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INTEGRABILITY OF AN ALMOST COMPLEX STRUCTURE
ON 54 X f %

JONG TAEK CHO, SUN HYANG CHUN, AND YUNHEE EUH

ABSTRACT. In this paper, we prove that any orthogonal almost complex
structure on a warped product manifold of any oriented closed surface
and a round 4-sphere for a concircular warping function on the sphere is
never integrable. This gives a partial answer to Calabi’s problem.

1. Introduction

In [2], Calabi raised the problem concerning the integrability condition of an
almost complex structure on a 6-dimensional almost complex manifold. One
of the questions that he left is whether the product manifold V2 x §* (V2 =
any oriented closed surface) admits an integrable almost complex structure or
not. In previous works [4,5], Euh and Sekigawa gave some partial answers to
this problem.

Theorem 1.1 ([4]). Any orthogonal almost complex structure on a Riemannian
product of a round 2-sphere and a round 4-sphere is never integrable.

Theorem 1.2 ([5]). Let V2 x; S* be a warped product Riemannian manifold
of an oriented closed surface V? with nonnegative Gaussian curvature and a
round 4-sphere S*, where f is a positive-valued smooth function on V2. Then,
any orthogonal almost complex structure on V2 X g S% is never integrable.

Let M be an n-dimensional Riemannian manifold with metric tensor g.
Tashiro [8] introduced the concept of a concircular function: A function f :
M — R is called concircular if the Hessian of f, Hess f, satisfies

Hess f(X,Y) = ¢g(X,Y)
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for any smooth vector fields X and Y on M, where ¢ is a function on M
which is called the characteristic function of f. A concircular transformation
is by definition a conformal transformation preserving geodesic circles. Due
to Tashiro’s result ([8], Theorem 1), if a complete Riemannian manifold M
of dimension n > 2 admits a concircular function f, then the number N of
isolated stationary points of f is less than or equal to 2, and M is conformal to
a spherical space form when N = 2. In fact, Chen found a concircular function
on an n-dimensional unit sphere S™(1) in terms of isothermal coordinates ([3],
Proposition 1.10). So it is natural to consider a concircular function on a
sphere.

In this paper, we deal with the warped product manifold 5% x ¥ V2, where the
function f is a positive-valued concircular function on $*. The main purpose
is to prove the following theorem.

Theorem 1.3. Let S* x; V2 be a warped product Riemannian manifold of a
round 4-sphere S* and an oriented closed surface V? with nonnegative Gaussian
curvature, where f is a positive-valued concircular function on S*. Then, any
orthogonal almost complex structure on S* X g V2 is never integrable.

Theorem 1.3 makes a progress for solving Calabi’s problem completely.

2. Preliminaries

Let M = (M,g) be an n-dimensional Riemannian manifold. Denote by
X(M) the Lie algebra of all smooth vector fields on M. For any smooth
function h on M, the gradient of h, grad h, is the vector field defined by
g(grad h, X) = Xh for any X € X(M). The hessian of h, Hess h, is defined
by Hess h(X,Y) = g(Vxgrad h,Y) for any X, Y € X(M), where V denotes
the Levi-Civita connection of g. Then we see that the trace of Hess h = Ah,
where Ah is the Laplacian of h.

Let (B, gp) and (F, gr) be Riemannian manifolds and f be a positive-valued
smooth function on B. By definition, a warped product Riemannian manifold
(M,g) = (B, gp)xs(F,gr), briefly, Bx F, is the product manifold M = Bx F'
equipped with the Riemannian metric g given by g = gp + f2gr. We denote
by VB and V¥ the Levi-Civita connections of gg and g, respectively. Then,
we see that the following relations hold ([1], Lemma 7.3):

(2.1) VxY =V}Y,
(2.2) VuX = %XfU = ;gB(gradBf,X)U,
(2.3) VxU = %XfU = Jlng(gradBf,X)U,

