J. Appl. Math. & Informatics Vol. 40(2022), No. 3 - 4, pp. 461 - 473
https://doi.org/10.14317/jami.2022.461

EXPLICIT IDENTITIES INVOLVING GEOMETRIC
POLYNOMIALS ARISING FROM DIFFERENTIAL
EQUATIONS AND THEIR ZEROSf

J.Y. KANG, C.S. RYOO*

ABSTRACT. In this paper, we study differential equations arising from the
generating functions of the geometric polynomials. We give explicit identi-
ties for the geometric polynomials. Finally, we investigate the zeros of the
geometric polynomials by using computer.
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1. Introduction

Recently, many mathematicians have studied in the area of the Bernoulli num-
bers, Euler numbers, Genocchi numbers, tangent numbers, exponential polyno-
mials, and special polynomials(see [1-18]). The moments of the Poisson dis-
tribution are well-known to be connected to the combinatorics of the Bell and
Stirling numbers. The classical Stirling numbers of the second kind Sa(n, k) is
the number of partitions of a set of n elements into & disjoint nonempty subsets
and is defined as coefficients of the relation

2" =" Sy(n, k) (@),
k=0

where () = z(x —1)---(x — n + 1) is the falling factorial of = degree k and
(x)o = 1. Further study of S2(n, k) leads us to the Bell numbers(see [4, 11, 17]).
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As is well known, the Bell numbers B,, are given by the generating function

. o0 tn

(e'—=1) _

e = EOBn—n!. (1.1)
n—=

Note that B, = > ;_,S2(n,k). The Bell polynomials B, ()) are given by the
generating function

et 1) _ Z Bn(/\)%- (1.2)
n=0 !

The geometric polynomials wy, (z) are defined by the generating function:

S el = L (e 1) (13)
Wp(r)— = ———— =, (see . .
o nl 1—xz(et —1)
The Bell and geometric polynomials are connected by the relation
wn(x) = / Bp(z\)e . (1.4)
0

In view of (1.4) this gives

= t" > :
an(ac)—' = / e~ MI=aE =) gy
o n! 0

The numbers w, (1) = Y ;_, S2(n, k)k! are known as the preferential arrange-

ment numbers(see [4, 11 ]). For k € N, the geometric polynomials w (z) of
order k are defined by the generating function:

[ m 1 k
>l = (=) - (15)

We can naturally define a 2-variable polynomials w, (x,y) by multiplying e on
the right side of the Eq. (1.3) as follows:

Tiwn(my)jz = (1—1:(16t—1)> evt. (1.6)

Again, for k € N, the 2-variable geometric polynomials w,(Lk) (z,y) of order k are

defined by the generating function

oo n 1 k .
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The first few examples of geometric polynomials are

= kx + ka® + k?2? + 2kay + 2,
= kx + 3ka? + 3k%2? + 2k + 3k22® + k323 + 3kay + 3ka’y
+ 3k%z%y + 3kxy® + 5.

When k& = 1, above (1.5) and (1.7) will become the corresponding definitions
of the geometric polynomials wy,(z) and the 2-variable geometric polynomials

wp(z,y). Note that w%k)(a:,O) = wgk)(w) and wy, (2,0) = wy(z). From (1.3) and
(1.6), we sec that

> " 1
R yt
,;ow"(x’y)n! (1 — (el — 1>> ‘

- (Z wn(:v)f;> (Z y’”f:'> (1.8)

m=0
- o0 n n " t"
3 (3 (f)erton ) o
n=0 \k=0
Comparing the coefficients on both sides of (1.8), we obtain

n

ante) =3 (1 )nta ™ (19)

k=0
By (1.5), we have

o0

l s t n
(k) t _ n+k—1 n (6 — 1)
E W, (:v)ﬁf E ( " x n!T
=0 n=0
= /n+k-1 > tt
— E nhl E _
n=0 ( n >I " l=n SQ(l’n) l' (110)
o) l . 1
- (} <”+k 1>n!x"S2(l,n)> £
n I
=0 \n=0

l

t
Again, by comparing the coefficients of I on the both sides of (1.10), we get

n

l
n=0
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From (1.7), we get

o'} l 1
3 (T <”+ g 1> 1" Sa(l,m) ) -
=0 \n=0 n
1.12
[e%) l n+ ]{7 1 . tl ) ltl ( )
= Z Z 2™ Sy (l,n) Y -
n I I
=0 \n=0 =0
0o l 7 . i
_ Z ( Z (l) (n + k )’I’L'J]”SQ(],TL)yl_j o
J n l
=0 \j=0n=0

We get |
w ™ (z,y) = El: Ej: <l> (” +§ - 1)n!m”52(j7 n)y . (1.13)

The following elementary properties of the w, (), wy, (z, y), W) (z), and Wi (z,9)
are readily derived from (1.3), (1.11), and (1.13). We, therefore, choose to omit
the details involved.

