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DISTRIBUTION OF VALUES OF DIFFERENCE OPERATORS
CONCERNING WEAKLY WEIGHTED SHARING

ABHIJIT SHAW

ABsTRACT. Using the conception of weakly weighted sharing we discussed
the value distribution of the differential product functions constructed with
a polynomial and difference operator of entire function. Here we established
two uniqueness result on product of difference operators when two such
functions share a small function.

AMS Mathematics Subject Classification : 30D35, 39A70.
Key words and phrases : Deficiency, difference differential polynomials,
difference operator, uniqueness, weakly weighted sharing.

1. Introduction and Definitions

Here we deal with mero-morphic and entire functions which are defined on
complex plane. We adopt the standard definitions and notations of Nevanlinna’s
theory of mero-morphic functions (see [3, 11]). The Nevanlinna characteristic
function of a non-constant mero-morphic function is denoted by T(r, &), and
S(r,&) is any quantity satisfying S(r,€) = o{T(r,&)} where r(— o) € Rt \ F
(measure of E is finite).

Definition 1.1. [3, 11] Deficiency of @ € C with respect to a mero-morphic

1
function ¢ is denoted by (o, &) and defined as d(a, &) = himrﬁoo%ig;) =
— Tim N(’I",Oc;é') V
L= lim “rte

By the Nevanlinna’s SF'T, it can be easily show that,

> e <2 (1.1)

aeCU{co}

Definition 1.2. [3, 11] Order of a mero-morphic function ¢ is denoted by o (&)

— 1 log T'(r.§)
and define by o(§) = lim, SUp=o
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Let £ and ¢ are non-constant mero-morphic functions and o € C. We say
¢ and ¢ share o CM(Counting Multiplicities) if zeros of £ = « and { = « are
same in value and multiplicities. And we say & and ¢ share a IM(Ignoring
Multiplicities) if zeros of ¢ = a and { = « are same only in value.

Definition 1.3. [4] Let 7 € NU{0} U{oo} and the counting function for the ze-
ros of £ = « with multiplicity < 7 is denoted by N(r, a;&| < 7) and the counting
function for the zeros of £ = o with multiplicity > 7 is denoted by N(r, a;&| > 1)
(N(r,a;¢| < 7) and N(r,o;&| > 7) are corresponding reduced counting func-
tion). The counting function for the zeros of £ = «, where multiplicity A is
counted A times if A < 7 and 7 times if A > 7 is denoted by N(r,;&|7) and
N(r,o;&|7) = N(r,o;€) + N(r,o; €] > 2) + ... + N(r, a5 &| > 7).

The set of all a-points of {(z) with multiplicity upto 7 is denoted by E(«,§)
(ET) (a, &) is corresponding reduce counting function) and if E(«, &) = E;(a, (),
then we say that £(z) and ((z) share the value o with weight upto 7.

Definition 1.4. [3, 11] Let £(z) and «(z) be two mero-morphic functions. «(z)
be a small function of £(z) if T'(r,a(z)) = S(r,£).

Definition 1.5. [1] Difference operator of a function is denoted by A,¢ and
defined by A, &(2) = &(z + w) — &(2), where w € C\ {0} and p-order difference
operator is given by AP¢ and defined by APE(2) = APTL(ALE(2)), where p(>
2) e N.

We can also deduce that, AZE =37 (P)E(z + (p — i)w).

Definition 1.6. [6] Let £ and ¢ be two non-constant mero-morphic functions and
a € C. The counting function of all common zeros with the same multiplicities
of £ = a and ¢ = « is denoted by N(r,a)(F) and the counting function of all
common zeros in ignorance of multiplicities is denoted by N (7, a)(0) (N (r,a)(E)
and N(r,a)(0) are corresponding reduce counting functions). We defined that ¢
and ¢ share a CM weakly, if,

N(r,05€) + N(r, ;) — 2N(r, a)(E) = 8(,€) + S(r, <),

and said £ and ¢ share o IM weakly, if,

N(’I‘, Qg 5) + N<r7 a; C) - 2W(7‘7 a) (O) = S(r, 6) + S(Ta C)

In 2006, S. Lin and W. Lin [6] introduced the conception of weakly weighted
sharing:

Definition 1.7. [6] Let £ and ¢ be two non-constant mero-morphic functions
and o € S(§)NS(¢), 7 € ZT U{oc} and if

N(r.0:)(< 7) + N(r,0:O)(< 7) — 2N (. a) (E(< 7)) = S(,€) + 5(1,C),
N(r,a; ) (> 74+1)+N(r,a; ) (> 74+1)=2N(r,a)(0(> 741)) = S(r, &) +S(r, (),
or, if 7 =0 then,

N(r,a; ) + N(r,o;¢) = 2N(r, @) (0) = S(r,§) + 5(r,¢),

and we call that £ and ( weakly share a with weight 7 and the notion will be
denoted by w(a, 7).
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Let £ and ¢ share 1 IM weakly. Then the counting function of 1 points of
¢ with multiplicities greater than of 1 points of ¢ is denoted by N(r,1;¢|L).
N(r,1;¢|L) is defined similarly.

Many research papers are all ready published on shift function[7] and differ-
ence operator[1]. We are interested on the product of difference operators which
is given by [T/, (AP&)H where 1, p;(i = 1,2,...,n7) € Z+ U {0} and throughout
the paper we use p =Y ;.

In 2016, P. Sahoo and B. Saha [7] studied the distribution of value of difference-
differential polynomial with shift function and developed the following unique-
ness results concerning with CM sharing of a small function:

Theorem 1.8. [7] Let £(z) and ((z) be two transcendental entire function of
finite order and a(z)(£ 0) be a small function with respect to & and (. Let
w € C\ {0}, and n, A\(> 1), 7(> 0) € NU {0}, where n > 27 + A+ 6. If
[€7(&* — Dé(z + W) and [C™(¢ — 1){(2 + w)]7) share o CM, then, & = t¢
where t* = 1.