(2.4) VoV =VEV = fgr(U, V)grad® f
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for X, Y € X(B) and U, V € X(F). We denote the curvature tensors of (M, g),
(B,gg) and (F,gr) by R, RE and RY defined by

(2.5) R(X,Y)Z=[V%,VylZ-Vix7Z
(2.6) RP(X,Y)Z = [V§,V$]Z = Vix v Z,
(2.7) RE(U, V)W = [V, VW = Vi W

for X,Y,Z € X(B), U,V,W € X(F) and X,Y,Z € X(M). Then, from

(2.1)~(2.7), we have

(2.8)  R(X, Y)Z = RB(X, Y)Z,

(29)  RX,Y)U

(2.10) R(X,U)Y = — Hess f(X,Y)U,

(211)  R(U, V)X

(212) RUV)W = RF(U, V)W — | grad® |3 (9 (V, W)U — g (U, W)V)

for X|Y,Z € X(B) and U,V,W € X(F) ([1], Lemma 7.4). From (2.8)~(2.12),
we have further

(2.13) R(X,Y,Z,7Z")= RB(X,Y,Z,7'),

(2.14) R(X,Y,Z,U) =0,

(2.15) R(X,Y,U,V) =0,

(2.16) R(X,U,Y,V) = fHess® f(X,Y)gr(U,V),
(2.17) R(U,V,W,X) =0,

(2.18) R(U,V,W,W') = f2{RF(U, v, W, W)

- |gradBf|2B (gF(Vv W)gr (U, WI)
— gr (U, W)gr(V, W) }

for X,Y,Z,7' € X(B) and U,V, W, W' € X(F).

3. Proof of Theorem 1.3

In this section, we shall prove Theorem 1.3 by making use of the fun-
damental formulas prepared in Section 2. In the sequel, we assume that
(B.gn) = (S%(a), gss(a)) and (F,gr) = (V2,gv2), where (S'(a),gsi(a) is
a round 4-sphere of constant sectional curvature o and (V2 gy2) is an oriented
closed surface with nonnegative Gaussian curvature § and further (M,g) =
(5’4(a),gs4(a)) x ¢ (V2,gy2), where f is a positive-valued concircular function
on S*. First, we recall Gray’s result [6] which plays an essential role in the
proof of Theorem 1.3.
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Lemma 3.1. Let M = (M, J,g) be a Hermitian manifold. Then, we have

R(X,Y,2,W) + RUJX,JV,]Z,JW) — RUJX, IV, 2, W)
_RUJX,Y,JZ,W) = RUJX,Y,Z,JW) - R(X,JY,JZ,W)
— R(X,JY,Z,JW) - R(X,Y,JZ,JW) =0

for X, Y, Z, WeX(M).

It is known that M = S*(a) x V2 admits an almost complex structure [2,7].
Let J be an orthogonal almost complex structure on (M, g). We may identify
Tipy ps)(S*(@) x V?2) with T, S*(a) ® T,,,V? for each point p = (p1,p2) €
S%(a) x V2% in the natural way. Let {e;}1<;<¢ be a local orthonormal frame
field on (M, g) such that {ey,eq,e3,e4} and {es, es} are tangent to S*(«) and

V2, respectively. We here set

(3.1)

for1 <a,b<4andb < wu,v <6. Then, we may easily check that the following

Jeq :Zjab6b+zjavevy Jey :ZJub6b+ZJ1L1)61)
b v b v

equalities hold:

(3.2)

for 1 <4,j < 6. Then, from (2.13)~(2.18), taking account of (3.1) and (3.2),

6
Jij = —=Tii, Y Jidjk = b
k=1

we have

1
(3.3) Res, o, €3, ¢6) = ~ 75 (5 _ |grads4f|2s4> :
(34) R(J€5,J€6,J65,J€6)

