified fourth-
order Zakharov equations (with quantum correction), which reads

i0yu + 02u — h20%u = nu,
(1) 02n — 02n + h20%n = 02|ul?,
u(z,0) = up(x), n(z,0) =ng(x), dn(z,0) =ni(x).

Here, u : [0,7%) x R — C denotes the envelope of the high-frequency electric
field and n : [0,7*) x R — R denotes the plasma density measured from its
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equilibrium value, and h is a small quantity measuring the influence of quantum
effects. Smooth solutions of (1) satisfy conservation of L? norm

(2) Mul(t) := [[u(t)|lr2 = [[uollrz = M uo]
and conservation of the Hamiltonian

s, 000](8) = 5 (1(=2)0n(0)3 + l0(0) 2 + 0.n(2) 32

+ |0u(®) ]2 + 02u(t)][2: + / n(Ou(®)f* dz
R
= Hlug,no, 0n(0)].

Subsequently, for convenience, let h := 1.
Note that when h = 0, the system reduces to the classical 1-D Zakharov
system

i0yu + 02u = nu,
(3) dfn — Ozn = 95|ul?,
U($,O) = UO(‘:C)’ ’I’L(JL‘,O) = no(.f), atn($70) = 711(1'),

which has been extensively studied in Physics and Mathematics literatures.
In particular, the local well-posedness for (3) is established in [8], and global
well-posedness in [5], with (ug,no) € L2(R) x H~2(R). For well-posedness
on anisotropic Sobolev spaces, refer to [15]. Local well-posedness for higher
dimensional Zakharov system is also studied in [1,2,8]. For other aspects of
the Zakharov system, such as its limiting behavior when certain parameters
are taken to infinity, refer to [14].

On the hand, for the system (1), relatively little is known. Smooth solution of
initial boundary value problem for the modified Zakharov equations in various
dimensions was considered in [6,9,17,18]. In [9], global well-posedness of (1) is
established for (ug,ng) € H2(R) x H!(R). Existence of weak solution in some
Sobolev spaces for (1) in bounded domain is also studied in [4].

This paper aims to extend the result in [9] to lower regularity by proving
global well-posedness of (1) with (ug,ng,n1) € L2(R) x L*(R) x H1(R). We
will use Bourgain restriction norm method (initiated in [3]) to establish the
local theory (following [8]). Then, by controlling the growth of n, we will
extend this local solution to a global one.

As a note, by local well-posedness, we mean that the solution exists in a
small time interval, and is unique, that the solution has the same regularity as
the initial data in that time interval, and the solution depends continuously on
the initial data. By global well-posedness, we mean that the above properties
hold for all time ¢ > 0.

2. Notations

Given A, B > 0, we write A < B to mean that for some universal constant
k, A<k-B. Wewrite A~ Bor A~ B tomean both A < B and B < A. The
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notation A < B denotes B > k-A. We introduce the notation (x) := /1 + |z|?,
and (V) for the operator with Fourier multiplier (£). We will also use the
notation a+ for @ € R to mean a number slightly larger than «, i.e., a + ¢ for
some € > 0.

Given Lebesgue space exponents ¢, and a function f(z,t) on R x R, we
define the mixed (space-time) Lebesgue norm

([ foeore) o)

Let H® be the usual Sobolev spaces equipped with the norm

1 fllers = (/£(1+|£|2)3|f( )Izdﬁ) =: (146" Fll 2

where fis the Fourier transform of f. Denote also by fV the inverse Fourier
transform of f. Also, introduce the norm

1
2
I(noyn)lw = (lInoll3: + Hmn;_l) :
and the shorthand notation ||n(t)|y := H( )2 8;n(t) )H . We will

also need the following Bourgain spaces (see 16] for more details). Deﬁne the
spaces XO,a and X[‘)/f/a for a € R, respectively, equipped with the following
norms

l2llxg, = [l +€ + €72l o

( J[ e +54>2a|2<5m>2dsd7) :

(= veEes) o],

Y/RGE §2+£4>a|3(5,7)|2d§d7)é,

where here Z(£, 7) denotes the space-time Fourier transform of z.

Also, let ¢ € C3°(R) satisfy ¢(t) = 1 on [—1,1] and () = 0 outside of
[—2,2]. Let ¢ (t) = ¢(t/T), which will serve as a time cutoff for some local
estimates. For clarity, we write v (t) = 9(t).