Theorem 1.9. [7] Let £(z) and ((z) be two transcendental entire functions of
finite order and a(z)(# 0) be a small function with respect to & and (. Let
w € C\ {0}, and n, A(> 1), 7(> 0) € NU {0}, where n > 27 + A + 6 when
A< T+ 1landn > 47 — A+ 10 when X\ > 7+ 1. If [€"(& — 1) (2 + w)]™
and [¢"(¢ — DA (2 + w)]) share a CM, then, £ = (; or, € and ¢ satisfying the
algebraic equation R(E,¢) = 0, where R(E, () is given by R(d1, d2) = o7 (1 —
DA (2 +w) — @5 (¢2 — 1) (2 +w).

In 2018, H.P. Waghamore [8], introduce the product of shift functions with
some polynomials and proved the following result on 7-th order difference dif-
ferential polynomial of transcendental entire functions concerning with sharing
values:

Theorem 1.10. [8] Let &(z) and ((z) be two transcendental entire function of
finite order and «(z)(£ 0) be a small function with respect to & and . Let
w; € C\ {0}, pi € ZT U {0} where i = 1,2,...,n and n, A\(> 1), 7(> 0),
n € NU{0}, where n > 21 + A+ p+ 5. If [€"(N — D) 11, €(2 + wi)*]™) and
[ = DI, (2 + wi)™]™) share o OM, then, & = t¢ where t* = 1.

Theorem 1.11. [8] Let £(z) and {(z) be two transcendental entire functions
of finite order and «(z)(# 0) be a small function with respect to & and (. Let
w; € C\{0}, p; € ZTU{0} wherei =1,2,...,n andn, \(> 1), 7(> 0), n € NU{0},
wheren > 21+ A+ p+5 when A< 7+1 andn > 41— A+ p+9 when A > 7+ 1.
IF167(€ — DMLy £ +wi)®] D and [C(C — DT, C(z + @) ]@ share
CM, then, £ = (; or, £ and ( satisfying the algebraic equation R(£,() = 0,
where R(€,C) is given by R(¢1,92) = ¢1 (61 — D TTy 61(z +wi)™ — ¢5(ds —
DM 62z + i)
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NOTE: There is no clear discussion for taking the conditions A < 74 1 and
A > 7+ 1 in the theorem 1.9 and the theorem 1.11. We clearly explain all the
cases, A\ <7+ 1, A=7+2 and A > 7 + 2 separately in our second theorem.

We take transcendental entire functions with zeros of multiplicity atleast ¢
and study the distribution of values of differential polynomials are formed with
product of difference operators of transcendental entire functions according to
weakly weighted sharing of a small function. We present our main results in the
following section:

2. Lemmas
Now, we present some lemmas which will be needed in a sequel.

Lemma 2.1. [10] Let &(2) be a non-constant mero-morphic function and ag,
a1,..., an(# 0) be mero-morphic functions such that T(r,a;) = S(r,&) where
i=0,1,...,n. Then, T(r,>1" ;a;&") = nT(r,§) + S(r,€).

Lemma 2.2. [12] Let 7 and p be positive integers and £(z) be a non-constant
mero-morphic function then,

N(r,0:67) | p) <T(r,6) —T(r,&) + N(r,0:€ | 7+ p) + S(r,€):

N(r,0;67) | p) < TN (r,00;€) + N(r,0;€ | 7 +p) + S(r,€).

Lemma 2.3. [6] Let £ and ¢ be two non-constant mero-morphic functions share
w(1,T) where T € Z* U {0} U {0} and let, Q = (2% - 255%11)) - (% - 25—_(11)) If
Q £ 0, then,

(1) T(r,§) < N(r,00;£[2) + N(r,00;¢[2) + N(r, 0;£[2) + N(r,0;¢[2) + S(r,§) +
S(r,¢) when 2 <T < oo;

(i) T(r, §) < N(r,00;£|2)+N (r,00; ¢|2)+N (r, 0; §[2)+N(r, 0; ¢|2)+N (r, 1;§| L)+
S(r,&) + S(r,¢) when T = 1;

(i) T(r,§) < N(r,00;§[2)+N (r, 00; ([2)+N(r, 0; £]2)+N (r, 0; ¢|2)+2N (r, 1; | L)+
N(r,1;¢|L) + S(r,&) + S(r,¢) when T = 0;

and same inequalities are hold for T(r, ().

Lemma 2.4. @ Let & and ¢ are non-constant mero-morphic functions share
w(1,1). Then, N(r,1;£|L) < AN (r,0;€) + AN(r,00;€) + S(r, €).

Lemma 2.5. @ Let & and ¢ are non-constant mero-morphic functions share
w(1,0). Then, N(r,1;¢|L) < N(r,0;¢) + N(r,00;§) + 5(r,§).

Lemma 2.6. [2] Let {(z) be a mero-morphic function of finite order(c) and
w € C\{0} be fized. Then for each e(> 0), we have, m(r, g(g(t;”))—i—m(r, %) =
O(rote™t) = S(r,¢).

