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NEIGHBORHOOD PROPERTIES FOR CERTAIN p—VALENT
ANALYTIC FUNCTIONS ASSOCIATED WITH ¢ — p—VALENT
BERNARDI INTEGRAL OPERATOR OF COMPLEX ORDER

I. ALDAWISH, M.K. AOUF, T.M. SEOUDY AND B.A. FRASIN*

ABSTRACT. In this paper, we introduce and investigate two new subclasses
of p-valent analytic functions of complex order defined by using g-p-valent
Bernardi integral operator. Also we obtain coefficient estimates and conse-
quent inclusion relationships involving the (g, m, §)-neighborhoods of these
subclasses.
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1. Introduction

Let A (p, m) denote the class of analytic functions of the form:

flw)=uw? + Z ap Wb (pmeN= {1,2,..}), (1)
k=p+m

which are p-valent in the open unit disc U = {w € C: |w| < 1}. We note that
A(p,1) = A(p), A(1,m) = A(m) and A(1,1) = A. Also, let T (p,m) denote
the subclass of A (p, m) consisting of analytic and p-valent functions which can
expressed in the form:

oo

flw) =w? — Z ar w*  (ax >0;p,m€N), (2)
k=p+m

with T (p,1) =T (p), T(1,m) =T (m) and T (1,1) = T.
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For f € A(p,m) given by (1) and 0 < ¢ < 1, the g—derivative of f (w) is
given by (see [1],[9],[10],[12],[15], [16],[18], [19],[20],[29],[35],[36] and [38])

f(w)—f(qw)
Dpaf @)= fse  Jor@ 7 3)
f(0) for w=0,
provided that f’(0) exists. From (1) and (3), we deduce that
Dyof (W) = [pl, " + Z o W (4)
k=p+m
where
P A k=1 70], = 0,0 1 5
Hq—liq— +q+..+¢"7,[0,=00<g<1 (5)
We note that
f(w) = f(qw)

A Dpaf(w) = lim =70

= f'(w)

for a function f which is differentiable in a given subset of C. Further, for
p =1, we have Dy ,f(w) = D, f(w) (see [33] and [34]). The g—Jackson definite
integral of the function f (w) is defined by

/wa(t)dqt—w(l—q)Zq’“f(wq’“), weC, (6)
k=0

provided that the series converges (see [18] and [19]). For a function f given by
(1), we observe that

pr > ap Wkt
| e by e
b, " 2 o,
and )
“ wPT Oo a wk
li t)d,t =
4= 0 S0, p—|—1+ heprim k+1 / U

where [ f (t) dt is the ordinary integral.

We use the g—Jackson definite integral of the function f(w) € A(p,m) to
define the ¢ — p—valent Bernardi integral operator F), , 4 in the following defini-
tion.

Definition 1.1. Let v be a real number such that v > —p(p € N). The ¢ —
p—valent Bernardi integral operator F), , , is defined by

v+pl, (<,
Fopa@) = =0 [0 0d > pif @) € Apm). ()
For a function f given by (1), we have

> v+l
Fopg@)=w?+ ) v+ k]q '
k=p+m
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We note that:

(1) limgs1- F, pq (w) = F,p (w) (v > —p), where F,, (w) is the p—valent
Bernardi integral operator (see [31], [32] and [8]);
(2) Fuaq W) =Fyq(w) (see [24]);
(3) limy1— F, 1,4 (w) =F, (w) (v > —1) (see [13] and [21]).
By using the operator F),, , (w) we define the class Sy, (v,p, ¢, A, 7, 8) as fol-
lows.

Definition 1.2. Let f € T (p,m). Then we say that f € S, (v,p,q, A\, 7, B) if
it satisfies the following inequality:

‘1 {(1 —ANwDp g (Fupq W) + AwDyp g (WDpq (Fup,q (W))) iv] ]
gl (L=A) Fupg (W) + AwDyp g (Fypg (w)) ?

<B (9

(v>-pyeC" =C\{0};p,meN;0<g<1;0<A<1;0<8<1).

