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ABSTRACT. In this paper, we present a formula for pseudohermitian curvatures on bounded
strictly pseudoconvex domains in C? with respect to the coefficients of adapted frames given
by Graham and Lee in [3] and their structure equations. As an application, we will show
that the pseudohermitian curvatures on strictly plurisubharmonic exhaustions of Thullen
domains diverges when the points converge to a weakly pseudoconvex boundary point of
the domain.

1. Introduction

Let (M, 0) be a pseudohermitian manifold of real dimension 2n+1, i.e. M is an
integrable, nondegenerate, real hypersurface in C"*! with CR structure HM C TM
so that 0 is a 1-form satisfying (X ) = 0 for any X € HM and df can be expressed
by _

df = ih,50" N 67

where (h,z) is a positive definite n x n matrix with respect to a local basis o,...,0"

for HM. The equivalence problem for such pseudohermitian structures was studied
first by Chern using Cartan’s method and later it turned out that it was related
to the pseudoconformal invariants analyzed by Chern-Moser [1] and Tanaka [4]. In
[5], Webster showed that there exists a natural connection in the bundle H0M
adapted to a pseudohermitian structure, where H“YM denotes the eigenspace of
the endomorphism J: HM ® C - HM ® C satisfying J o J = —I, which defines
the CR structure of M, with an eigenvalue v/—1. Moreover he gave an expression
of pseudoconformal curvature tensor in terms of pseudohermitian curvature tensor.

In this paper, we present an expression of pseudohermitian curvatures on
bounded strictly pseudoconvex domains in C? with respect to the coefficients of
adapted frames given by Graham-Lee in [3] and their structure equations. As an
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application, we will show that the pseudohermitian curvatures on strictly plurisub-
harmonic exhaustions of Thullen domains diverge when the point converges to the
weakly pseudoconvex boundary point of the domain. Our main result is

Main Theorem. For a Thullen domain
Q= {(21,22) € C?: |21 + |22)> < 1}
with m > 1, the pseudohermitian curvatures of the erhaustions
Qe := {(21,20) € C?: P(21,22) = €}
of Qp, with ¢ = —K(z, z)_m/(2m+1) diverge as the point tends to weakly pseudocon-
vex boundary points along the complex line {z1 = 0} in Q.

2. Pseudohermitian Curvatures on Strictly Pseudoconvex Domains

In this section, we calculate the pseudohermitian curvature explicitly in terms
of the coefficient of an adapted coframe for a strictly pseudoconvex bounded domain
Q= {(21,22) € C?: ¢(21, 22) < 0} where ¢ is a defining function of Q2. Let {¢°,6'}
be the adapted coframe and {X" X'} its dual frame given by Graham-Lee ([3])
satisfying the following.

do® = —0* A O — 709 A GO
6! zelAw—iAeoAﬁ+290A91+29_M91 e N

dw = RO* A O + (z (XiA - 2W(XTA)) - g(Xlr)) oL A 60

(2.1)
- <z (X'A - 2w(X'A4)) + g(Xlr)) 00 A6 + g(Xlr)eo A 0
3 xiag0 apl o (L 2) g0 A g0
—§(X r)0° A 6"+ EAbT_ |[A]Z)0° A0
Here R denotes the pseudohermitian curvature and Ay := —r,* — r®, denotes the

sublaplacian of the pseudohermitian structure. In coordinates of C2, let

69 = Aidz1 + Asdzo, o' = Bidz, + Baodzo,

(22) w:= Cidz + Cadzs — C_ldfl - @d?g,
and 1 0 0 1 0 0
X'=—(By— - B — Xl= —[-Ay—+ A —
D ( 2821 1822>7 D ( 2821 + 1822)

where D := A1 By — A2By and A; = % for each j =1, 2.
J
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Proposition 2.1. Let Q = {(21, 22) € C? : ¢(21,22) < 0} be a strictly pseudoconvex
domain with a defining function ¢. Then the pseudohermitian curvature is given by