Izl

3. Estimates for the group term

Let U(t) denote the group generated by the linear part of the fourth-order
Schrodinger equation (first equation of (1)), i.e.,

Ult)ug = (e~ +m56))

\



738 A. L. SOENJAYA

and let W (¢) denote the group generated by the linear part of the fourth-order
wave equation (second equation of (1)), i.e.,

W(t)(noﬁxnl) = Wo(t)no + W1 (t)@mnl,

where

Wo(thn = (cos(t/EF+ENma(e))
sin(ty/€2 + &%) — !
W&c”l(f)) .

We have the following estimates for the group terms which will be used subse-
quently.

W1 (t) (81711) = <

Proposition 3.1. Let 0 < b; < % and 0 < T < 1. Then
(@) [vr @)U (E)uollow;r2) = lluollzz-
(b) [[pr(OUHuolixg, < T38| -
(c) (Strichartz estimates) HDg"GmU(t)uOHLgL; < ol 2, where 0 < ¢, n, 0

<1 and admissible pair (q,7) = (ﬁ, 1TQC)

Proof. Proof of (a) is immediate by Plancherel’s theorem. For (b), note that
we have (17 ()U (t)uo] (&, 7) = vr (7 + €% + £")uo(€), and so
[br (U @uollxs, < Clvrlme luollLa-

To complete the proof, we note that

1 1
lorllam < llrllce + 19zl ge = T2l + T2 141 o,
by scaling, and thus (b) follows.

For (c), let ¢ € [0,1] and (¢,7) = (%, %) Then by an oscillatory integral

estimate in [13, Theorem 2.1], we have

. N 4 —
(4) /ewf—“<52+5 |2+ 12675 (€) d¢ < lluollz2-
R

LiLy

Now, note that we have the inequalities max(1, |¢]?) < |1 + 6£2| for € € R,
which then implies

U uollLory < lluollze  and  [|DE2U (#)uol| oy S lluollza-
Interpolating these, we have that for any 6 € [0, 1],
(5) IDS2U (t)uoll Loy S lluollr2-

By Sobolev embedding W¢/84/¢(R) < L3/<(R), elementary inequality |1 +
€2 £ 11+ 6£2| and the estimate (4),

8~
1U@uoll 5rep, S IDF ol e,
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- H [N 1 21T dg
R

< ol z2-

LYCrr

Finally, interpolating the above and (5) gives the result for any n € [0,1]. O

Proposition 3.2. Let 0 < b < % and 0 < T < 1. Then
(&) [[Yr @)W (t)(no, Ozni)llom;z2) < lInollzz + [nallg-1-
(b) [l ()W (t)(r0, 0emr)llxy, < T2 °||(no, na) -
(c) [ (&)W (t)(no, 0xn1)llcmwy = Il(no, n1)[lw-

Proof. Part (a) follows immediately by Plancherel’s theorem and definitions of

W (t). For (b), note that letting ¢(£) := /&2 + £, we have

—~

e OW (1) mo, dun) (6 7) = LT gy o rTEOED,, )
where
e O e i)
MO = (6 + ) and ale) =) - S,

Therefore,

lor (YW (£) (m0, 0ma) [ 5,

2 _ 2b

< /€|h1<s>| (/ﬁ 6(6))
B (€) 2 ol 2b

+/€ ©)| (/T<|| 9(6))

2
dT) ¢
Gr(r = 6(6) + (7 + 6(©) [ dT) i
Noting that ||7| — #(&)| < min(|7 — ¢(&)], |7 + ¢(€)]), we have
lr (W (1) (no, ) 3w S (IhallZz + Ih2llZ2) 977
<

Dr(r — 6()) + (T + $(€))
2

2
(Inollzz + lnallZr—2) bzl
and
1 1_
[orllae < 9rlice + 1ol g = T2 ¢allze + T2 Nl

by scaling. Thus (b) follows.
For (c), let n(z,t) solve the linear fourth order wave equation

(6) ?n —9*n+9'n =0,

with initial data f(z,0) = no(z), d¢f(x,0) = Ozni. We apply the operator
(V)~1(=A)~! to (6), then multiply by (V)~19;n and integrate over x. Then



740 A. L. SOENJAYA

on the Fourier side, we have

/{ A(E) BAE) + (&) 2I¢| 20A(E) FA(E) de = 0

or equivalently the following conservation identity
_1 2
o (i + oo, ) <o
which implies (c). O

Here we note that it is essential for estimate (a) and (c) in Proposition 3.2 to
not have implicit constant multiples on the right-hand side, as these estimates
will be used to control the growth of the norm of the solution in the iteration
argument.

4. Estimates for the Duhamel term

Throughout this section, let U(t) and W (t) be as in the previous section.
We have the following estimates for the integral term.