R(Z J50€a + Z J5u€us Z Jepey + Z J6v€u,
a u b v

Z JScec + Z JSwewa Z Jﬁded + Z Jﬁzez)
c w d z

Z J5aJ6bJ5cJ6dR(ea7ebaecyed)+ Z JSaJ6vJ5cJ6zR(€a>€v7ec»ez)

a,b,c,d a,v,c,z
+ Z JSaJGvJSwJGdR(eavemew’ed) + Z J5uJ6bJ5cJ6zR(eu7ebaecaez)
a,v,w,d u,b,c,z
+ Z t]5uJh‘bJF)wJ()‘d}z(&ueb7euned) + Z JSuJ()'vJSwJGZR(eu-,emeunez)
u,b,w,d UV,W, 2
4 1 4
Z J5aJ6bJ5cJ6dRS (Ga, €p, Ec, ed) + ? Z JSaJGvJSCJGzHCSSS f(em ec)évz
a,b,c,d a,v,c,z
1 4
+ 5 > JsadovTswoaHess® f(ea,€q)duu

a,v,w,d
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1 4
== > TsudonSseJo:Hess® flep, €c)0u

u,b,c,z

1 4
7 > TsudesTswleaHess® f(ea,e)dun
u,b,w,d

+ Z J5uJ6vJ5wJ62 (g(RV2 (eua ev)ewa ez)

1 4
- P| gradS f|2S4g(6vweu — OuwCo, GZ))
= —oa(l— J526)2

1
+ }Jgﬁ{J125HeSSS4f(€17 e1) + J3;Hess™ f(ez, e2)

+ J§5Hesss4f(eg, es) + stHessS4f(e4, €q)
+ 2(J15J25Hesss4f(61, e2) + J15J35Hesss4f(el, e3)
+ J15J45Hesss4f(el, eq) + JQ5J35H€SSS4f(€2, es)
+ JosJausHessS f(ea, eq) + JazJusHess® f(es, 64))}

1
+ *JEG{JfGHeSSS4f(€17 e1) + J226Hesss4f(€2> e2)

f 3}
+ J§6Hesss4f(63, es) + Jf6HessS4f(e4, )
st sS4

+ 2(.]16J26HQSS f(€1, 62) + JigJ36Hess f(€1, 63)
+ J16J46Hesss4f(el, eq) + J26J36HGSSS4f(€2, es)
+ J26J46H€SSS4f(€2, 64) + J36J46Hesss4f(63, 64)) }

1 4
- FJge(ﬁ — |grad® f|%.),
(35) R(J€5,J66,65,66)

= R( Z J50€a + Z J5u€us Z Jevey + Z Jeveu, €5, €6)
a U b v

=Y JsadesR(€as €n,€5,€6) + D JsaJovR(€a; €v, €5, €6)

a,b a,v
+ > JsudesR(eu, en,€5,¢6) + > JsuJouR(eu, €u, €5, €6)
b,u u,v
- Z JSUJG’UR(eu7 €v, €5, 66)
u,v
1

= - FJ526(5 — |grad™ f|3.),
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(36) R(‘]e57€6a J€5,€6)

= R(D_ Jsata+ Y Jsuur€6, Y, Jsnes + Y Jsveu, €6)
a u b v

= Z JsadspR(€as €6, €, €6) + Z Jsads0R(€a; €6, €, €6)

a,b a,v

+ Z JsudspR(eq, €6, ey, e6) + Z JsudsvR (e, €6, €v, €6)

b,u u,v
=Y JsaJsR(ea, €6, €n, €6)
a,b
Ly s 2 HeoeS*
= ?{JwHess fler,e1) + JosHess” f(ea,e2)

+ J§5Hesss4f(eg, es) + Jf5HessS4f(e4, e4)
+ 2(J15J25Hesss4f(el, e2) + J15J35Hesss4f(el, es)
+ J15J45Hesss4f(el, eq) + J25J35H€SSS4f(€2, es)
+ J25J45H€SSS4f(€2, es) + J35J45H€SSS4f(€3, 64)) },