)

We note that:
(1) limqﬁlf Sm (Z/ap7Qa )‘7’7aﬂ) = S’m (V7p7 )\7776>

WF) , (W) + )\wQFl’,fp (w) .
(I1-NF,,w)+ AF) (w)

Sm (v,p, N7, B) = {f €T (p,m): %

(V>—p;7€C*;p7m€N; 0<A<L0<B<1);

(2) S (v, 1,4, A,7,8) = Sm (v,0, A, 7, B)
Sm (Vs g, A7, B)
_ (1 =N wDy (Fyq (W) + AwDy (wDy (Fyq (w)))
B {fET ‘ { (1 =) Fyq (W) +AwDy (Fy g (w)) _1” <B}

v>-17eC'meN;0<g<; 0<A<L; 0<B<1);
(3) liInq—)l— Sm (Vala%)‘v’%ﬁ) =S, (Va)\v%ﬁ)

Sur = {reron: [L[(BUCEL )| )

(v>-17eC*meN;0<A<1; 0<f<1).

Definition 1.3. Let f € T (p,m). Then we say that f € K., (v,p,q, X\, 7, B) if
it satisfies the following inequality:

1 [(1 -\ Fopg (@) + )\szq (Fupg (W) 1

v wP [p], wP—1

<p (10)

(v>-pveChipmeN;0<g<1l; 0<A<1; 0<p<1).
We note that:
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(1) hmq—)l— ’Cm (V7pa q, >\7 Y, /8) = K:’m (Vapy Aa s 6)
K (v,p, A, B)
1 F, WE (W
_{fET(p,m):‘,y{(l—)\) ,p(w)+)\ ’p()—IH<ﬂ}

wP puwP—1

(v>-pyeCipmeN; 0<A<L; 0<B<1);
(2) K (v,1,4,M,7,8) = Kin (v, ¢, A\, v, B)
K (v,q, 7,7, 6)
F

~{reTm: ]i -0 P2 D, (7 () - 1” <5}

v>-17eC'meN;0<g<; 0<A<1; 0<B<1);
(3) liInq—)l— K (V7 1,q, A, e B) =K (Va A, v ﬁ)
1 F,
o A28) = {1 € Tom: [ -0 B vy ) -1 | < 6}
(v>-17eC*meN;0<A<1; 0<f<1).

Now, following the earlier investigations by Goodman [17], Ruscheweyh [30]
and others including Altintag and Owa [2, 4], Altintag et al. [3, 5, 6], Mugrusun-
daramoorthy and Srivastava [23], Riana and Srivastava [28], Prajapat et al. [27]

and Srivastava and Orhan [37] (see also, [11], [14], [22], [25] and [26]), we define
the (m, §) —neighborhood of a function f € T (p,m) given by (2) as follows:

s (F)
_{gGT(p,m):g(w)—wP— Z b w* and Z k|ak—bk|§5}.

k=p+m k=p+m

In particular, if
h(w)=w" (peN), (12)
we immediately have

£L,6 (h) = {g € T(pam) : g(w) =wP — Z bk wk and Z k|bk | S 6} .
k=p+m k=p+m
(13)
Now, we define the (¢, m,§) —neighborhood of a function f € T (p,m) given by
(2) as follows (see [7])

ms (F)
:{ge’T(p,m):g(w):wp— Z b, w* and Z (K], lak —bx | <6 5.

k=p+m k=p+m
(14)
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In particular, if h (w) given by (12), we immediately have

NS (h)=Sg€T(p,m):g Z by w* and Z Jglox [ <6
k=p+m k=p+m
(15)
We note that limg 1 N5 (f) = N, 5 (f) and limg - N2% (h) = N, h
(see [5]).

2. Coefficient bounds

Unless otherwise mentioned, we shall assume in the reminder of this paper
that y e C*, pmeN, 0<g<1,0<A<1,0<f<land v > —p.

In our present investigation of the 1nc1u81on relations involving m % (h), we
shall require Lemmas 2.1 and 2 below.

