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CONVERGENCE OF A GENERALIZED BELIEF
PROPAGATION ALGORITHM FOR BIOLOGICAL
NETWORKS'
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ABSTRACT. A factor graph and belief propagation can be used for finding
stochastic values of link weights in biological networks. However it is not
easy to follow the process of use and so we presented the process with a
toy network of three nodes in our prior work. We extend this work more
generally and present numerical example for a network of 100 nodes..
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1. Introduction

It is imporant to understand the dynamics of interactions of genes or proteins
in biological systems ([1]). The dynamics can be described by mathematical
models such as differential equation model and Boolean model ([2], [3]). The
models have played an important role in this area. However it is not easy to
determine parameters in the models ([4]).

The authors of the papers [5] and [6] provided a framework to find parameters
in differential equation model by using experimental data, where the parame-
ters are the weights of links in a prior knowledge network(PKN) described by
system of ordinary differential equations. They consider each weight a discrete
random variable and find its probability mass function(PMF) by using a ‘belief
propagation(BP) algorithm’ on a factor graph ([7], [8], [9], [10], [11], [12]).

Given PKN and experimental data, a stochastic network can be obtained
by application of this algorithm. However it is difficult to follow each step in
the algorithm and the convergence of iterative schemes in the algorithm was
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not shown. So, we explained the steps with a toy network of three nodes and
presented a sufficient condition for the convergence in [13].

In this paper, we extend our results in [13] for networks without restriction on
the number of nodes and present a new sufficient condition for the convergence
of the general network based on a Banach fixed-point theorem ([14]). Numerical
examples are given to illustrate the convergence and application of a network of
100 nodes.

2. Preliminaries

We consider a network which has measured nodes z; (1 <14 < M) and drug
nodes z; (M +1 < j < N), where x; has outgoing link w;; to z; and no incom-
ing link to any node. Each measured node has an outgoing link to each other
measured node and incoming links from each other nodes. Two treatments are
assumed to be given to the network, which are called the 1% and 2" perturba-
tions. Symbols z¥ (1 < i < N, v = 1,2) denote log, (xf’after/xf’beﬁ’re), where

bef ft .
z;" and """ are the concentrations of z; at steady state before and af-

ter the v perturbation, respectively. The dynamics of the given situation is
modeled as in [13] and steady state value x;"° of z; ,, becomes

N v .
Vs = ¢ (Zj:l,j;ﬁi wz‘,jﬂfj) (1<i< M)
G (M+1<i<N)

K3

; (1)

where ¢(z) = tanh(z) and w; ; is a discrete random variable with PMF
Plwj=w) (1<i<M,1<j<N,i#j),we{-1,01}. (2)
To find an approximation of the PMF is our goal using a factor graph and BP.

3. System of equations for marginal PMF's

A large and low cost between simulated and experimental values can be related
to low and high probabilities of models, respectively ([5]). So, the joint PMF of
all weights W is defined as follows.

1
P(W)= — exXP (—Cost) (3)
and the cost function is defined by
N 2 M N
Cost =B Y (a7 —af)? + 2> Y d(wiy), (4)
i=1v=1 i=1 j=1,ji
where Z, 5, A are the constants, 6(w; ;) is a penalty function such that d(w; ; =
0) =0 and §(w; ; = £1) = 1. Substituting (1) into (4) gives
2

M 2 N M N
Cost = BZZ d)( Z wmm})) —SL‘;) +/\Z Z 5(11)1'7]'). (5)

i=1v=1 j=1,j#i i=1j=1,j#i
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Substituting (5) into (3) gives a factorization of P(W') with probabilities:

2 _
2 N
1 M [ =8> {QS( > wljx;J) %U}
Ppw) = — OXP Z U:]1v J=1,57#i
LA X d(wiy)

Il
.zz
g

S

where W« denotes weight incoming to z; and Z = Hf\il Z;. Since each PMF
in (2) can be calculated as the marginal PMF of P (W;+), we calculate PMF
P (w1,2) instead of P (w ;):

P('LULQ) = Z P(Wl*) = 22 P (Wl*)

{Wis}—{wi 2}
2 6
Z -X 225 ) 13[ fﬁ{zz:(iwlﬂ;),mf} (6)
PR e J= e 1= .