Lemma 2.7. Let £(z) be a transcendental entire function of finite order(c) and
n, \, p, n, ;i € Z*, where i = 1,2,..,m, w € C\ {0}, and AP¢ # 0. Then,
T(r, €& = D ITL (ALO™) = T(r, &M} = 1)€°) = (n+ X+ p)T(r, £) + S(r, £).
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Proof. Since ¢ is transcendental entire function, then £"(€* — 1) [T/, (AP&)Hi is
also an entire function. Using Lemma 2.4, we can deduce that,
n n

T(re" (€ =) [[(AZ&*) = m(r,e(e* — 1) [[(AL™)

i=1 =1

n
= m(r,&) +m(r e —1)+m T,H
1

= nm(r,§) + Am(r,§) + pm(r, ALE)

A
= am(r,€) + Am(r.€) + pm(r.€) + pm(r. f&f )

(0 + A+ p)T(r,€) + S(r.©). (2.1)
Otherwise we deduce using Lemma 2.4 and FFT that,

(n+ A+ p)T(r,&) = T(r, "€ — 1)&°) = m(r, (> — 1)&°)

IN

N(EN . P ¢\ m(r 75[)
< m(r€"( 1>£[1(Aw§> )+ m(r e ATe)
n - D ¢\ Mi gp
< T(r et - )E(Awf) )—i—T(r,WH—S(r ¥3)
n n P £\
< 70 - D Janer) + 7 L2200 g
=1
<T@ - Jarem) + 8(r,¢). (2.2)

i=1

Hence, combining (2.1) and (2.2) we have, T'(r,&"(¢* — 1)L, (AP&H) =
T(r, (& =)&) = (n+ A+ p)T(r,) + S(r, ). O
Lemma 2.8. Let £(z) be a transcendental entire function of finite order (o) and
n, A\, p, 1, i € ZY, where i = 1,2,...,n, w € C\ {0}, and APE # 0. Then,
T(r, &&= DMTL (AR ) = T(r, €1 —1)2¢°) = (n+ A+ p)T(r,€) +S(r, §).

Proof. The lemma will be proved from the line of the Lemma 2.7. O

Lemma 2.9. Let £(z) and ((z) be two transcendental entire functions of finite
order and multiplicity of zeros of € and ¢ is atleast v. Let w € C\{0}, v, pu; € Z7T
where1=1,2,...,n andn A(>1), 7(>0) p, n € NU{0} andApf #Z0, AP #0.
Let F = [€"(€ — 1) [T (ALE)7) and G = [("(C — 1) TIy (AR ], If
there exists non zero constcmts a1 and ay such that N (r,aq; .7-") N(r,0;G) and
N(r,a2;G) = N(r,0; F), then n < (T +1)+A+p.

Proof. We assume that F; = £"(&* — 1) [[]_, (ARE)M and
Gi=¢"(¢—1) 1 (AP&)Hi and by Nevanlinna’s SFT, we have,

T(r,F) < N(r,0;F)+ N(r,a1;F)+ S(r,F)
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< N(r,0;F) + N(r,0;G) + S(r, F). (2.3)
Using Lemma 2.2, Lemma 2.6 and Lemma 2.7 on equation (2.3),

(n+X+p)T(r,§) <T(r,F) — N(r,0;F) + N(r,0; Fi|7 + 1)

< N(r,0;G) 4+ N(r,0; Fa|r + 1) + 5(r, €)
< N(r,0;Gi|r +1) + N(r,0; Fi|7 + 1) + S(r, )
< N(r,0;¢"|r 4+ 1)+ N(r,0;¢* — 17 + 1)
n
+ N(r,0; H(Agg)“"’\r + 1)+ S(r,¢) + N(r,0; "7 + 1)
i=1
n
+ N(r,0;& = 1r + 1) + N(r, 0; [ J(AZ™ |7 + 1) + S(r, &)
i=1
< %(7’ + )T (r, () + XT(r,¢) + pT(r,¢) + %(7’ + 1)T(r,§)
+ AT(r, &)+ pT(r, &) + S(r, &) + S(r, ¢)
S CODHA+ATEO+T0O)+ 5O+ S0 (24)

Similarly we can deduce,

(n+A+p)T(r,() < (%(T—Fl)—&-)\—&-p)(T(nf)—&—T(r,{))
+  S(r,&) + S(r, Q). (2.5)

Adding (2.4) and (2.5), we have, (n+ X+ p)(T(r, &) +T(r,¢)) < 2[X(7+1)+ A+

pl(T(r, &) + T(r,¢)) + S(r, &) + S(r, (), which implies that n < 2(7 +1) + A+ p.
Hence the lemma. O

Lemma 2.10. Let £(z) and ((z) be two transcendental entire function of finite
order and multiplicity of zeros of € and ¢ is atleast v. Let w € C\{0}, v, pu; € Z7F
wherei=1,2,...,n andn A= 1), 7(>0) p, n € NU{0} andApf Z0, AP #0.
Let F = [€"(€ — 1M Ty (AR and G = [¢"(C — DM [Ty (ABO)™ ). 1f
there exists non zero constants a1 and ag such that N(r, oq,}") = N(r,0;G)
andﬁ(r a2;G) = N(r,0;F), then n < 2(1 +1) + A+ p when A < 7+ 1, or,
n<23(r+1)+2r+p—A+2 when)\>7+1

Proof. We assume that F; = £"(§ — 1) []]_, (AP&)* and
Gr=("(¢— 1))‘ ?:1(Af)§)/“, and by Nevanlinna’s SFT, we have,
T(r,F) < N(r,0;F)+ N(r,a; F)+ S(r,F)
< N(r,0;F) + N(r,0;G) + S(r, F). (2.6)
Using Lemma 2.2, Lemma 2.6 and Lemma 2.7 on inequality (2.6),
(n+X+p)T(r,&) <T(r,F) — N(r,0; F) + N(r,0; Fy|7 + 1)
< N(r,0;G) + N(r,0; Fi|7 + 1) + S(r, &)
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SN(T70791|T+1) +N(’/‘,O,‘F1|T+ 1)+S(T‘,£), (27)

