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1. Introduction

The Tanaka-Webster connection is canonical affine connection defined on a

non-degenerate pseudo-Hermition CR-manifold [7, 10]. The generalized Tanaka-
Webster connection for contact metric manifolds by the canonical connection was
first studied by Tanno [9]. This connection coincides with the Tanaka-Webster
connection if the associated CR-structure is integrable. For a real hypersurface
in a Kahler manifold with almost contact structure (¢, &, 7, g), Cho [4, 5] adapted
Tanno’s generalized Tanaka-Webster connection for a non-zero real number k.
Using the generalized Tanaka-Webster connection, Some geometers have studied
characterizations of real hypersurfaces in complex space forms [6].
In the present paper we have calculated the curvature tensor of the ambient
manifold admitting generalized Tanaka-Webster connection and got the relation
between curvature tensors of an N (k)-contact metric manifold M and an in-
variant submanifold of M. And also studied geometric properties of invariant
submanifolds satisfying curvature conditions with respect to curvature tensor
Wa.
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2. Preliminaries

Let M be an almost contact metric manifold with the structure tensors
(¢,€,7m,9), where ¢ is a tensor field of type (1,1), £ a vector field, n a 1-form
and g is a Riemannian metric on M [2]. Then

¢2:_I+n®€v 7](5):17 ¢§:07 77¢=07
for any X,Y € I'(TM).
Let @ denote the 2-form in M given by ®(X,Y) = ¢g(X,¢Y). The k-nullity
distribution on a contact metric manifold M for a real number k is a distribution
(8]

N(k) : p— Nyp(k) = {Z € T,M : R(X,Y)Z = k(g(Y. Z)X — g(X,Z)Y)} (2)
for any X,Y € T, M, where R denotes the Riemannian curvature tensor of M
and T, M denotes the tangent vector space of M at any point p € M.

If the characteristic vector field £ of a contact metric manifold belongs to the
k-nullity distribution, then
R(X,Y)E = k(n(Y)X —n(X)Y). 3)

A contact metric manifold with £ € N(k) is called a N (k)-contact metric mani-
fold. In an N (k) contact metric manifold the following relations hold:

1)

(Vx@)Y = g(X +hX,YV)§ —n(Y)(X + hX), (4)

h§ =0, ()

= (k= 1)¢?, (6)

Vx&=—¢X - ¢ohX, (7)

(Vxn)Y = g(X +hX,¢Y), (8)

(Vyh)X = (Vxh)Y =2(k = 1)g(Y,6X)E + (1 — 5)[n(Y)p X (©)

= n(X)oY ]+ n(Y)phX —n(X)phY
forall X,Y € I'(T'M), where h is a symmetric tensor and V is the Levi-Civita
connection on the manifold M.

The generalized Tanaka-Webster connection V* for a contact manifold M is
defined by
XY = VxY +(Vxn)Y £ =n(Y)Vx& —n(X)e, (10)
where V* and V denote the generalized Tanaka-Webster connection and Levi-
Civita connection respectively on the ambient manifold M.
Let N be an (2n + 1)- dimensional immersed submanifold of M. Then the
Gauss and Weingarten formulas are respectively given by

VxY =VxY +0(X,Y) (11)

and .
VxV = Ay X +VxV (12)
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for any X,Y € I(TN) and V € I(TN1), where o, V, V+ and A denote respec-
tively the second fundamental form, Levi-civita connection, the normal connec-
tion and the shape operator on the submanifold N. The second fundamental
form and shape operator are related by

g(AVX7Y) :g(a(X,Y),V), (13)

where g denotes the induced metric on N as well as the Riemannian metric g
on M.
The covariant derivative of o is given by

(Vxo)(Y,2) =Vxo(Y, 2) = o(VxY, Z) = o(Y,Vx 2), (14)
for any X,Y,Z € [(TN) and V € T(TN*).
Let Ry(X,Y)Z and R(X,Y)Z denote the Riemannian curvature tensors of the
submanifold NV and the ambient manifold M respectively. Then we have
R(X,Y)Z=Rn(X,Y)Z+ (Vxo)(Y,Z)— (Vyo)(X,Z) + Asx,2)Y
- Asv.)X

for XY, Z e T(TN) [3].

A submanifold N of an almost contact metric manifold is said to be invariant
[1] if the structure vector field £ is tangent to N at every point of N and ¢X is
tangent to N for any vector field X tangent to IV at every point of N, that is,
if X € T(TN) then ¢X € T'(T'N) at every point of N.