Lemma 2.1. Let f € T (p,m) be given by (2). Then [ € Sy, (v,p,q,\,7,B) if
and only if

. v+,
3 (- b oo (-] e "

<8l [1+2 (1], -1)].
Proof. Let f(w) € Spm (v, p,q, A, 7, 5). Then we have

(1 =N wDpg (Fup,q (W) + AwDp g (WDpq (Fypq (W)
R e S m o ) L —
> —Bly| (wel),

or, equivalently,

T | R I e
o] 5, [ Bt
(18)

Setting w = 7 (0 < r < 1) in (18), we observe that the expression in the denomi-
nator of the left hand side of (18) is positive for = 0 and also for all 0 < r < 1.
Thus, by letting r — 1— through real values, (18) leads us to the desired
assertion of Lemma 2.1.

Conversely, by applying the hypothesis (16) and letting |w| = 1, we find from
(9) that

(1 =N wDpq (Frp,g (W) + AwDp g (WDpg (Fupq (W) iv]
(1 =) Fopq (W) + AwDyp g (Fypq (w)) a
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| ) [rea ()] e
[1+A(@b—q)]—ké§m[l+x(w] Q]ﬁﬂkakwhw

< k:im Qk}q B [p]q) [1 +A <[k]P - 1)] {ZIZ}Z% el

e (m,-1)] - kzim [0 (10, - 1)) fean ol

) (1, -0l EH(MP— 1)] taea o

[1+A@%—¢ﬂ—?3;mﬁ+A(mp—Q}EK}a

Hence, by the maximum modulus theorem, we have f (w) € S, (v, 0, ¢, A\, 7, B),
which evidently completes the proof of Lemma 2.1. O

Similarly, we can prove the following lemma.

Lemma 2.2. Let f € T (p,m) be given by (2). Then f € Ky, (v,p0,q,\,7,8) if
and only if

> (i), + A (1x], - 12],) ) WPl < 81pl, Il (19)

k=p+m [V + k]q

3. Neighborhoods for the classes S,, (v,p,q, \,7, ) and
K (v:p, ¢, A, 7, )

In this section, we determine inclusion relations for each of the classes
Sm (V7p7 q, Av s ﬁ) and ’Cm (Va b, q, >\7 7> B) iIlVOlViIlg (Q7 m, 5)—neighb0rhood de-
fined by (14) and (15).

Theorem 3.1. Let f € T (p,m) be in the class Sp (v, p,q, A\, 7, ), then
Sm (v,p,0, 7,7, 8) C N (h), (20)
where h(w) is given by (12) and the parameter § is given by

p-+ml, B [T+ (], = 1) | v+ p+ i,
(i +ml, + 817 = ) [1+ A (Ip+ml, = 1) | v+,

(il > 1) -

(21)

6:

Proof. Let f(w) € Sy (v,p,q, A7, 3). Then, by using assertion (16) of Lemma
2.1, we have

(ot mly+ 8101 = ) [+ A (o4 ], ~1)] i Hffm Z a
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< i (k1 + 8191 = o1, ) [1+ A (10, = 1)] Eiﬂ

k=p+m

< Bl 1+ (1), - 1)] - (22)
which readily yields

$ Bl |1+ (1), 1) | v +p+ml,

o (pml, 80— l,) [L+A (p+ml, —1)| v +pl, )
Making use of (16), in conjunction with (23), we obtain
v+, >
(e )] g, 3 e
<8l [1+a (b, —1)]
+ (1), = 81) [1+ A (Ip+ml, - 1)} Hpm Z a
g (Bl =811 BRI [ ([p1q -1)]
< Bl [1+A([p]q 1)} + ([p+m]q+ﬂ|v|—[p]q)
Pl bl [T+ (i, - 1)
(Ip+ml, + B 1l,)
Hence
& p+ml, Bhl[1+A (), = 1) +peml,
2, Haoes (tp+ml, + 812 = [p],) [1+ A (Ip+ml, 1) o +2], ’
which, by means of the definition (15), establishes the inclusion (20) assertec(12é3)/
Theorem 3.1. O

In a similar manner, by applying (19) of Lemma 2.2 instead of (16) of Lemma
2.1 to functions in the class K,, (v,p,q, \,7, ), we can prove the following in-
clusion relationship.