Case 1. A< 7+1
Then from (2.7), we have,

(n+)\+p) (r,&) < N(r,0;¢" |7 + 1) + N(r,0; (¢ — )|T+1)

+ 7TOHAP Bilr + 1)+ S(r, ) + N(r,0;£"|7 + 1)

n
N(r,0;(§ = D7+ 1) + N(r,0; [ [(ARO) |7 + 1) + S(r,)
=1

_|_

L4 DT(,0) + XT(,Q) + pT(r,€) (4 DT (r,8)
NT(7,6) + pT(1,6) + S(7,6) + 5(r,)
G+ 1) 4 A+ AT + T O) + SO+ S0,0). (28)

IN -+ A

Similarly we can deduce,

(n+A+p)T(r, () < ((T+1)+A+p)(T(r &) +T(r,())
+ S(r,&)+S(r,¢). (2.9)
Combining (2.8) and (2.9) we have,

1
L

(1 4+ A+ AT+ T Q) < 20 (4 1)+ A+ p(T(,6) +T(7,0))
+S(rE) + 50 0),

which implies that n < 2(7 4+ 1) + XA + p.
Case 2. A >T1+1,
Then from (2.7), we have,

(n+/\+p) (r,&) < N(r,0;¢"|7 +1) + N(r,0; (¢ — D)7+ 1)
+ 7T0HAP Filr + 1)+ S(r,¢) + N(r,0;£"|7 + 1)

N(r,0; (6 = D7+ 1)+ N(r,0; [ [(A2&)™|r + 1) + S(r,€)

(r+ 1T+ (t+1)T(r,¢) + pT(r,¢) + %(T + )T (r,¢)

T+ DT(r,§) + pT'(r, ) + S(r, &) + S(r,C)

T+ +7+p+1)(T(r, &) +T(r,Q))

r,&) + S(r, Q). (2.10)

+

1
L

(
(

+ IN+ A
~ | —

S

—~
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Similarly we can deduce,

(n+X+p)T(r,¢) < (%(T-Fl)+T+1+p)(T(r,£)+T(r,C))
+ S8+ 5(r,Q). (2.11)

Adding (2.10) and (2.11) we have, (n + XA + p)(T'(r,&) + T(r,¢)) < 2[3(7 +
D+7+p+1T8) +T(r,¢)+ S(r,&) + S(r,¢), which implies that n <
%(7’ +1) 4+ 274+ p — A+ 2. Hence the lemma. O

3. Main results

Theorem 3.1. Let £(z) and {(z) be two transcendental entire functions of finite
order and multiplicity of zeros of £(z) and ((z) is atleast t. Let a(z)(# 0) be a
small function with respect to £(z) and {(z) and let w € C\{0}, ¢, u; € Z where
i=1,2,...,n and n, A(> 1), 7(> 0) p, n € NU{0} and APE # 0, APC # 0.
Let [€(EX — 1) T, (ABE 1) and [((C> — 1) [T, (ALOM ) share w(a,T),
then, for one of following conditions,

()T >2,n>2(1+2)+ A+ p;

(ii)) T =1, n> L(1(57+9) +3X+ 3p);

(it)) T =0, n > L(57+7) +4X + 4p;

either £(z) = ((z); or,

&(2) = k((z) where K is a variable and (* = R T (ADRO)" T (L0

w7 T (AL RQHi—TT7_ (AL OHi -

Proof. Let us assume that F; = £"(&* — 1) [[]_, (ABE)M,

(r) ()
G = ¢"(¢ = DI (AP, and F = %, g = % Then F and G are
transcendental mero-morphic function that share w(1,T"), except the zeros and

poles of a(z). From Lemma 2.2 and Lemma 2.7, we have,
N(r,0; F|2) < N(r,0; F\7|2) + S(r,€)
<T(r, FT) = (n 4+ A+ p)T(r,€) + N(r,0; F1 |7+ 2) + S(r, €)
<T(r,F)—(n+A+p)T(r,&) + N(r,0; F1|T + 2) + S(r,£),
Hence,
m+A+p)T(r,&) <T(r,F)+ N(r,0; F1|7 +2) — N(r,0; F|2) + S(r,&). (3.1)

Again from Lemma 2.2, we have,

N(r0;F2) < N(r,0;F7[2) + S(r,¢)

< N(r,0; Fi|t +2) 4+ S(r,€). (3.2)
. ) <) ) (1)
Let us consider, 2 = (;0) — 2}'-_1 ) — (gu) — 2gg_1 ).

Case 1. Q # 0,

Since F and G share w(1,T"), we discuss all the cases of Lemma 2.3,
Case 1.1. T > 2,

From (i) of Lemma 2.3, and inequalities (3.1) and (3.2), we have,

(n+ X+ p)T(r,€) < N(r,0; F|2) + N(r, 00; F|2) + N(r,0;G|2)
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N(r,00;G[2) + S(r,§) + S(r, )
N(r,0; Fi|T +2) + N(r,0; G1|T + 2) + S(r,&) + S(r, ()
N(r,0;¢"| 7 +2) + N(r,0;* — 1|7 + 2)
n
N(r,0; T[(AZE) | +2) + S(r, &) + N(r, 0;¢"|r + 2)

i=1

ININ +

+

n
+ N(r,0;¢* = 1|7 +2) + N(r,0; [ (AR |7+ 2) + S(r,€)

< (%(T +2)+ A+ p)(T(r,8) +T(r, Q) + S(r,€) + 5(r, ). (3.3)

Similarly we can show that,

(n+A+p)T(r,¢) < (%(T+2)+)\+P)(T(T7 O+T(r,()+S(r,§)+5(r.¢). (3.4)
Combining (3.3) and (3.4) we have, [n — (2(7 +2) + A+ p)|(T'(r, &) + T(r,¢)) <
S(r, &) + S(r,¢), which is contradiction as n > 2(7 +2) + XA + p.