__ 1 e Ty o Syl 7 001\ _ (1. a2 2
R—|B1|2 (2Re((z(XA 2w(X A))+2(X T))AlBl 77, 2Abr |A]7 ) |A1]7 ) -

Proof. By (2.1), we have

do® = —0* AOL — 16" A GO
= —(B1dz; + Badzs) A (Bidz; + Badzs)
(2.3) —r(Ardzy + Aadzo) A (Ardzy + Aadzs)
= —(|B1)? + r|A1|?)dz1 A dZy — (B1B2 + rA1Az)dz1 A dzs
— (BB + rAsAy)dzy ANdzy — (|Ba|? + 7| As|?)dzy A dzs.
On the other hand, since

de® = d(Aldzl + AQdZQ)

(2.4) A, HA;
(931 Z A dz (932

A A
le AN dEQ — %d?ﬁg A\ dEl — %dZQ A\ dzg,
1 2

by comparing equations (2.3) and (2.4) we have

0A;
2. B2 +r|A? = —
(25) Bif2 i = 52
— — A
(2.6) B1By +1A1A2 = 8—_1,
(922
and
0A
2 2 _ 2
(2.7) |BQ| +T‘|A2| = 5%,

Since we have

0A 0A
|Bl|2|Bz|2—< 1—r|A1|2>< 2—r|A2|2)

Bz B2
0A, — 0A; —
<8—E2 — TAlAQ) (8—22 — TAQAl)

by (2.5), (2.7), (2.6), we obtain

%’2_%%

(2 8) r= 0z 0z1 Ozo
’ T 0A; T 0A HA 8Ay
A1 Ao G+ As A1 G5 — AP 55 — |AdP 552
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By substituting (2.8) into (2.5) and (2.7), we have

_ __ _ 2
Ay Ay 941041 4 A A 9 04 | 4,2 (%) — Ay 7| %2

’ 2

(2 9) |B |2 0z1 Ozo 0z1 0zo 0z, 0z
' 1 = — —
0A 0A 0A 0A
ArAe Gy + Asr gz — [P 52t — AP 552
and

__ 2
A _O0A; DA, A O0A; OAs _ 2 ([ DAs _ 21 0A;
A1A2 622 622 + A2A1 622 622 |A1| ( 822 ) |A2| } 822

| 2

(2.10)  |Bs)* =

- OAL 7. 0A 0A 0A
A1 Ay 92 T As Ay o7 |Az|? e |Al|2—agz2

By (2.1) and a straightforward calculation we obtain
a6 = 0" Nw —iA6” AT + 207 N6+ 580 N6 — X 16" A G
= (Bldzl + BQdZQ) A\ (C’ldzl + OQdZQ - adfl — @dfg)
- zA(Aldzl + AQdZQ) A (Bldzl + BQdZQ)
+ g(Ald/Zl + AQdZQ) A\ (Bldzl + Bgng)

+ g(Ald/Zl + AQdZQ) A\ (Bldzl + Bgng)

- Xlr(Aldzl + AQdZQ) A (Aldzl + AQdZQ)

(2.11) , ,
= (Bng — BCy + 514132 — §A231) dz1 N\ dzo

+ (_Bla - ZAAlB_l - gA_lBl - (XlT)|A1|2) dz1 N dzy

+ (_Bla — ZAA1F2 - gA_QBl - (XIT)AlA_Q) le A dEQ

+ (—BQE — ZAAQE - gA_lBQ - (XIT)AQA_l) dZQ A le

+ (—Bgﬁz - ZAAQB_Q - gA_QBQ - (XlT)|A2|2) dzo N\ dZs.