(37) R(‘]e5766765a<]66)

= R(Z J5a€a + Z J5u€u, €6, €5, Z Jovep + Z J6vev)
a u b v

=Y JsaJesR(€as €6, €5,€0) + Y _ JsaJov R(€as €6, €5, €0)

a,b a,v
+ Y JsudasR(eu, €6, €5,) + > JsuJouR(eu, €6, €5, €y)
b,u u,v

(38) R(e5,J€6765,J€6)

= R(€5, Z J6aea + Z J6ueu7 €5, Z JGbeb + Z J6vev)
a u b v

Z JG(LJ6bR(65a €a, €5, eb) + Z JGG.JGUR(€57 €a, €5, 61))
a,b

a,v

+ Z JepJouR(es, ey, €5, €p) + Z JouJsvR(e5, €y, €5, €y)

bu u,v

JeaJspR(es, €as €5, €p)

Il
g

o

J126Hes354f(61, e1) + JQQGHGSSS4f(62, €2)

|l g
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+ J§6Hesss4f(63, es) + J426Hesss4f(e4, eq)
+ 2(J16J26HQSSS4f<617 e2) + J16J36HeSSS4f(617 e3)
+ J16J46Hesss4f(e1, eq) + J26J36H€SSS4JC(€2, es)
+ J26J46HGSSS4f(€2, e4) + J36J46HGSSS4f(€3, 64))}

for 1 < a,b,c,d < 4 and 5 < w,v,w,z < 6. Here, since f is a concircular
function on S*(a), we have Hess f(eq,ep) = ¢(p1)dap for a point p; € S*(a),
where d,; denotes the Kronecker delta and ¢ is the characteristic function of f
on S*(a). Thus, from (3.3)~(3.8) and Lemma 3.1, we have

0

R(es, e6,e5,¢e6) + R(Jes, Jeg, Jes, Jeg) — 2R(Jes, Jeg, es, €g)
— R(Jes, eq, Jes, e6) — 2R(Jes, eq, €5, Jeg) — R(es, Jeg, €5, Jeg)

1 4 1 7
= 7 (B~ lgrad® fI50) = 73 J56(8 — lerad® f[3a)
+ %Js%(ﬂ — lgrad®” f[%) — %(1 — J20) [T + JEo Hess® f(ex, 1)

T35 + J3)Hess™ [(ea, €2) + (35 + J35) Hess™ f(es, e3)
Jf5 + Jfﬁ)HessS4f(e4, eq) + 2{(J15J25 + J16J26)HGSSS4f(61, €s)
4
+ (Ji5Jas + Ji6Jag)Hess® f(er,es)
_|_

+(

+(

+ (15 Jss + JrigJs6) Hess® f(en, 3
+( (JasJas + JogJa)HessS f(ea, eq)
+ (

f )
JasJ35 + J26J36)HGSSS4f(62a e3)
J35Ja5 + J36J46>HeSSS4f<637 64)}}
—a(l - J§6)2
1
12
1

- ?(1 - J%) {(J125 + ‘]126)HeSSS4f(€1a e1) + (J35 + J226)HeSSS4f(€27 es)

+ (J2 + J§6)Hesss4f(63, e3) + (Jis + JZG)HeSSS4f(e4,e4)

+2{(J15Jas + Jig o) Hess® f(ex, €2) + (JisJss + JigJss)Hess® f(eq, e5)
+ (Ji5Jas + JioJas)Hess® f(er, ea) + (JasJas + JagJag)Hess® f(ea, e3)
+ (JosJus + J26J46)Hesss4f(€2, eq) + (J35Ja5 + J36J46)HeSSS4f(e37 64)}}

%w = lgrad®’ f12.)} - §<1 — ) + F)ém)
+ (J35 4 J36)0(p1) + (J35 + J36)0(p1) + (35 + Jis)d(p1)}
— (- 2)Hat %w ~ lgrad®" f2.)}

— (1= %) a + 5 (8 — |grad® f1%.)}

— (1= ) o+
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- 0= B T+ 5+ 5+ Th)o(m)
+ (Jis + I3 + Jig + Jig)o(p1)}
=~ (1= o+ (6~ lad® fE)}
— (1= )1 = F)o(p) + (1 = F)o(p))
= (U= Bt 556 - lerad® 1) + F6()}.