Case 1.2. I' =1,
From (i) of Lemma 2.3 and inequalities (3.1),(3.2), and Lemma 2.4,

(n+X+p)T(r,§) < N(r,0; F|2) + N(r, 00; F|2) + N(r,0; G[2)
N(r,00;G[2) + N(r,1; F|L) + S(r, &) + S(r,¢)

1
N(r,0; Fi|T +2) 4+ N(r,0;G1|T + 2) + §N(Tao§]:1|7+ 1)

S(r,§) +5(r,¢)
N(r,0;€"|7 +2) + N(r,0;* — 1|7 + 2)
U
V0 [ (A6 I+ 2) + N 05+ 1)

IN

IN +

_|_

1 A 1 .
+ N 06 =1+ 1) + o N(r 0 [[(ALg)* |7 + 1)

i=1
+ N(r0;¢"|m+2) +N(7’,O;(/\ —1r+2)
n

+ N(r,0; [[(AR0)™|r +2) + S(r,) + S(r,¢)

< %(%(37 +5)+3X+3p)T(r,€) + (%(7‘ +2)+ A+ p)T(r, ()
+  S(r, )+ 5(r. Q). (3.5)

Similarly we can show that,

(=374 5) +3X+3p)T'(r, Q)

DN |

(n+X+p)T(r,¢) <

~ | =
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1
FC42) 4 A+ OT(r€) + 5(r.8) +S(r.0) (3.0
Combining (3.5) and (3.6) we have, [n— % (2 (5749)+3A+3p)|(T(r,§)+T(r,¢)) <
S(r, &) + S(r,¢), which is contradiction as n > £((57 +9) + 3\ + 3p).

Case 1.3. ' =0,

From (i47) of Lemma 2.3 and inequalities (3.1),(3.2), and Lemma 2.5,

(n+A+p)T(r,&) < N(r,0;F|2) + N(r,00; F|2) + N(r,0;G|2)
N(r,00;G|2) +2N(r,1; F|L) + N(r,1;G|L) + S(r, &) + S(r,¢)
N(r,0; F1|7 + 2) + N(r,0; Gy |7 + 2) + 2N (r,0; F1|7 + 1)
N(r,0;Gi|T+ 1)+ S(r,&) + S(r, Q)
N(r,0;€"|7 +2) + N(r,0;£* — 1|7 +2)
n

N(r,0; [ [(AZE)" |7+ 2) + 2N (r, 0;£"|r + 1)

i=1

IN + IN +

_|_

n
+ 2N(r,0;8* = 1|m + 1) + 2N(r, 0; [ [(AR&) |7 + 1) + S(r,€)
=1
+ N(r,0;¢"|T+2) + N(r,0;¢* — 1|7+ 2)
U
+ N(r 0 JT(AZO 7 +2) + N (r,0;¢" | + 1)

i=1

+ N 0:¢ =1 + 1)+ N(r,0; ] [(ARQ)M |7 +1) + S(r,¢)

.

~ ="

(=837 4+4)+3X+3p)T(r,&) + (=27 +3) + 2X + 2p)T(1,¢)
+ S(r&+S(rQ). (3.7)

IN

1
L

Similarly we can show that,
1

1
+(z(27+3)+2)\+2p)T(r,§)+S(r,§). (3.8)
Combining (3.7) and (3.8) we have, [n— (£ (57+7)+4X+4p)|(T(r,£)+T(r,¢)) <
S(r,€) + S(r,¢), which is contradiction as n > L(57 +7) + 4\ + 4p.

Case 2. =0,
Now integrating twice we find, ﬁ = % + V', where U(# 0) and V are two
complex constants. Which implies that,
V+1)F+U-V-1)

VF+(U-YV) ’

G= (3.9)



Distribution of values of difference operators concerning weakly weighted sharing 555

and

(V-U)G+U-V-1)
VG- (V-1) '

Now we discuss following subcases:

Subcase 2.1. Let V # 0, —1. We obtain from (3.9), N(r, :t1;G) = N(r, co; F).

Using 2"¢ part of Lemma 2.2 on SFT we have,

F= (3.10)

V+1

N(T’, 05 g) + N(T’, 0; g) + N(n T7 g) + S(Tv g)

N(r,00;G) + N(r,0;G) + N(r,00; F) + S(r,G)

N(r,0;¢"r + 1)+ N(r,0;¢* = 17 + 1)
n

N(r,0; JJ(ARO) |7+ 1) + S(r,€) + S(r,0),

i=1

T(r,9)

IN

ININA

_|_

hence,
1
(04 A4 DT(O) < (Hr 1) 4 A4 T O + S+ S0 (31D
We assume that U —V —1 # 0, then follows from (3.13) that N (r, =5E5=2; F) =
N(r,0;G). From Nevanlinna’s SFT we have,

~-U+V -1
Viﬂ,}')—l—S(r,}')
N(r,00; F) + N(r,0; F) + N(r,0;G) + S(r, F)
N(T,0;€n|T—|—1)+N(T’,O;§>‘—1|7’+1)

n
N(r,0; J[(AZE) |7+ 1) + S(r,€) + N(r,0;¢" |7 + 1)

=1

T(r,F) N(r,00;F) + N(r,0; F) + N(r,

ININIA

+

n
+ N(T,O;C)‘ — 17+ 1)+ N(r,0; H(Af)()’“

=1

T+ 1)+5(r,0),

hence,
1

(+A+p)T(r, &) < (D (T+1)+A+p)(T(r, ) +T(r, () +5(r,€) +5(r, €). (3.12)