On the other hand, since

df* = d(Bydz + Badzs)

8B1 8B1 8Bl —
=———dz1 NdzZ1 — ——dz1 Ndzo — ——dz1 AN d
(212) 071 A1 1 0zs A1 =2 0Z9 A1 2
0B 0B 0B
- —2d2’2’l)d2’1 — T2d22 Ndz1 — T2d/2’2 A dzZs,
021 071 0%

by comparing equations (2.11) and (2.12), we obtain

0B, n 0B,

T T
(2.13) B1Cy — B2Ch + 514132 - 514231 =% on

)
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_ — OB
(2.14) B\C; +iAA By + gAlBl F(XI)| A2 = 511’
__ o __ 9B
B1Cs +iAA By + gAgBl +(X')A A, = %,
z2
_ e __ 9B
BoCy + iAABT + gAlBg +(X'r)Ap Ay = 3712’
and
_ — OB
(2.15) ByCh + iAAs By + gAQB2 (X)) Ag? = ﬁj'
By considering By x (2.14) — By x(2.15), we have
1 (0B 0B, L
(216) = zB_lD (851 Bg 851 Bl (X T‘)AlD .

By substituting (2.16) into (2.14), we obtain

1 - - -

_ OBip  0Bap\ T
B1 071 D By \ 071 2 071 !

J— 1 8B1 1 Al <8BlB 8BQB1> - 72"

Similarly by considering B x (2.15) — By x(2.15) we have

1 0By 0Bs 1= )
(217) iB2D (azz 2= gz, D (XA
and by substituting (2.17) into (2.15), we have

— 1 aBl 1 Al 631 632 r—
Cy= — =t A (%Plp “2p | 4.
27 B, oz DB (azg 27 0%, 1) 22

Now using the expression (2.1) and (2.2), we obtain

dw = R(Bldzl + BQdZQ (Bldzl + BQdZQ)

327

) A
+ (z (XTA - 2W(X1A)) - g(Xlr)) (Bydzy + Badzs) A (Avdey + Azdzs)

- (z (X'A—2w(X'A4)) + g(Xlr)> (A1dz1 + Aadz) A (Bidz + Badzo)

3
—l—i(XlT)(Alel + AQdZQ) A\ (Bldzl + BQng)

—g(XTT)(Aldzl + AQdZQ) A\ (Bldzl + BQng)

—|—(Ab’l” — |A|2)(A1d21 + AQdZQ) A (Aldzl =+ AQdZQ)
(218)2 d(C’ldzl + Cadzy — adfl — EdZQ)
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By comparing the coeflicient of dz; A dz; in the equation (2.18), one has

——— - —— =R|Bi]*+ (z (XiA — 2w(Xifl)) — g(Xlr)) B1A;,
1

3

- (z (X'A - 20(X*A)) + 5(Xlr)) A/ By + (%Abr - |A|2> |A1]2.

As a result, we complete the proof. O
3. Pseudohermitian Curvature of Thullen Domains
For m € N, let
Q= {(21,22) € C?: |21 + |22)> < 1}

be the Thullen domain in C? with m > 1. The diagonal of the Bergman kernel of
Q,, is given by

1 (m+1) 1=z = 1= m)af
2 “1/m m 3
M= )T (= ) = )

K(z,2)=

For the detail, see [2]. Then ¢(z, 2) := —K(z,2)~™/m+1) gives a defining function
of Q,,.

For a point a € A := {2z € C: |z| < 1}, denote by 1, an automorphism of Q,,
obtained by

(1- |a|2)1/2m21 Zo—a
(1 —az)l/m "1—az )’

Ya : (21,22) = (

Note that ¥_, is the inverse of 1),. Then we have

— |al2)z= , —
Aut(Qm) = {(21722) = (eiel (1 |a/| ) 21,6192 29 a ) : 91792 c R,a c A}

(1 —azg) 1 —azo

and W := {(0,w) : |w| = 1} C 99, is the set of weakly pseudoconvex boundary
points of Q,, for m > 1. Note that 9Q,, \ W is the set of strictly pseudoconvex
boundary points.