(15)

3. Invariant Submanifold of N(k)-contact metric manifold admitting
generalized Tanaka-Webster connection

Let M be an N(k)-contact metric manifold admitting generalized Tanaka
Webster connection and N be an invariant submanifold of M.
Now by taking Y = £ in (10) and using (1), (7) and (8), we get

XE=0. (16)
Next we calculate
V%Y =VxoY —g(X + hX, V), +n(X)Y (17)
and
Vi ohY = VxohY — g(X + hX,hY )¢+ n(X)hY. (18)

Using (2) and (8) in (10), we get
$Z=VyZ +g(Y + WY, 62)E + {n(2)8Y — n(Y)$Z} + n(Z)$hY.  (19)
Taking covariant derivative V* with respect to X of (19), we obtain
VAVYZ =VxVyZ+ (Vxn)VyZ - £ —n(VyZ)Vx{ —n(X)pVy Z
+ Xg(Y + 1Y, 0Z) + g(Y + hY, 6Z)VX & + Xn(Z) oY
+0(2)Vi Y = Xn(Y)oZ = n(Y)VixoZ — Xn(Z)phY
+n(Z)Vix phY.
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Using (16), (17) and (18) in (20), to get
VAVYZ =VxVyZ + g(X + hX,Vy¢Z)¢ — g(Y + hY, Z)n(X)¢
+0(2)9(X + hX,Y + hY)§ = n(VyZ)Vx€ —n(X)¢Vy Z
+ Xg(Y + 1Y, 02)§ + Xn(Z2)9Y +n(Z)Vx oY
—n(Z)g(X,Y ) — 2n(2)g(hX,Y)E + n(X)n(Z2)Y
= Xn(Y)pZ —n(Y)VxdZ +n(Y)g(X +hX,Z)¢
= n(X)In(Y)Z — Xn(Z)phY +n(Z)V xphY
—n(Z)g(hX, hY )¢ +n(X)n(Z)hY.
Similarly one can find
ViV Z =VyVxZ+gY +hY,VxoZ) — g(X + hX, Z)n(Y )¢
+n(Z2)g(Y + Y, X + hX)§ —=n(VxZ)Vy & —n(Y)pVxZ
+Yg(X +hX,02)+Yn(2)pX + n(Z)Vy X
—n(Z2)g(Y, X)§ —2n(Z)g(hY, X)§ +n(Y)n(Z2) X
—Yn(X)pZ —n(X)Vy¢Z +n(X)g(Y +hY, Z)§
—n(Y)n(X)Z = Yn(Z)phX +n(Z)Vy ohX
—n(2)g(hY, hX)E +n(Y)n(Z)hX.
With a simple calculation we have
Vixy1Z = Vixy1Z + 9(VxY = Vy X, 62)€ + g(hVxY
—hVyX,02)+n(2)(¢VxY — ¢Vy X + ohV Y
— ¢hVy X) —n(VxY — Vy X)oZ.
Using (21), (22) and (23), to get
RNX,Y)Z = R(X,Y)Z + k[—g(Y, Z)n(X)§ + g(X, Z)n(Y)§
+n(X)n(Z)hY —n(Y)n(Z2)hX —n(Y)n(Z2)X
+n(X)n(2)Y] + 2Yn(Z)phX — 2Xn(Z)phY
+29(pX,Y)PZ + g(Z,dY + ohY ) (¢X + phX)
—g(Z, X 4+ ohX) (Y + ohY).

Taking Y = £ in equation (11), we have
Vxé=Vx{+o(X,9).

(21)

(22)

(23)

Using (7) in the above equation and equating the tangential and normal com-

ponents we get
Vxé=—¢X — ¢hX
and
o(X,€) =0.

(25)

(26)
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From (15) and (24), taking Z = £ and using (3) and (26), we obtain

Ry(X,Y)€ = k{n(Y)X —n(X)Y}. (27)
From the above equation (27), we obtain
Sn(X,€) = 2nkn(X). (28)

Also a simple calculation gives
RN(§,Y)Z = Agv,2)§ — (Veo) (Y, Z) + K{g(Y, 2)§ = n(Z)Y}.  (29)
Definition 3.1. The curvature tensor W5 is defined by

Wa(X,Y,U,V) = ROX,Y,U,V) + 5-[g(X, U)S(,V) = (Y, 0)S(X, V). (30)

Theorem 3.2. Let N be an invariant submanifold of N(k)-contact metric mani-
fold M admitting generalized Tanaka Webster connection. If the curvature tensor
Wy vanishes then N becomes an FEinstein manifold.