Since f is the concircular function and the Laplacian of f is the trace of Hessian
4
of f, we have AS" f = Z?:l Hess® f(e;,e;) = 4¢(p1). Therefore we have the
following equation:
1 1
f? 2f
Furthermore, since S*(a) is compact, f takes its minimum at p; and hence,
4
grad® f =0 and AS" f > 0 at the point p;. Thus, from (3.9), we have
]. sS4 2 ]_ g4 ﬁ 1 g4
(3.10) a+F(ﬂf|grad f‘s4)+ﬁﬁ f:a+ﬁ+ﬁA f>0
along {p1} x V2. Thus, from (3.9) and (3.10), we see that J2, = 1 holds
along {p1} x V2 with respect to any local orthonormal frame field {e;} such
that {eq, €2, 3, e4} and {es, eg} are tangent to S*(a) and V2, respectively. This
means that the subspace T, V? of T(,, ,,,)M for any p, € V? is J-invariant, and
hence the subspace T}, S*(c) of T{, )M is also J-invariant for any p; € 5*(a).
But, since among the round spheres $27, only S? and S% admit orthogonal

almost complex structures [7], this is impossible. This completes the proof of
Theorem 1.3. O

(3.9) 0= —(1—J2%){a+ - (8 — lgrad® f2:) + —A5"f}.

4. Warped product manifolds of surfaces

In this section, we study the integrability of orthogonal almost complex
structures on warped product manifolds of surfaces.

Lemma 4.1. Let (M,g) = N1 Xy Ny be ¢ warped product manifold of an
oriented closed 2-dimensional Riemannian manifold (Ni,g1) with nonnega-
tive Gaussian curvature and an oriented 2-dimensional Riemannian mani-
fold (Na,g2) with strictly positive Gaussian curvature, and let J be a Her-
mitian structure on M. Then the subspaces T,N1 and T,Ny of Tip,M are
J-invariant, respectively.

We omit the proof of Lemma 4.1, instead of it, we refer to the proof of
Theorem 1.2 in [5]. Now we prove the following theorem.
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Theorem 4.2. Let (M,g) = N1 Xy Ny be a warped product manifold of an
oriented closed 2-dimensional Riemannian manifold (Ni,g1) with nonnega-
tive Gaussian curvature and an oriented 2-dimensional Riemannian manifold
(Na, go) with strictly positive Gaussian curvature, and let J be an orthogonal
almost complex structure on M. Then (M, J,g) is a Kdihler manifold if and
only if f is a constant function on Nj.

Proof. First, recalling that every almost complex structure on an oriented 2-
dimensional manifold is integrable, let J; and J; be the naturally induced
complex structure on (N1, g1) and (N, g2), respectively. Then by Lemma 4.1
we find that J|y, = Ji and J|n, = J2. Moreover, since every Riemannian
metric on an oriented 2-dimensional Riemannian manifold is a Kahler metric
with respect to the induced complex structure, using (2.1) ~ (2.4) we compute

(4.1) (VxJ)Y =VxJY — J(VxY)
=V LY — vy
= 1VxY — 1VxY =0,
(4.2) (VxJ)V =VxJV — J(VxV)
= VxJoV — JbVxV

1 1
— ?gl(grale £, X) IV — ?gl(grale £, X)J,V =0,

(4.3) (Vv )X = VyJX — J(VyX)
= Vy i X — LVy X
1

fm(grale £, X) 2V,

1
= ?gl(gralef, S X)WV —

(4.4) (Vv )W = VyJW — J(VyW)
= Vv oW — J(Vy W)
= VP LW — fg1(V, oW)grad™ f — LV W
+ fg2(V, W) Jrgrad™ f
= — [92(V, JaW)grad™ f + fgo(V,W)Jrgrad™ f
for X, Y € X(Ny) and V,W € X (Nz). Suppose that (J, g) is a Kéhler structure.