From now on, we will find the pseudohermitian curvature of the exhaustion

Qe = {(21,22) € C* 1 ¢(21, 22) = €}

with € < 1. In particular, we will observe the behavior of the pseudohermitian
curvature when (0, z2) — (0,w) with |w| = 1, i.e. weakly pseudoconvex points of
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Q. At z = (0, 22), we have the following:
1 m+1 1

7T2 m (1 — |22|2)2+#7

1 m+1)2+ )
- (==t 1—

o= (=22) 7 (),

04y DAy 9Ay  0A  0A,  0%A,

K(z,2z)=

A — - — = = = —_ = =
! 071 029 071 07 021 ((921)2
dy e — g2 Lm+1\7_ 04y 1 m+1) 2T
= —-Q— = _— z _ = _ .
2 1 — |29)? 2 m > Oz, 2 m
Hence at z = (0, 2z2), by straightforward calculation we have
1 9A, 1m+ 1\ 1
r=——_—_—==|=-"——
|A2|2 0% T2 m |Z’2|27
0A 0? 2m 1
|B1|2: _1: (b_ = — NI ¢, By =0,
(3.1) 0z1 02107, m+1(1— |z]2)t/m
o 1 8B1 = 1 8B1 = 1 8B1 r—
- ZAQE 071 ’ te B1 071 ’ 27 B 0% 2 »

=2 90y
v (5
9

By differentiating the equation (2.5) with z=, we obtain
8B1— 8E 8 8A1 2
—Bi+Bi—=—|-—-r]|4
071 1+ 51 071 071 (851 T‘| 1|
0?A1  Or 0| A2
= — A .
0%z, 071 1| "

071
Since A; =0 and 241 = 0 at z = (0, 23), we have

(3.2)

821
0B — 0B1
—B1+B1— =0
oz TP T
and hence o
1 0B 1 0B

By 071 B, 0z
By differentiating the equation (3.2) with 6%1, we obtain

9?B;, — |oB.|* |0B,|? 0°B,
By + | 2L 4B
021071 1+ 071 + 021 ! 021071
O3 A, o%r Lo A2 Or 0|A]2 024,

- 0210z, B 8218§1| ! 0z1 0z1 0z1 071 r&zliﬁl'
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Evaluating the above equation at z = (0, 22) gives

2
(3.3) 2Re<1 0"y > ‘ L 0B

By 02107 B, 071

o1 [ PA oA
- |Bl|2 021027, " 071

Since o
aCl o 0 1 631 1 Al aBl 632 T—
= (o DB (B mh) -
- 1 631 631 1 6231 T(?A_l
© B} 0z 071 B1020z1 20m;
1 0B [> 1 9*B, rdA,

- E 821 Eazlail B 5 821 ’

by Proposition 2.1 and equations (3.3), (3.1) we obtain

—2 1 0B |? 1 0°By r 04,
R= - Re [ — _ L
| B1]? < By 0z, Re <31 02107, 2 02,

-1 1 03 A, ‘8,41 2 A,
= —r|— —r
(34) |Bl|2 |B1|2 8218251 8?1 821
-1 &PA 1 04,
= 2
|B1]* 0210%%, * T|Bl|2 071

1 9%

T B P

o B 0 B i
8—,21 = d)azl log(—¢) = —p¢azl log K

0 m
= —poglog (m+1) (1= =) " = (1= m)]aP)

0 m
305 log (1= |%)" ~ | ?)

)

_ —(1—m) 3
= —pz71 2L 2 T 2L 2
(m+1)(1—|z2[?)m — (1 —m)|z1]* (1 —|22f?)m — |z]
with p = 7%=, and
0% » —(1—-m 3
82 :p2zl¢< (2 1 ) 2 + 2 1 2
21 (m+1)1—|22*)m — (1 —m)|z1]* (1 —|22*)m —|z]
—(1 —m)? 3
_p(l%% ( ) 5 +

(0m+ 0~ )% — (L= m)aa)” (@ [P — [a2)
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Let

—(1—m) n 3

(m+ D= [2P)7 — (A =m)laf2 (1= |2P)% =[]
and
—(1—m)? 3
N = . 7 T 1 2
(m+1)=l2P)m =@ =mlalP) (1= |z=R)m = |a2)

Then o2

822 =’z M — poziN.

Hence at z = (0, 22), we have

Iro 2
0075, 2pp(pM~ — N)
and by (3.4)
3 1 —-1)1
(3.5) r=_L ﬂ:nj(LGz(-Tn )5 +2r.

As a result we obtain our main theorem.
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