Proposition 4.1. Let 0 <T < 1.
(a) If0< ¢ < 3, then

/t Ut —t")f(z,t')dt’
0

STV fllxs

C([0,T);L?) o

(b) If0§01<% and 0 < by,by +c¢1 <1, then

Proof. For (a), we sketch the proof essentially given in [5, Lemma 2.3]. First,
the estimate

) |

br(t) / U(t—t)f (. t)) dt

0

ST fllxs

s
X0.by

1_
ST f g
Lge

r(t) / F(t) dt

is established for a function f(¢) of ¢-variable alone (by breaking f(t) = f(¢)+
f—(t), where f_(7) = X|r|<1/7f(7) and f1(T) = X|7|>1/7f(7) as in the paper).
Then this is used to establish the estimate

wT(t)/O Ut —t)f(z,t')dt’

ST flxs s

€1

Ll

as done in [5], but now with auxiliary function fe(t) = eMEHED £(£, ) instead.
The remaining steps (including the statement of continuity) are identical.
The proof of (b) is given under a general framework in [8, Lemma 2.1(ii)]. O

Proposition 4.2. Let 0 < T < 1.
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(a) If0<c< 3, then

(b) If0§c<% and 0 < b,b+c <1, then

Proof. For (a), there are two components of the norm, so we begin by showing

1_
ST fllxy -
C([0,71W) ’

/t Wit —t) 0% f(x,t')dt’
0

ST

w
XO,b

t
Yr(t) /0 Wit —t) 02 f(x,t')dt/

Yr(t) /0 Wit —t') 02 f(a,t')dt’

1_
ST g,
LEL; ’

Letting ¢(&) := /&2 + &4 as before, we have by definition,

S ‘

®

Yr(t) /O Wit —t") 02 f(x,t') dt’

LeL?

~

br(t) / sin (t'6(€)) Fle. ) at

L L?
and so writing sin (#'¢(£)) as sums of complex exponentials,

LHS of (8)

~

t ,
r(t) / 9O Fe ¢y e’

2 2)
L2L2

where in the penultimate step we used Minkowski’s integral inequality and
inequality (7), and in the last step we used elementary inequality ||7] — ¢(&)| <

min(|7 — ¢(§)[, |7 + ¢(E))).

Next, we will show

~

t "
b (t) / OO Fe tyar| o+

< ‘
LLE

L®LZ
73 (i + otenFien)

ST f |l

~ ’

(T =) f(&7)

+|
L2L2

t
Gr(t)(~A) 739, / Wit =) 02 f (a,t') ' ST fllxar

|

Lot

To this end, note that by definition,

LHS of (9) = H€|_1<§>_1¢T(t)/o cos ((t = t)6(&)) [¢1° F(&, ) dt’

L L?

5 ’

t ) ~
r(t) / 9O Fe, ¢ !

LeL?
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t ’ —~
; \ ur(t) [ 0O fe. ) ar

LgoL?
1_
ST fllxy

as in the proof of (8). It now remains to show continuity. We will only prove
this for (8) since the other will be similar, i.e., we show that for a fixed f € ngic
and each € > 0, there is 6 = (e, f) > 0 such that if |[to — ¢1] < 9, then

(10) <e.

LZ

to t1
/ Wi(ty —t') 02 f(x, ') At/ —/ Wity —t') 02 f(x, t') dt
0 0

By density, it suffices to show this for f € S(R?) C X{"_... Note that we have

t t
at/ Wit —t") 02 f(x,t')dt' = / Wo(t —t') 02 f(x, ') dt'.
0 0
Also, with identical proof as above, we have the estimate

1) |ort) [ Wt =) dEp.e)ar

1_
ST fllxy -
LLs ’

By Fundamental Theorem of Calculus and the above estimate, we have that

LHS of (10) = ‘

to t
/ / Wo(t —t') 02 f(x,t') dt’ dt
tl 0

L2
t
< (o — 1) || () / Wolt — t') 92 (a, ) dt
0
< (t2 = )02 f I xpv s

which proves the continuity, and so completes the proof of (a).
For (b), note that by direct calculation, we have

Ll

(me /0 t Wit —t') 02 f(x,t) dt’) “(6,1) = e OR (€, 1) — e O Ry (e, 1),

where
7o to—it'o(8)|¢|2 F A
7 t it $(E) |2 7 e +
ha(€, 1) ::¢T(t)/0 € 2Z!fb|(€j;(€,t)’
and thus

(dJT(t)/O Wit —t) 95 f (a,t) dt') (&) =ht (67— 6(€) — ha (6,7 + 6(E)).