Proof. Suppose the submanifold N of N(k)-contact metric manifold M with
generalized Tanaka connection satisfies Wy = 0, then we have

1

n

[9(Y,U)Sn(X, V) — g(X,U)Sn(Y,V)].

Putting X = U = ¢ in the above equation and using (27) and (28), we get
Sx(Y, V) = —2nkg(Y, V) (31)

(]

Corollary 3.3. Let N be an invariant submanifold of N(k)—contact metric
manifold M admitting generalized Tanaka Webster connection. If Wy curva-
ture tensor vanishes then the submanifold N is an Einstein manifold. Further

for k = 1, the submanifold N is locally isometric to the Riemannian product
E"TH0) x S (4).

Proof. Let the submanifold N satisfies W = 0 and N be an Einstein manifold.
Then from (30) and (31), we get

Ry(X,Y,U, V) = k[g(X,U)g(Y,V) = g(Y,U)g(X, V)]. (32)
O

Definition 3.4. A contact metric manifold is called Ws-semisymmetric if it
satisfies R(X,Y) - W5 = 0, where R(X,Y") is to be considered as a derivation of
the tensor algebra at each point of the manifold for tangent vectors X,Y .

Proposition 3.5. Let N be an invariant submanifold of N(k)-contact metric
manifold M admitting generalized Tanaka Webster connection. Then the curva-

ture tensor Wy on N satisfies the condition Wo(X,Y,U, &) = 0.
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Proof. Taking V = £ in (30), we get

1
The above equation can be rewritten as

Wa(X,Y,0,6) = =Ry (X, Y,6,0) + 5 -{9(X, 1)Sx(Y,6) = g(¥, U)Sn (X, )},

(33)
Using (27) and (28) in (33), we obtain

WZ(Xa va Ua 5) =0.
Hence the proof. O

Theorem 3.6. A Wy-semisymmetric invariant submanifold N of N(k)-contact
metric manifold M admitting generalized Tanaka Webster connection is an Ein-
stein manifold.
Proof. Let the submanifold N be Wa-semisymmetric, i.e.
(R(X,Y) - W2)(Z,U,V) = 0.
The above equation can be written as
RN(X, Y YWo(Z,U)V — Wo(RN(X,Y)Z,U)V
—Wo(Z, RNy (X, Y)U)V — Wo(Z,U)Rn(X,Y)V =0.
Taking X = ¢ in (34) and using (29), we get
Aoviwa(zuy)€ = (Veo) (Y, Wa(Z,U)V) + k{g(Y, Wa(Z, U) V)¢
—p(WalZ, U)WV} = Wa Ay 11 — (Vea) (Y, Z) + k{g(Y, 2)6—
WZ)Y LUV = Wa(Z, Agyan€ — (Vea)(Y,U) + {g(¥, U)é—
WU DV = WalZ,U)(Agy i — (Veo) (Y, V) + K{g(Y, V)e
— ()Y} =0,
Taking inner product with £ in the above equation and using the property of
invariant submanifold and Proposition 3.1, we obtain
kW (Z, U V,Y)=0. (35)
From (30) and (35), we write

(34)

RN(Z,U.V,Y) = 5 {g(U,V)Sx (Y, 2) — gZV)Sx(U )} (36)

Taking U =V = ¢ in (36) and using (27), we get
Sw (Y, Z) = 2ng(Y, Z). (37)
Hence the proof. O

Corollary 3.7. A Ws-semisymmetric invariant submanifold N of N(k)-contact
metric manifold M admitting generalized Tanaka Webster connection is locally
isometric to the Riemannian product E"T1(0) x S™(4).
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Proof. Substituting (37) in (36), we get

Hence the submanifold N is of constant curvature —1. Then N is locally isometric
to the Riemannian product E"*1(0) x S™(4). O

Definition 3.8. The projective curvature tensor P and the concircular curvature
tensor Z in a Riemannian manifold (M™, g) are defined by

P(X,Y)W = R(X,Y)W — ﬁ(x s Y)W, (38)

Z(X, Y)W = R(X, Y)W — (X Ay Y)W, (39)

n(n—1)

respectively.

Theorem 3.9. Let N be an invariant submanifold of N(k)-contact metric man-
ifold M admitting generalized Tanaka Webster connection. If N satisfies the
condition Z(X,Y) - Wy = 0 then either r = 2n(2n + 1)k or N is Einstein and
hence is locally to the Riemannian product E"1(0) x S™(4).