It is not efficient to calculate the exact marginal in (6) for large N. So a factor
graph and BP are used for inferring approximate the marginal. From now on,
we explain the complicate multi-step process in [5] in the following three steps.

Step 1. Introduction of a factor graph and BP.
Using the factorization in (6), the factor nodes Fy (v = 1,2) are defined as

2

N
FY (Wi) =exp | =Bq 6 | D _wijay | —af (7)
and then (6) becomes

(w1,2) Z1 Z e 7:2 I_IF1 (W1,

which gives the factor graph of N—1 variable nodes (w1,2,...,w1,n) and two
factor nodes (F}, FZ). Following BP on the factor graph, the message PY (w1 )
from the variable node wy 2 to the factor node Fy'(W;~) is defined as

IU1J

2
PV (wy9) = —e M2 T p# (wi2), (8)
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where Z7', is the normalization constant of the probability Pv (w1,2) and the
message p¥(wq,2) from FY (Wi-) to w2 is defined as

N
P (w1,2) :Zz {Ff (W) [T P (wl,k)} ; 9)

k=3

where symbol ), is defined in (6). Using BP, the marginal PMF P (w; 2) can
be approximated as

1

2
—>\6(w1,2) v 10
72’ 1T r" (wi2), (10)

v=1

P ('LULQ) =

where Z; 5 is the normalization constant of P (w;,2). By the definitions (8) and
(9), the message PY(w;,2) corresponds to an approximation of P(wj 2) depending
on the v'" perturbation and p¥(w; ) corresponds to a factor of PV(wj o).

Step 2. Approximation of the summation (9).

The process of the approximation used in [5] can be divided into two parts:
the first is to change multiple summations into a single summation with a new
random variable and the second is to change the summation into an integral.

Part A. Note that p* in (9) is a function of w 2. Therefore all random variables
in FY (w1+) in (9) can be divided into two type of random variables: one is w1 2
and the other is

N
sVo= Y wiexy, (11)
41,2

which is a linear combination of random variables w; ¢. Then Fy (Wi-) in (7)
can be written as

2
Fy (511},2a w1,2) = exp [_ﬂ{‘? (311},2 + wlﬂxg) - xilj} } ) (12)
which is a function of random variables s} , and w; 2. Substituting (12) into (9)
gives
P’ (w12) = 22 FY(stgwia) [ PY(wie)p. (13)
L<C<N, (2
For some positive integer m, letting

Y Unext

1<ESN, £#2

1§k§m},

wl»f € {_17071}71 <§§N7§7é2 = {5?,2,/?7
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the message p¥ in (13) becomes

m
w12 E E F1 Slj7w1,j H pPY wl/

k=1 w1, e=wW1,¢ (2<£<N) 2<t<N
such that S £Tg =875 1,
2<E<XN
i (14)
=Y Y (870 wi2) { > II 7 (wl,e)}
k=1 wie=t1¢ (2<€<N) 2<U<N
such that S 1 £Tg =875 1,
2<EXN

Since

m

> | [T P

k=1 wi,e=w1e (2 <§<N) 2<t<N

such that 37 1 ¢x¢=587 1
2<EXN
> I Prwo= TI (2P =1,
Wie  2<f<N 2<0<N | wi e
(2<€<N)

the following can be a PMF of 572 for1<k<m

PU(512—512k): Z H P (w1,0).

wy ¢=tb1 ¢ (2<E<N) 2<U<N (15)
such that 7 1 ¢x¢=587 4
2<ESN
Substituting (15) into (14) gives
w12 ZFl 81 2,1111 2) PSU (511)72) . (16)

57,2

Part B. The single summation (16) can be changed into an integral in this
part. Note that s7, defined in (11) is a sum of random variables w;¢ (2 <
& < N), which are assumed to be independent. Even though wi ¢ are not
identically distributed, Braunstein et al. [5] invoked the central limit theorem to
approximate the PMF of s{, as a Gaussian with reference to [16], where there
was no explicit justification for the application of this theorem. Since sums of
independent random variables converge in distribution to the standard normal as
long as some condition (e.g., the Lindeberg Condition [17]) is satisfied, we think
that such a condition might be implicitly assumed in [5]. So the approximate
PMF of 57, becomes

PY (s” ) _ ex —7(811)’2 _ @)2 (17)
s 12 = Ay, O 2A7, ’
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where sV, and AY, are average and variance of s¥,, respectively:
1,2 1,2 1,2)