GWP RESULT FOR THE MODIFIED ZAKHAROV EQUATIONS IN 1-D 743

By definition of the space X(%,

‘W(t) /Ot Wit —t') 92 f (2, ') dt’ ;V < H<IT+¢(€)I *¢(§)>ba‘ Lore
) + = o1 - 00" %],

Now, note that we have

max ([|7 + ¢(&)] — ()], |7 + &(&)] = ¢()]) < I,

and the following estimate (for 0 < ¢ < é and 0 < b,b+ ¢ < 1) shown in
[8, Lemma 2.1]

< T gl e
H? )

(13) |

er(t) / ot') "

Therefore, applying these, we finally get
RHS of (12)

SRy + 1526 D 72y
S Tlibicna(ga t)”igH;C + ||7l;(§7t)”i§]-[;f
=770 ([t - ooy~ Fier)

< T

+ ¢+ o007 fie,m)|

272
L2L2

where we used the fact that ||7] — ¢(&)| < min(|7 — ¢(&)], |7+ @(£)]) in the last
step. O
5. Bilinear estimates and global well-posedness

Before proving the main result, we need the following lemma and bilinear
estimates.

Lemma 5.1. Let X0+,a be a Bourgain space equipped with the norm

1 ls, = ||+ €2 Fie. )|

)
272
L2L2

and X , be another Bourgain space with the norm

1Ly, = [¢r - €2 Ftem)

L2L2
Then

3 < mi -
feluzzs S min (el luls, ).
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Proof. By [8, Lemma 2.3] (taking into account Strichartz estimates Proposition
3.1(c)), and also [8, Lemma 2.4], we have

(19 lullugss < min (Julls Bl )
By definition,
(19 fullzzzs = g, = s, = ol

Therefore, interpolating between (14) and (15) (where here we use interpolation
results between Bourgain spaces - see [16]), we prove the statement. ]
Lemma 5.2. Let % <bby,c,c1 < % Then

(a) llnullxs < Inllxy, lullxg,

—c

(b) Il xy S luillxs, lluzllxs,

—c

Proof. For (a), letting ¢(€) := /&2 + £* as usual, define
Fie,m) = (r| = ¢(€))°B(E,7) and fo(€,7) = (7 + €2 + M a(e, 7).

By duality, the estimate is equivalent to

1S(f1; o, DI S illzzez fallzez ([ fllz2 2

where

S(fi. fo, f) / I 51’ L lfz €2b7 ) /16.7) d¢; dry dédr,
c 01 < >b1
with o =7+ &2+ &4 o1 = || — 51), and o9 = 75 + €3 + &5, and * indicates
the restriction & = & — £ and 79 = 7, — 7. Without loss of generality, we can
assume fl, ‘]?27 fare real-valued and nonnegative. Now, by the following simple
inequality

1+ |z —
< sup | yl ’ < ¢ for some ¢ > 0,

,y>01+‘:c—\/y +

1
c

we have

AT Fi(Er, ) fa(Ea, ) F(E,T)
f f / cl 71+£1> <O'2> 1

f1 (é1,71) fa(a,72) F(E,7)
/ e i 461 4 dedr

=: Sl(f1, f27f) + S2(f17f2; f)

For S7, we have (using Plancherel’s theorem and then Holder’s inequality),

S1(f1, o, A)=/€ (J;llil’; > (/fg’ ) 5”2) dé dr ) dé, dmy
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B figrm) Fle.r h&w) AN

‘Iéwl<@1+51 ) </‘ dﬂi) drrdh

. f1<£1,7'1) f(gaT) f2(€277—2) T

= /x?t <<T1 +§1> ) ( <g>C1 ) < <O.2>b1 ) dz dt
(m+&)° (0g)bs (o)

Now, applying Lemma 5.1, and noting that b,b1,¢1 > 2 , we have the result.
Estimate on S5 is proven 51m11arly, and so the proof is completed.
For (b), define

AleT) = (r+ @& T) and o6 7) = (7 + )M (E, 7).
By duality, it suffices to show

T, f2, OIS W Allezeell fallzzez 1 Fll 2 e,

<

L3L3 L3L3 L3L3

where
T(fi, fo: f) Al 5”1 f2 %’7){5 ") dg, dr dé dr,
with o = |7] — ¢(&), o1 =71 + {1, oy = T3 + €3, and * indicates the restriction

=G —-¢and =71 —T.
This estimate is identical to that in (a) proven above, and so we are done. [

Finally, we can state the following global well-posedness result.