Combining (3.11) and (3.12), we deduce that, (n + XA + p)(T(r,&) + T(r,¢)) <
G+ D)+ A+ p)T(r,) +2(5 (7 +1) + A+ p)T(r,0) + S(r,) + S(r,¢), which
implies a contradiction. Therefore we assume U — V — 1 = 0, then it follows

from (3.9) that, N(r, 3*; F) = N(r,00;G). Using Nevanlinna’s SFT we have,

T(r,F) N(r,oo;}")+N(r,0;f)+N(r,_71;]:)+5(7’,}')

N(r,00; F) + N(r,0; F) + N(r,00;G) + S(r, F) + S(r,G)
N(r,0;" |7+ 1) +N(r,0;§)‘ —1r+1)

ININ IA



556 Abhijit Shaw

n

+ N(r0; ] Jazom

i=1

T4+ 1)+ S(r&) + S(r, ),

hence,

1
(n+A+p)T(rE) < (ST +1)+A+p)T(r,€)

+ 5,8 +S(r,0). (3.13)
Combining (3.11) and (3.13) we deduce that, (n + X + p)(T(r, &) + T(r,()) <
(L(T+1)+ X +p) (T(r, )+T(r,())+S(r, £)+5(r, ¢), which implies a contradiction
Subcase 2.2. V = —1.We obtain from (3.9) and (3.10) that, G = U+1 — and F =
WHGZY £ U + 1 # 0, then, N(r,U + 1;F) = N(r,00;G) and N(r, ;57:6) =
(r,O,]—'). Now following the same argument as Subcase 2.1., we arrive at
a contradiction. Therefore U + 1 = 0 and it implies that G = 1. Hence,

UG = a?(2),

n

H £)Hi] (T) C 1 ﬁ )H) (1) —aQ(z)
i=1

=1

7
= [E-DETT L+ ) [JanorO x
=1

n
(¢ -1+ A2+ L+ D AR = a?(2).  (3.14)
i=1

From (3.14) we deduce that, N(r,0;&) = S(r,§) = N(r,1;§), then, 6(0,§) =1 =
0(1,&) = d(00,&). Hence, Za:o,1,oo d(a, &) = 3, which contradict the inequality
(1.1).
Subcase 2.3. V = 0. We obtain from (3.9) and (3.10) that, G = ZXI=2 and F =
UG+1-U.IfU—-1#0, then, N(r,1-U; F) = (rOQ)andN( U=L0) =
N(r,0; F). Now following the same argument as Subcase 2.1. we arrive at a
contradiction. Therefore U — 1 = 0 and it implies that F = G. Hence,
[€"(e* = D ITZ, (AR€)])T = [¢™(¢* = 1) [T}, (AR,
Integrating, we find,
(€& = D TT (AR = [¢"(¢* = DT, (ARO)M]T™Y 4 ¢y, where
¢r—1 is complex constant. If ¢,_1 # 0, then using Lemma 2.9, we find that
n < 2(7 4+ 1) + A + p which is contradiction as n > 2(7 +2) + A + p. Then
¢-—1 = 0. Proceeding the process upto 7-times we find that,
n n

& =@z = -nJ@anom. (3.15)

i=1 i=1
We assume that £ = k(¢ and if x is complex constant and x # 1, then AP¢
kAP (. Hence from (3.15), we deduce that, (k¢)"((k¢)* — 1)k? [[}_, (ABQ)H =

ntp_q

¢S = DITL (AR = ¢ = sty
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Since, ¢ is entire function, then zeros of K"*? —1 = 0 and k"t — 1 = 0 are
coincided. But it is impossible as n > 2(7 +2) + A+ p. Then x = 1. Hence,
£(2) = ((2).

Again if k be a variable, then, AP¢ = APg(. Hence from (3.15), we de-
duce that, (¢)"((kQ)* — 1) [T, (ALsC)" = ¢"(¢* = DI (AR = ¢t =

n+A n AP i T AP C)Hi .
G 1'[1_"[:(1 é 5:2;2_ 1;[:&22)(3 . This complete the proof of the theorem. O

Theorem 3.2. Let £(z) and ((z) be two transcendental entire functions of finite
order and multiplicity of zeros of £(z) and ((2) is atleast ¢. Let a(z)(# 0) be a
small function with respect to £(z) and ((z) and let w € C\ {0}, ¢, u; € Z where
i=12,...,n andn, A(> 1), 7(> 0) p, n € NU{0} and APE £ 0, AP( £ 0.
Let [67(€ — D T, (AZEY ™ and [C"(C — D [T (AR share w(a, T),
then, for one of following condition,

()T >2,

() A<T+2andn>2(1+2)+ A+ p;

(b)A>7+2andn > 2(1+2) 427 — A+ p+4;

(ii) T = 1,

(a) A< 741 andn > $(1(57 +9) + 3\ + 3p);
(b)A=7+2andn>(2(57+9)+ 2 +7+3p+1);
(c)A>7+2andn > 3(1(574+9)+57 —2A+3p+9);
(iii) T = 0,
(a) A< 7+1andn > L(57+7) + 41+ 4p;
(b)A=7+2andn>L(57+7)+ A+ 37 +4p+3;

i

(c)AN>7+2andn > (b7 +7)+57 = A+4p+T;

either, £(z) = K((z), where k is a constant and KX = 1, where x = GCD{\ +
n+pA+n+p—1,., A +n+p—i,..,n+p}; or

&(z) = k((2), where k is a variable, then & and ( satisfy the algebraic equa-
tion R(£,¢) = 0, where, R(¢1,¢2) = o7 (¢1 — DM, (ARG — @5 (da —
DM, (AL g2) .