N
E( 512 = Z wyexy | = Z E (wy,0) x;

(#£1,2 (#£1,2

Z {ZwPU (w1, :w)}gc}’7 (18)

L#£1,2 w

v
51,2

N N
Aif,z =V (311),2) =V Z w1 Ty Z V (wi,0)

£#£1,2 £#1,2
N
= Z {E (wlygg) {E ’w1¢ }
£#£1,2

¢ {E}
| {fger -l |

Then the sum over configurations {wq |2 < ¢ < N} in (16) is approximated
with a Gaussian integration as follows:

o) B (s wnz) P (s75) dst (20)

— 00

)2, (19)

Step 3. Approximation of the improper integral (20).

To approximate the improper integral (20), the error ¢ (371’72 + wuxg) —z¥
in (12) is linearized in s{, with respect to the maximization of the fitness in
(12). Note that the equality

¢ (sV o+ wigah) —af =0
can be written as
¢ (@) — w1278 — 57, =0

under the assumption that
the experimental data z7 is contained in the codomain of ¢. (21)
Then error ¢ (811”2 + wmxg) — 2 in (12) is approximated by
¢ (@) — w1 2wy — 87 o,
which gives

FY (79, w1,2) = exp [—,8{(;5 (sV o+ wioxy) — mf}ﬂ

[ 5{¢ (z7 —w12x2—512}]
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By (17) and (22), the improper integral (20) becomes

o0
P (wn) / FY (59 5,w12) P (s15) ds?

— 00

~
~

— v v v 2
oo €xXp [*5{‘15 1(331) — W1,2%y — 51,2} ]
/ 1 e _4(511}-,275/1”,2)2 dsyz
e A /2TFA71/,2 b 247 5
1w o =512
_ 1 exp 75{¢ Yay) — W1,2%9 *51,2}
(1+2847,)" 1+ 2647,

where the last equality is obtained by both the identity

(572 —57)°

_ —1 vy _ v LU 2_
5{¢ (z7) — w1275 51,2} 2A11’72
2
v v ?—Fﬁ gi)*l(mf)—wl) s 2A§’)
L (1+26475) [51,2— el TRAT, ) 2]
2 AY,
1/ v 512
—5{¢ 1(%) — W29 — 511},2}
1+2BA§’72

and the property that the integral of a PDF over its domain is equal to 1.
Therefore P(w;,2 = w) in (10) can be obtained by solving the system of equations

—2
1 {¢7!(2}) —wa§ —s7,}
pl(wiz=w) = —————oexp|—f3 : ,(23)
(1+25Ai2>1/2 1+26A11)’2
1 = —v
PP (wip=w) = e 2= (w5 = w), (24)
1,2

where s{, and A, are in (18) and (19) with v = 1,2 and w = —1,0, 1.

Remark 3.1. Similarly, approximate marginal PMF P(w; ;) can be obtained
as follows.

2
1 s,
P(wi;) = ——e A8(ws.s) HPU (wi5),
©J v=1
— 2
. 1 {o71(=}) — wiyaf — 575}
p? (wij) = exp | —f3 L

(1+2887 )7 1426y, |

1 — Wi, 4 —v
P (wig) = e M0 (),
3
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where Z;'; is the normalization constant of probability P (w; ;) and equations
(18), (19) give

N
i = Zé#ij {Zw WP (wi e = w)} g
N ef/\ v w Y
- Zé;éi,j Z7, (=" (=) + 7 (D)} af, (25)

s = B (o) - (5 o)
S [P+ P )~ (P (1) £ P (Y] )

G R () S
~S A= D)+ (D))

LF£i,5

Ne
D 7

#ig bl

(a})”. (26)

o~

4. Iteration method for marginal PMF's

In this section, we present iterative schemes for solving the equations (23),
(24) and show a sufficient condition for the convergence of the schemes.

4.1. Tterative schemes for solving the system of equations.

We construct sequences {pf 5, (w)} and {P{’;,,(w)} using (23) and (24), which
limits satisfy (23) and (24). So the limit of {p 5 ,, (w)} becomes value p* (w1 2 = w),
leading to the construction of approximate P(w; 2) in (10). Assume that

initial terms py, o (w) are given as positive numbers (27)

and initial terms of { Py, ,, (w)} are defined as
v 1 —Xé(w —
P17270(w) = 2“76 Ad( )Pifo (w), (28)
1,2,0

where Z7,  is the normalization constant. The first iterations p{,; (w) and
PPy, (w) are defined similarly to (23) and (24). So, equation (18) gives the
definition of s7 ,  as follows.