Theorem 5.3. The modified fourth-order Zakharov equations (1) is globally
well-posed for (ug,ng,n1) € L*(R) x L?(R) x H~Y(R). Moreover, the solution
(u,n) satisfies

(16) Ju(®)ll 22 = lluollze
and
(17) In(@®)lz2 + | (=) 2om)||

< exp (clt||luol|F2) max ([luo||F2, [|(no, n1)l3y) -

Proof. Let (ug,ng,n1) € L?(R) x L?>(R) x H~*(R) and fix 0 < T' < 1. Consider
the Duhamel maps Ag and Ay,

(18) As(u,n)(t) := wT(t)U(t)uO—in(t)/o Ut —t') (nu)(x,t')dt’,
(19) Aw (u)(t) == ¢r(t) (Wo(t)no + Wi(t) 0ena)

—wT(t)/O Wit —t') 0% (|ul®)(x, ") dt’.
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We seek a fixed point (u(t),n(t)) = (As(u,n), Aw (u)). Estimating (18) in X(*ibl
by applying Proposition 3.1 and Proposition 4.1 followed by Lemma 5.2(a); and
then estimating (19) in X(% by applying Proposition 3.2 and Proposition 4.2
followed by Lemma 5.2(b), we obtain

IAs(u,n) s, < KT [lugll2 + KT 0= In]| xov [lull s,
0,b1 0,b 0,by
1_ b
|Aw ()l xgy, < K75 (no, ma) lw + KT ulls,
and also
[As(ur, 1) = As(uz,n2)llxs,
< KT (|l gy s = wslls, + Inn = nallxa luellxg, ) s
and
I ) = Aw ()L, < K2 (g, + el ) o = wall,
Now, define the (complete metric) space B (X¥) x B (X") to be
_ 1_
{n): ullxg, < 2KTH " uollzz, Inllxp, < 26T (no,m1)w}
By taking 7" such that
T3720= g | 2 S 1,
T2 g2 S 1,
(20) T3l (g, na )l S 1,
3_ _
(21) TE-20¢ g2, < [[(no, 1) s

we have sufficient conditions for (Ag, Aw) to be a contraction on B (X S) X
B (X"W), yielding the existence of a fixed point u € X, and n € X', of
(18)-(19) such that

1_yp 1-b
(22)  lullxg, T2 uollzz and [nfxy, < T=27"l[(n0, 1) lw-

Estimating (18) in C([0,T); L2) by similarly applying Proposition 3.1 and
Proposition 4.1, as well as Proposition 3.2 and Proposition 4.2, we have in
fact u,n € C([0,T]; L2). We may thus invoke the L? conservation law (2) to
conclude [[u(t)|[z2 = [[uol/z2, and so we are only concerned with the possibility
of growth in ||n(t)||yy from one time step to the next. Suppose that after some
number of iterations, we reach a time when [[n(¢)[lw > [Ju(t)|z2 = |luollLz-
Take this time position as the initial time ¢ = 0 so that [lug||2. < ||(no, n1)||w-
Then (21) is automatically satisfied and by (20), we may select a time increment
of size

—1/(2—-b—by—c
(23) T ~ [y m)y BP0,
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Now, applying Proposition 3.2 and Proposition 4.2, followed by (22) to (19),
we get

3_op ¢
In(T)llw < l(no, na) || + kT2 =207 ug|| 7.
From this, we see that we can perform m iterations on time intervals, each of
length (23), where
o) e Lm0 )b
T2 uo |7,

before the quantity ||n(t)|yy doubles. By (23) and (24), the total time we
advance after these m iterations is
% — 2b1 —C

S b—b—cr

[1(70, 1) [lw

9
(o, 1) Iy o[22

mT where f§:= —

Now, taking b =b; = c=c¢; = % such that 8 = 1, we have that mT depends
only on |Jugl||r2 (and is independent of ||n(t)|lw). We can now repeat this entire
procedure, each time advancing a time of length HU'O”ZZQ Upon each iteration,
the size of ||n(t)|y will be at most doubled, giving the exponential-in-time
upper bound stated in (17). This completes the proof. O

6. Conclusion

Global well-posedness for the 1-D fourth-order Zakharov equations (modi-
fied to include quantum correction) was proven for initial data (u,n) € L? x L2.
This extends the well-posedness result in [9] to lower regularity. Future research
direction may include extending the arguments here to higher dimensions. An-
other interesting question to explore would be whether the global solution cor-
responding to the parameter h in (1) would converge to the global solution of
the classical 1-D Zakharov system as h — 0. This would be the subject of
future research.
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