Then, from (4.4), we have grad™ f = 0, which yields f is a constant function.
Conversely, we see that N1 x. Ny is a Kdhler manifold. O

Corollary 4.3. Let (M,g) = N1 Xy S? be a warped product of an oriented
closed 2-dimensional Riemannian manifold (N1, g1) with nonnegative Gaussian
curvature and a round sphere, and let J be a Hermitian structure with respect
tog. Then (M, J,g) is a Kahler manifold if and only if f is a constant function
on Ny.

Acknowledgments. The authors would like to thank the referee for carefully
reading the manuscript and for valuable comments to improve it.



810

(1]
2]

(3]

[4

(5]

6

[7]

(8]

J. T. CHO, S. H. CHUN, AND Y. EUH

References

R. L. Bishop and B. O’Neill, Manifolds of negative curvature, Trans. Amer. Math. Soc.
145 (1969), 1-49. https://doi.org/10.2307/1995057

E. Calabi, Construction and properties of some 6-dimensional almost complex manifolds,
Trans. Amer. Math. Soc. 87 (1958), 407—438. https://doi.org/10.2307/1993108

B.-Y. Chen, Differential Geometry of Warped Product Manifolds and Submanifolds,
World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, 2017. https://doi.org/10.
1142/10419

Y. Euh and K. Sekigawa, Orthogonal almost complex structures on the Riemannian
products of even-dimensional round spheres, J. Korean Math. Soc. 50 (2013), no. 2,
231-240. https://doi.org/10.4134/JKMS.2013.50.2.231

Y. Euh and K. Sekigawa, Notes on a question raised by E. Calabi, Bull. Korean Math.
Soc. 53 (2016), no. 1, 83-90. https://doi.org/10.4134/BKMS.2016.53.1.083

A. Gray, Curvature identities for Hermitian and almost Hermitian manifolds, Tohoku
Math. J. (2) 28 (1976), no. 4, 601-612. https://doi.org/10.2748/tmj/1178240746

W. A. Sutherland, A note on almost complexr and weakly complex structures, J. London
Math. Soc. 40 (1965), 705-712. https://doi.org/10.1112/jlms/s1-40.1.705

Y. Tashiro, Complete Riemannian manifolds and some vector fields, Trans. Amer. Math.
Soc. 117 (1965), 251-275. https://doi.org/10.2307/1994206

JoNG TAEK CHO

DEPARTMENT OF MATHEMATICS
CHONNAM NATIONAL UNIVERSITY
GWANGJU 61186, KOREA

Email address: jtcho@chonnam.ac.kr

SuN Hyang CHUN

DEPARTMENT OF MATHEMATICS
CHOSUN UNIVERSITY

GWANGJU 61452, KOREA

Email address: shchun@chosun.ac.kr

YUNHEE EuH

DEPARTMENT OF MATHEMATICS
CHONNAM NATIONAL UNIVERSITY
GWANGJU 61186, KOREA

Email address: yunhee.euh@gmail.com


https://doi.org/10.2307/1995057
https://doi.org/10.2307/1993108
https://doi.org/10.1142/10419
https://doi.org/10.1142/10419
https://doi.org/10.4134/JKMS.2013.50.2.231
https://doi.org/10.4134/BKMS.2016.53.1.083
https://doi.org/10.2748/tmj/1178240746
https://doi.org/10.1112/jlms/s1-40.1.705
https://doi.org/10.2307/1994206