Theorem 3.2. Let f € T (p,m) be in the class Kp, (v,p,q, A\, 7, ), then
Ko (v,0,4, 2,7, 8) € N%(h), (25)
where h(w) is given by (12) and the parameter § is given by

s prml Wl Al +ptml, (26)

(2], + A (Ip+ml, ~ 8], | v+ 2,
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4. Neighborhoods for the classes S (v,p,q, A\, 7, 8) and
K5 (v, 7,7, B)
In this section, we determine the neighborhood for each of the classes
S (v,p,q,\,7,8) and K (v,p,q, A, 7, ), which we define as follows. A func-

tion f (w) € T (p,m) is said to be in the class S (v,p,q, A, 7, B) if there exists
a function p (w) € S, (v, p,q, A, 7, B) such that

Z(((:%l’<[p]qa (weU;0§a<[P]q)~ (27)

Analogously, a function f(w) € T (p, m) is said to be in the class Kl (v, 0,4, A\, 7, B),
if there exists a function p (w) € K,,, (v, p, ¢, A, 7, B) such that the inequality (27)
holds true.

Theorem 4.1. Let f (w) € T (p,m) be in the class Sy, (v,p,q, \,7, 8) and

3([p+ml,+B1~1=[pl,) [1+A([p+m],~1)][v+p],

‘T [p]q_ [p+m]q{([p+nz]q+5\'y\—[p]q)[1+A([p+m]q—1)][u-&-p]q—ﬂh\[1+)\([p]q—1)][u+p+m]q} ’
(28)
then
NG (h) € 859 (v, Ay, B) (29)
where

Bl [1+/\([p]q —1)} v +p+m],
(tp+ml, + 8121 = ll,) [1+ A (Ip+m], = 1)| v+,

5 <[plylp+ml, {1 -

(30)
Proof. Assume that f(w) € N% (k). We find that from (14) that
> (K], lak —be| <6, (31)
k=p+m
which readily implies that
i lar — bi| < [pjm]. (32)
k=p+m q
Next, since p (w) € Sy, (v, p, q, A, 7, B), by using (23), we have
$ e it [1+A(Ipl, - 1) |+ p+ml, .

oim (pml, BRI = ) [+ (Ip+ml, —1) | v+,
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so that
> lag — bl
‘ f(w) _ 1’ k=p+m
p(w) 1— 3 b
k=p+m

5(Ip+ml, +8lvI—[pl,) [1+A([p+m],—1)][v+p],
(lo+m]y+B11=[p], ) [1HA (lp+m] = 1) [ 421, =BV [1+A([p)— 1) [ o4 ml,

= [p]q - Q,
provided that « is given by (28). Thus, by the above definition, f(w) €
S,(f) (v,p,q,\,7, ). This completes the proof of Theorem 4.1. O

The proof of Theorem 4.2 below is similar to the proof of Theorem 4.1, we
omit the details involved.

Theorem 4.2. Let f (w) € T (p,m) be in the class K, (v,p,q,\,7,8) and

. 5 [l + A (I +ml, — I, ) | o+ 71,
a=|p|,— )
p+ml, { ], + A (I +ml, = ) | v + 9, = B2 pl, v + 0+ ], }
(34)
then
NZG(h) C K (v,p,0, 0,7, 8) (35)
where
5 <, p+ml, {1- ], B[V +p+m], (36)

(2], + A (o +ml, = [pl,) | v+,

Remark 4.1. Letting ¢ — 1— in Theorems 1, 2, 3 and 4, respectively, we obtain
new results for the classes Sy (v, p, \, 7, B), Kum (.0, A, 7, B), S (1,9, A, 7, B)
and K% (v, p, A, 7, B), respectively.

Remark 4.2. Taking p = 1 in Theorems 1, 2, 3 and 4, respectively, we obtain
new results for the classes S, (1,0, \,7, 8), Km (v, a. A\, 7, 8), Sk’ (1,0, A, 7, B)
and IC,(S) (v,q, A\, 7, B), respectively.

Remark 4.3. Letting ¢ — 1— and taking p = 1 in Theorems 1, 2, 3 and 4,
respectively, we obtain new results for the classes S, (v, A\, 7, 8), Km (v, A\, 7, B),

S (v, A\, v, B) and K (v, A, 7, B), respectively.

Conflicts of Interest : The authors confirm that there are no competing
interests regarding the publication of this manuscript.
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