. N ,
S0 = Z#LQ{—Pﬂz,o( )+ Pleo(1 (1)} xy

N e 3—v 3—v v
- Zé;él 2ZY44 {7'01,&0 (=1 + P1,0,0 (1)} Zy-

And equation (19) gives the definition of AY,

K ZN {Pf),e,o (=) + PPy, (1)}
1,20 — 2
A2 | P, ()4 PR (1))
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N IR (e G R wr1e):

2
v Y _ a0
i Ao | —g—{=nlih D+l ()}

T
1,£,0

(z})%.

So the 1% iteration is defined as

— 2
Pl (w) = ! exp | —f3 {(b_l(xi’) s T 811)’2’0}
1,2,1 - - v I
(152587 5) 152580 00
v 1 — w —v
P1,2,1 (w) = —5—e A8 )1011)),271 (w),

= v
21,2,1

where Z7,; is the normalization constant. Similarly the (n + 1)t iteration is
defined as

pwf,2,n+1 (’LU) = ¢’i2,w (P?Ef,n (_1) 7p?,_2}‘},n (1)) ’ (29)

1 — —v
Py (@) = e MWpr w) n20),  (30)
1,2,n+1

where Z7 5 ,, ;1 is the normalization constant. Here the function ®7 , ,, of pi’;i’m(—l)
and pi,Y (1) is defined as

1
Y o (P15 (1) 0157 (1) = ;
2w \PL2"n 1,27 m 72
(1 + 2BA11} 2 n)
N 2
- —v —v
xexp | —f T 25A1f,2_,n
and pi}i’_’n denotes (p?_gvn, I p‘I’_A}Jn) Therefore the schemes consist of (27)—

(31) under the assumption (21).

Remark 4.1. Note that sequence {p{,, (w)} in the recursive relation (29)
contains no Py ,(w). And similarly {p7; , (w)} and {Py; ,(w)} are defined.
In the next subsection, we present a sufficient condition for the convergence of
sequence {pf ; . (w)} without using {Py;  (w)} and, as a result, the limit of
{p7 j.n (w)} is used to define the message p (w1,; = w).

4.2. A sufficient condition for the convergence of the iterative schemes.
Replacing subscript (1,2) in (27)—(31) with (1, j) gives the iterative scheme for



524 Sang-Mok Choo and Young-Hee Kim

p¥ (wy; = w). Let X{™ be a vector in RN =6 (N > 2) defined by

1E’> X{(’Q) Xf(g’)f N
y X X

)

(n)  _ ,3N—51“*1,3N—4>“*1,3N—-3>
X3 =

) (n n)
1,3N— 2’X1,3N717X1,3N7 SR

05 o

(n) (n) n)
1,6N78’X1,6N777X1 6N —6
Pig,n (=1 ’p%,Q,n (0), Pl 2,n (1),

)
_ pl,N,n (71)3p%,Nn( )apang]')
(7

P;,z,n (*1)7/7% 2,n( ) /01277,(1
P1,Nn (_1)7p1,Nn() pan 1)

and ®; be a function from R®V—6 to RSN—6 defined by

Oy, P1o,  Pi3,---, iy 1, Plogs Plogr s
B, — $1,3N757$1,3N74; 21,3N—3, _ iiw,qa;’;w,miiw,u 7
1382, P1av—1, P3N, -, 12,1 PToo Plo1, s
D1 6v—58,P16n-7,P16N—6 q’%’Nﬁl, ‘D%N,o, q’%,z\m

where the subscript 1 of X; and ®; represents node x; and the definition of
@y 1, follows that of equation (31). For example, ®1, ; is defined as follows.