Proof. Let us assume that F; = £"(¢ — D) [[]_(AR&M and G = ("(¢ —
() ()
DATL, (APC)H, and F = %z) and G = % Then F and G are transcendental

mero-morphic function that share w(1,T"), except the zeros and poles of «(z).
From Lemma 2.2 and Lemma 2.7,

N(r,0; F|2) < N(r,0; F\7|2) + S(r,€)

<T(r, F7) = (n+ A+ p)T(r,€) + N(r,0; Fi|7 +2) + S(r, €)
<T(r,F)—(n+A+p)T(r,&) + N(r,0; F1|T + 2) + S(r,£),

hence,

(n+X+p)T(r, &) <T(r,F)+ N(r,0; F1|T +2) — N(r,0; F|2) + S(r,&). (3.16)
Again from Lemma 2.2, we have,

N(r,0;F|2) < N(r,0;F72)+ 5(r,€)
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< N(r,0; Fi|t +2) 4+ S(r, ). (3.17)
Let us consider, Q = (;E?; — 2]_%—,(?) - (gﬁ; - zggilf ).

Case 1. Q #0,
Since F and G share w(1,T'), we discuss all the cases of Lemma 2.3,
Subcase 1.1. T' > 2. Then from (3.16) and (3.17), we deduce that,

(n+ A+ p)T(r,€) < N(r,0;F|2) + N(r,00; F|2) + N(r,0;G|2)
+ N(r,00;G|2) + 8(r,§) + 5(r, )
<

N0 Filr +2) + N 0iGilr +2) + S(€) + 5,0, (318)
Subsubease 1.1.1. A < 7+ 2. Then from (3.18), we deduce that,
(n+ A+ p)T(r,&) < (%(T +2) + A+ p)(T(r, &) +T(r,Q))
+ S(r,§) +S(r, Q). (3.19)

Similarly we can show that,

(424 T, Q) < (3 (742) 4+ A p)(T(r, )+ T(r, ) + (1, )+ (1, ). (3:20)
Combining (3.19) and (3.20) we have, [n— (2(7+2) + A+ p)|(T(r, &) +T(r,¢)) <
S(r, &) + S(r,¢), which is contradiction as n > 2(7 4+ 2) + A + p.

Subcase 1.1.2. A > 7 4+ 2. Then from (3.13), we deduce that,
(A A+ AT0,E) < C(r+2) 47+ 2+ )T +T(r, Q)
+ S8+ 5(r, Q). (3.21)

Similarly we can show that,

1
(A A+)T(1,Q) < (- (424724 p) (T(r, 4T (r, )5, ) +5(r, ). (3:22)
Combining (3.21) and (3.22) we have,
2
[ = (S +2) + 27 = A+ p + )T (r, §) + T(r, Q) + 5(r,€) + 5(r, 0),

which is contradiction as n > 2(7 +2) +27 — A+ p + 4.
Subcase 1.2. I' = 1. From (¢4) of Lemma 2.3 and inequalities (3.16), (3.17) and
Lemma 2.4,

(n+ A+ p)T(r,§) < N(r,0; F|2) + N(r,00; F[2) + N(r,0;G|2)

N(r,00;G12) + N(r, 1; FIL) + S(r,€) + S(r, )

1
< N0 AT +2) + N(r,0,Gi|T +2) + S N(r, 0 Al + 1)

+ S8+ S8(r,Q), (3.23)
Subsubcase 1.2.1. A < 7+ 1. Then from (3.23), we deduce that,

(Mt A+ PT(E) < (B +5) + 30+ 39)T(r,) + 5(r,€)
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b CEH A AT+ 50,0, (324
Similarly we can show that,
(n+ A4 p)T(r, ) < %(%(37 +5) 4 3\ + 39)T(r,C) + S(r, C)
+ (%(T +2)+ A+ p)T(r, &) + S(r, ). (3.25)

Combining (3.28) and (3.29) we have, [n — 3((57 + 9) + 3\ + 3p)|(T'(r, &) +
T(r,¢)) < S(r, &)+ S(r,¢), which is contradiction as n > 2(1(574+9) +3X+3p).
Subsubcase 1.2.2. A = 7+ 2. Then from (3.23), we deduce that,

M+ A+p)T(r§) < %(%(37‘4—5) +2X+ 74+ 3p+1)T(r,§)

+(%(T +2)+ A+ p)T(r,¢) + S(r,&) + S(r, (). (3.26)
Similarly we can show that,

(n+ A+ p)T(r, ) < %(%(37 15) 4 20+ 7+ 30+ DT(r,C)

+ A2+ A+ 9)T0,6) + S(r,0) + S(,6). (3.27)

L
Combining (3.26) and (3.27) we have, [n— (2 (57+9)+2A+7+3p+1)|(T'(r, &) +
T(r,¢)) < S(r, &)+ S(r,¢), which is contradiction as n > $(1(57+9) +2A+ 7+
3p+1).
Subcase 1.2.3. A > 7+ 2. Then from (3.23), we deduce that,
1
v

(n+AX+pT(r,¢) < (31 +5)+37+54+3p)T(r,&) +S(r,§)

+ (%(T +2)+74+24p)T(r, () + S(r,¢). (3.28)
Similarly we can show that,
(F A4 AT Q) < (5 (Br+5) + 37454 39)T(1,C) +5(r,C)
+ (1(7'4—2) +7+2+p)T(r,€) + S(r,€) (3.29)