Proof. Let the condition Z(X,Y) - W5 = 0 holds in N. Then we have
Z(X,Y) - Wo(Z,U)V = Wo(Z(X,Y)Z,U)V — Wo(Z, Z(X,Y)U)V
—Wo(Z,U)Z(X,Y)V =0.
Putting X = £ in the above equation, we get
Z(EY)- W2(~Z, U)W —Wo(Z(E,Y)Z,U)V — Wa(Z, Z(6,Y)U)V (40)
—Wo(Z,U)Z(,Y)V = 0.
Using (39) and (29) in (40), we obtain

Astvvazomé = (Vo) YV WalZ,U)V) + (k= 5o s (Y Wa(Z, D)V )
—n(W2(Z, U)V)Y} = Wa(Agv, 20§ — (Veo) (Y, Z) + (k — m){g(iﬂ Z)¢
— U LU = WalZ, Agqran€ = (Ve (V,U) + (k= 5o g (V. U)E
=B DV = WalZ,U) Aoty = (Veo) (Vo V) (b = 3o ) oY, Ve

—n(V)Y} =0

Taking inner product with £ in the preceding equation, we get
r
2n(2n +1)

i.e. either r = 2n(2n + 1)k or N is Einstein. O

(k — YW (Z,U,V,Y) = 0.
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Theorem 3.10. If in an invariant submanifold N of an N(k)-contact metric
manifold M admitting generalized Tanaka Webster connection, P(X,Y) - Wy =0
holds then S%; has the form Sy(QY,U) = —2(n—1)Sy(U,Y) — (n—1)2¢(Y,U).

Proof. Let the submanifold satisfy the condition P(X,Y) - Wy = 0. Then we

have
P(X,Y)Wo(Z,U)V —Wa(P(X,Y)Z,U)V —Wy(Z,P(X,Y)U)V
—Wa(Z,U)P(X,Y)V =0.
Putting X = £ in the above equation, we get
P Y)Wo(Z, U)WV —Wo(P(,Y)Z,U)V —Wa(Z, P&, Y)U)V
—Wa(Z,U)P(,Y)V =0.
Using (38) and (29) in (41), we obtain
Aoy wa(zuy)€ = (Veo ) (Y, W (Z,U)V) + k{g(Y, W2(Z, U)V)¢

—H(Wa(Z,U)V)Y} = o (Sw (Y, WalZ,0)V )€ — Sn (&, Wa(Z,U)V)Y)

WAy €~ (Veo) (¥, 2) + koY 2)6 ~n(Z)Y} — - (Sw (Y, 2)¢

SN (E DYV UWV — WalZ, Ayt ~(Veo) (Y U) + k{g(Y, U)e
(), Y} ~ 5 ASN (V. U)E — S (€ DY DV — Wa(Z,U)[Agiy i
~ (Veo)(V,V) + K{g(¥, V)E = (V)V} — o {Sn (¥, V)¢

~Sn(E VIV =0,

Taking inner product with £ in the preceding equation, we get
1
kg(Y, Wa(Z,U)V) — %{SN(Y, Wa(Z,U)V) — Sn (& Wa(Z,U)V)

n(Y)} = 0.
From (28) and Proposition 3.1, (42) reduces to

1
KW (Z,U,V.Y) = S-Wa(Z,U.V.QY) = 0.
Using equation (30), (43) can be written as
1
KRN (Z,UV.Y) + 5-{9(Z,V)Sn(UY) = g(U, V)Sn (Y, 2)}]

- i[RN(Z U V,QY) + %{9(2, V)Sn(U,QY)
—g(U,V)Sn(QY, Z)}] =0.

Putting Z =V = ¢ in the above equation and using (28) and (29), we get

SN(QY,U) = =2(n — 1)Sn(U,Y) — (n— 1)2g(Y, U).

(41)

(44)
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Definition 3.11. A quasi-conformal curvature tensor C is defined by
C(X,Y)Z=aR(X,Y)Z+b[S(Y,2)X —S(X,2)Y +g(Y,2)QX

0X.2)QY] - L o, 2)X (X, 2)Y), )

where a and b are constants and R,S,Q and r are the Riemannian curvature
tensor of type (1,3), the Ricci tensor of type (0,2), the Ricci operator defined by
9(QX,Y) = S(X,Y) and the scalar curvature of the manifold respectively.