2
1 B{¢_1($%) —wry — 5%,2,)(}
exp | — )
1/2 1
(1+2581, %) L+ 20810x

‘I’%,Q,q (X) =

where s1 , x and A}J’X are defined by following equtions (25) and (26):

Y Y
e e
T _ 1 1
512X = 1 (—Xsn+1 + Xsn43) x5 + - o (—Xen—s + Xen—6) Ty,
1,3,X 1,N,X

e

Y
Alox = 7T {(X3N+1 + X3ny3) —
13X

2

Z17(7X3N+1+X3N+3)2 (z3)

13X

R
Zi nx

e~

2
T(_XGN—S + X6N—6)2} (zn),
L,N,X

{(XGN—S + Xon—6) —
where Z1 ; x is defined by following the definition of Zj ; ,, such as
Zisx =€ *Xani1+ Xanyz + € Xangs.
The (n + 1) iteration in (29) is written as
X = @, (X@) . (32)

We use Banach fixed-point theorem [14] for the convergence of the sequence (32)
to prove Theorem 4.4, which is our main result.
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Theorem 4.1. Let D be a closed subset of R™ for a positive integer m. If a
function U : D — D satisfies that for a constant k € (0,1) and all x,y in D

(%) = U(y)ll < kllx =y,

then there exists a unique fized point x* € D such that U(x*) = x*, which is the
limit of sequence x"t1) =¥ (x(")) for any x(©) € D.

Since each function ® j of ®; is defined by equation (31), the codomain of @4 4
is [0,1], we assume that the following lemma holds.

Lemma 4.2. Assume that experimental data are contained in the codomain of
¢. Then there exists a closed bounded domain D C R*N=C such that ®1 in (32)
becomes a function from domain D to codomain D.

Lemma 4.3. Assume that experimental data are contained in the codomain of
¢. Let D be in Lemma 4.2. Then for ®; defined in (32) and {X, Y} C D,

|®1(X) — @,(Y)| < M| X - Y],
where
_1 7
OAY ; x + max |=—— {¢ (21) —waj — Sllj*j’x}
X, XcDij |0X; 1+2BA7; x

Mg =

max
XCD,i,j

Proof. Using (31), we have that for {X,Y} C D
(I)l,l (X) - (I)l,l (Y) = (I)%,Q,—l (X) - q)%,Q,—l (Y)
= [(X)exp[g(X)] = f(Y)explg(Y)],  (33)

where functions f and g are defined as follows:

-1/2
FX) = (1+2881,%)
1(,1 1_ 1 2
x) B{¢ (21) —way — 51,2,x}
g - 1+ 26AT, « '
Due to the mean value theorem there exists a constant c in (0,1) such that
IF(X) = F(V) < V(L= o)X+ Y[ X =Y. (34)
Using the following property
‘ af(X) _ _lf(x)32ﬁ aA%,Q,X aA%,Z,X ’
0X3N+1 2 0X3N+1 0X3N+1
equation (34) becomes
X) - f(Y)] < Piax || x _y 35
f(X) = f(Y)] < 5)?&%?%87& X =Y]. (35)
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There exists a constant ¢ in (0,1) such that
lexp [g (X)] — exp [g (Y)]| < [Vexp[g((1 = )X + cY)][[|X =Y. (36)

Since 0 < exp[g(X)] < 1, we have

0
¢ X < |9 X
Doy Pl )]‘ < ‘8X3N+1g( )‘
—1(p1) ol T ?
< 3 o ﬁ{¢ (1) — way 5172,X}
- 0X3N+1 1+2B8A] 5 x

Then (36) becomes

1/,.1 11 2
b {¢_ (xl)_wx2_5172,x}

X)| - Y)|| < — X-Y|.
el ()] = explo(V)]| < | B e | oA — IX-v|
(37)
Substituting (35) and (37) into (33) gives
Pa 1
o
|q)171 (X) - @171 (Y)| < ﬂ P {qﬁfl(z%)—wz;—sizyx}z ||X - Y||7
+)£nc%§fi X; 112541,
which gives the desired result. O

Using Theorem 4.1, Lemmas 4.2 and 4.3, we can obtain our main result.

Theorem 4.4. Assume that the experimental data x% (v =1,2) are contained
in the codomain of ¢. Let D be in Lemma 4.2. Suppose that positive constants
B and X satisfy

8| max < 1.

a,
XCD,i,j

N2
& + max 9 {qb_l(sc?{) - way - Sqf’j’x}
0X; | xcpij|dX; 1+26A7 ;%

Then sequence XS”“’ =&, (Xﬁ")) converges for any Xgo) cD.