L
Combining (3.28) and (3.29) we have, [n— 3 (1(5749)+57—2A4+3p+9)](T'(r, &)+
T(r,¢)) < S(r,&) + S(r,¢), which is contradiction as n > 1(2(57 + 9) + 57 —
22 +3p+9).
Subcase 1.3. T' = 0. From (4¢4) of Lemma 2.3 and inequalities (3.16), (3.17) and
Lemma 2.5, we have,
(n+ A+ p)T(r,§) < N(r,0; F|2) + N(r,00; F[2) + N(r,0;G|2)
+ N(r,00:G2) +2N(r, 1, FIL) + N(r, 1;G|L) + S(r, &) + 5(r, Q)
< N(@r,0; Fi|t +2) + N(r,0; G1|7 + 2) + 2N (r,0; F1|7 + 1)
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+ N0 G+ 1)+ 5(r, &) + S(r, Q). (3.30)
Subsubease 1.3.1. A < 7+ 1. Then from (3.30), we deduce that,
1
(n+ A+ O)T(1,€) < (37 +4) + 3\ + 3p)T(r, ) + S(r,€)

+ (%(27 +3)+ 22 + 20)T(r, €) + S(r, O). (3.31)
Similarly we can show that,
(0 A+ )T, ) < (5 (37 +4) 43X+ 3p)T(1,C) + 5(r,0)

1
+ (7(27 +3)+2X+2p)T(r, &) + S(r,&). (3.32)
Combining (3.31) and (3.32) we have, [n— (2 (57+7)+4A+4p)|(T(r, £)+T(r,¢)) <
S(r, &) + S(r,¢), which is contradiction as n > (1(57 +7) + 4 + 4p).
Subsubcase 1.3.2. A = 7+ 2. Then from (3.30), we deduce that,
1
(n+ At AT E) < (H(37 +4) + A +27 + 39+ 2)T(r.8)

1
+(GETEB)HAETH 20+ DT(,0) + S, + S0, (3.3
Similarly we can show that,
1
(n+ X+ p)T(r,¢) < (2(37 +4) + A+ 27+ 3p+2)T(r,C)

1
+ (2(27 +3)+ A+ 74+ 204+1)T(r,8) +S(r, () + S(r,&). (3.34)
Combining (3.33) and (3.34) we have, [n— (1 (574 7)+A+37+4p+3)|(T(r, &) +
T(r,¢)) < S(r,£)+5(r,¢), which is contradiction as n > 1 (57+7)+A+37+4p+3.
Subcase 1.3.2. A > 74 2. Then from (3.30), we deduce that,
1
(n+A+p)T(r¢) < (2(37' +4)+37+443p)T(r,&) + S(r,§)

+ (%(27’4—3)+27+3+2p)T(r,C)+S(r,C). (3.35)

Similarly we can show that,
1
(n+X+p)T(r,¢) < (2(37' +4)+37+4+3p)T(r, )+ S(r,¢)

+ (%(27 +3) 427 434+ 20)T(r,€) + S(r, ). (3.36)

Combining (3.35) and (3.36) we have, [n— (1 (574 7)+57 = A+4p+T7)|(T(r,§) +
T(r,¢)) < S(r,£)+5(r,¢), which is contradiction as n > 1 (57+7)+57—A+4p+T.
Case 2. =0,

Using same technic and proceeding similarly as Case 2. of Theorem 3.1, we
ultimately obtain, = G. Then,

[€(€ = DMTZ (AR = [¢™(¢ = DMTIL (AR,
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Integrating, we find,

[€(¢ = DML (AR = [C*(¢ = DMTZ (ARO™] T 4 e,

where ¢,_1 is complex constant. If ¢,_; # 0, then using Lemma 2.10, we find
that n < 2(7+1)+A+p, or, n < 2(7+1) 427+ p— A+2, which is contradiction
asn > 2(1+2)+ A+ p, or, n > 2(1 +2) + 27 + p — A + 4 accordingly. Then
¢r—1 = 0. Proceeding the process upto 7-times we find that,

(e H(A%)‘” = ("¢ - 1) H(Aﬁcw- (3.37)

We assume that, £ = k(¢ and if k is complex constant, then A? ¢ = kAP (. Hence
from (3.37), we deduce that,

(k¢)"™ (K¢ = DR TT (ARG = (¢ = DT, (ARG

= (M TIL (ALOM [ (" — 1) — (O (R — 1)

(=D ()T (AP —T) 4 (=1 (5" TP =1)] = 0. Since, (" [T}, (ARE)™ #
0. Then,

MM — 1) — (DO R 1) + L+

(=1 (D) (kAP — 1) + o+ (=DM w"™HP — 1) = 0, which implies that
kX =1, where x = GCD{A\+n+p,A+n+p—1,., A+n+p—i,..,n+p}. If g
a variable, then A?¢ = AP k(. Then from (3.37) we say that ¢ and ¢ satisfy the
algebraic equation R(¢,¢) = 0, where, R(¢1, ¢p2) = ¢7 (1 — 1)A [T, (AP ¢y )1 —
o5 (p2 — DM TTL, (AP¢2)"i. Hence the theorem. O

Corollary 3.3. If we replace product of difference operators [[}_, (AL&)H by
T (AP ©)H where w; € C\ {0}, then we can find same results for each of two
theorems.

Remark 3.1. If A = 1, then theorem 3.1 and theorem 3.2 will be equivalent
with each other.

Remark 3.2. In both of theorem 3.1 and theorem 3.2, value of n will be con-
tinuously decreasing for increasing value of «.

4. Open Problems

We can pose following problems from our results,
1. Can n be further reduced in theorem 3.1 and theorem 3.27
2. Is it possible to replace the transcendental entire functions in theorem 3.1
and theorem 3.2 by transcendental mero-morphic functions?
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