Theorem 3.12. If in an invariant submanifold N of N(k)-contact metric man-

ifold admitting generalized Tanaka Webster connection, CN'(X7 Y)Wy =0 holds.
Then

i) for b =0, we have either r = 2n(2n+ 1)k or N is an Einstein manifold.
ii) S% has the form Sn(QY,U) = 225t g(U,Y) — (£ — 2nk)Sy(U,Y),
where t = {a(k — 5o577y) + 2b(nk )}

Proof. Let the submanifold N satisfy the condition C(X,Y) - Wy = 0. Then we
have

C(X, Y)Wy (Z,U)V — Wo(C(X,Y)Z,U)V — Wy (Z,C(X,Y)U)V
— Wy (2,U)C(X,Y)V =0.
Putting X = £ in the above equation, we get
CEY)Wa(Z,U)V = Wa(C(&,Y)Z,U)V = Wa(Z,C(E,Y)U)V

. (46)
— Wo(Z,U)C(E,Y)V = 0.
Using (45) and (29) in (46), we obtain
a{Asvwa (20§ — (Veo ) (Y, Wa(Z,U)V)} + {ak — L(; +2b)}
{g(Y, Wa(Z,U)V)§ = n(Wa(Z,U)V)Y} + b{Sn (Y, Wa(Z,U)V )¢
—SN(EW2(Z, U)V)Y +g(Y, W2 (Z,U)V)QE —n(Wa(Z,U)V)QY '}
~ Waa{ A€ ~ (Veo) (V. )} + {ak — 5= (5 + 20)}{g(V. 2)¢
—n(2)Y} +b0{Sn (Y, 2)§ = Sn(§ 2)Y +g(Y, 2)Q¢ —n(Z)QY )}, U)V
— Wa(Z,0{Agv§ — (Veo) (V. U)} 4 {ak — 5 (5 + ) Ho(V. )

— ()Y} +{Sn(Y,U)§ = Sn (&, U)Y + (Y, U)QE —n(U)QY) )V

Wa(2.0)al Ao = (Veo) (VoV} + {ak — 5oz (55 + ) Ho(Y. V)e
(V)Y +b{Sn(Y,V)E = Sn (& V)Y + (Y, V)QE —n(V)QY)}] =
Taking inner product with £ in the preceding equation, we get
(k= 5 (G + YW W Z VW) + SNV WRZ W)
= SN (& Wa(Z,U)V)n(Y) + g(Y, Wa(Z,U)V)n(Q€} = 0.
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Using (28) and Proposition 3.1, (47) reduces to

T r
"y iopmk— Z,UV,Y
+b SN (W(Z,U)V,Y) =0.
If b= O, then either Cl(k' — m) =0or VVQ(Z7 U, V, Y) =0. U

If b # 0, then from (30) and (48), we have
1

FRN(Z,U,V,QY) + 5-{9(Z,V)Sn(U,QY) ~ g(U,V)
SN(Z? QY)H = 07

where t = {a(k — 5.5 575) + 2b(nk — 5.55)}-
Putting Z =V = ¢ in the above equation and from (27) and (28), we obtain
2nk

SN(@QY,U) = T g(U,Y) ~ (& — 2mk)Sn (U,Y),

where ¢t = {a(k — m) +2b(nk — 559) )

4. Conclusion

Not all the submanifolds inherit the geometrical structures of the ambient
manifold. But under certain curvature conditions and semi symmetry condi-
tions submanifolds possess the properties of the ambient manifold. The invariant
submanifold inherits almost all properties of ambient manifold. We established
important characterizations of invariant submanifolds of N (k)-contact metric
manifolds admitting generalized Tanaka Webster connection. We applied the
method of invariant submanifolds which is being used in the study of non-linear
autonomous systems. Also We use the Tanaka-Webster connection, a canonical
affine connection defined on a nondegenarate, pseudo-Hermitian CR-manifold.
Generalized Tanaka Webster connection coincides with the Tanaka-Webster con-
nection if the associated CR-structure is integrable. The main results concern in-
variant submanifolds of N (k)-contact metric manifolds which are locally isomet-
ric to the Riemannian product E™+1(0) x $™(4) under the conditions Z - Wy = 0,
Wy = 0 and Ws-semi symmetric condition. With respect to these conditions,
invariant submanifold reduces to Einstein manifold. In this case, submanifold
has the constant scalar curvature. Further the square of Ricci curvature tensor
in the submanifold has been expressed in terms of the Ricci tensor. This work
opens further research on anti invariant submanifolds of manifolds with different
contact structures using the conditions and methods used here.
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