Remark 4.2. Using the limit p7 ; , of {p{ ;,, (w)}, we can obtain approximate
marginal PMFs

1

2
767)\5(101,]':’“1) H » P jw 2<j <N, w=-1,0,1).
Lj Ve

P(wl,j = w) =
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5. Numerical examples

In order to show the convergence of sequences {p7 ; , (w)} for N =100 and
2 < j < N, we randomly generate artificial data for z} (1 <i< N,v =1,2)in
the open interval (—1, 1), the codomain of ¢(z) = tanh(x), and so the condition
on the experimental data is satisfied.

We set (8,\) = (0.1, 1) and simulate the following system of equations

—2
1 {o7 (ay) —way =7}
Pl gt (W) = exp | —f3 L E
! (1+2847; )7 1+28AY;,
v N 67)\ 3—v 3—v v
S1,jmn = Zl;ﬂ,j zv, . {‘Pu,n (1) + P1en (1)} Ty,

. N [ o+ e}
Al = D o

2
G B | =gt (0 + ot}

ZVim = €t (=) 4 pi % (0) + e pil (1),

(a})?,

where the initial values pf ; o (w) are randomly generated in (0,1) and the other
initial values of Z7; , s ; ,, and Ay ;  are defined by replacing pY ; ,, (w) in the
definition of Z7; ., s7 ; , and AY ; | with p{ ; ; (w). The convergence is measured
by using the difference of the consecutive terms in each sequence {pY ;, (w)}.
Figure 1 shows that {p{ 5, (w)} and {pf 55 (w)} are very close, which implies

the convergence of {p{ 5, (w)}.

1 1 1 1 1 1
107 1] g 1 1p] 5 (00 5 1 (O 103 2.0 (D-p1 5 4 (DI

os 02 0.07
0.06
04
0.15 0.05
03 0.04
0.1
0.03
0.2 -
0.05 0.02
0.1
0.01
o — o - o
1 5 1 5 1 5
2 2 2 2 2 2
173 2,0 C105 2,04 1 1P3.2,n(0)-F7 2,04 (O 103 2,0 (1P 204 (DI
0.2 0.15 03
0.25
0.1s
0.1 02
0.1 * 0.15
-
0.05 0.1
0.05
0.06
o e * o - * o * -
1 5 5 1 5

1
The term’s order n in each sequence

FIGURE 1. Absolute values of {p7 5, (w)} —{p72,—1 (W)} (n =
1,2,3,4,5,w = —1,0,1) and the last value is 2.8365e-07.
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Figure 2 shows that {p7 ; 10 (w)} and {p7 ; o (W)} (2 < j < N) are very close,
which implies the convergence of {pf ; ,, (w)}.

10-12
°r T - + S
+
r *+ 16y 10C1r0] oI H
! -y P10 P g
' N + 1 1
K . + o ©1P1;100Fpy 0O H
. i e
N 1 1
L . !
i ' , + e+ T 17151001 P10
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FIGURE 2. Absolute values of {p7 ;1o (w)} — {p{ ;o (w)} (2 <
j <100,w = —1,0,1) and the last value is 6.7597e-12.

In order to show the application of PMF P (w; ; = w) we consider node z;
an activation node to z; if P(wy; =1) > P(wi; = —1). Similarly, a node
x; an inhibition node to x; if P(w;; =1) < P(w1; = —1). As in Figure 3,
nodes x5 and x99 are activation and inhibition nodes to x1, respectively, where
the height of each line at z; denotes its probability. Even if the heights are
similar, we can select top 10 activation and inhibition nodes to xz; among 99
nodes z;(2 < j < N).
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i

Activation c:f)(1 by x.

i
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T
|

1 1 |
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FIGURE 3. Activation and inhibition nodes z; (2 < j < 100)
to 1. Node z2 is an activation node to z; and the height of
line from zo denotes probability P (wi,2 = 1). Node zgg is an
inhibition node to z; and the height of line from x99 denotes
P(’U.)ng = —1)

6. Conclusions

In this paper we extend our results in [13] to a network of N nodes. We
present the process to define approximate PMFs of link weights in the network
based on BP on the factor graph, where the PMFs can be calculated by solving
system of equations. However the system cannot be solved analytically. To
find the solution of the system we construct sequences of which limits are the
solution and find a sufficient condition for the convergence of the sequences. The
construction of the sequences is more general than that in our prior work. We
show the convergence numerically and an application of the PMFs.
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