Theorem 1.1. For any positive integer n, we have

1
(1) w(z) = Zn!x"SQ(l,n).
n=0

7=0n=0
> tn o (m(et 1)
3) 2”’@(”5: /0 e~ M1-ale' 1) g

(4) E wr(ﬁ)(m’y)tr: = /OO e A" =1) et gy
n. 0
n=0

Recently, many mathematicians have studied the differential equations arising
from the generating functions of special polynomials(see [6, 9, 13, 14, 15, 16,
17]). In this paper, we study differential equations arising from the generating
functions of geometric polynomials. We use the coeflicients of this differential
equation to obtain explicit identities of geometric polynomials. In addition,
we investigate the zeros of the geometric polynomials with numerical methods.
Finally, we observe an interesting phenomenon of ‘scattering’ of the zeros of
geometric polynomials.
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2. Explicit identities for the geometric polynomials

Differential equations arising from the generating functions of special polyno-
mials are studied by many authors in order to give explicit identities for special
polynomials(see [6, 9, 13, 14, 15, 16, 17]). In this section, we study differential
equations arising from the generating functions of geometric polynomials. We
give explicit identities for the geometric polynomials.

Let
PR TS P S < P i
= ) = = W \T)—,
’ 1—x(et —1) = n!
"= (2.1)

k ) n
n=0 '

Then, by (2.1), we have

W_dpy 4 1 _ ze!
= th(t’ ) dt <1 — z(et — 1)) (1 —z(et —1))2 (2.2)

F@ — iF(l) = zet F?2 4+ 2zet FFW
dt (2.3)

= ze' F? + 2ze' Fxel F? = zet F? + 22262 3
and

d

%F(z) = 2e' F? 4+ 22! FFW 4 4222 F3 4 622 F2 W)

FG —
= ze' F? + 2ze' F(xe' F?) + 422 F3 + 62%* F? (xe' F?)
= we' F? + 622 F? + 6233 I,

Continuing this process, we can guess that

A\
(CAPRN el
F <dt> F(t,x)

(2.4)
Therefore, by (2.4), we can construct the following differential equation.

FN) —ao(N,2)F — ay(N,z)e' F? — .- —an(N,z)eN PN+ = 0.

Using the coefficients of this differential equation, we give explicit identities for
the geometric polynomials.
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Taking the derivative with respect to ¢t in (2.4), we get

vy _ AFTD
dt
N N
= Z ai(N,x)ie F* 4 Z ai(N,z)(i + 1)et FipM)
=0 i=0
N N
= Z a;i(N,z)ie" F7T 4 Z ai(N,z)(i + 1)e" F'(ze' F?)
=0 i=0
N
= Z ai(N,z)ie F"Tt 4 Z ai(N,z)(i + 1)zel TVt pit2
=0 i=0
N N+1
= Zai(N, x)ie F 4 Z ai_1(N,x)ize F*1,
i=0 i=1
On the other hand, by replacing N by N + 1 in (2.4), we have
N+1
FOHD = 3" 0,(N + 1,2)e' P/
i=0

Comparing the coefficients on both sides of (2.5) and (2.6), we obtain
ap(N+1,2) =0, ant1(N+1,2)=(N+ Dzany(N,z),
and
a;(N +1,z) =iza;—1(N,z) + ia;(N,z), (1 <i < N).
In addition, by (2.4), we get
F(t,z) = FO(t,2) = ao(0,z)F(t,z).
By (2.9), we get
ap(0,2) = 1.
It is not difficult to show that
ze! F2(t,z) = FU (¢, z)
1
= Zai(l,x)eitF”l(t,x)
=0

=ao(1,2)F(t,z) + a1 (1,2)e' F2(t, z).
Thus, by (2.11), we also get

ap(l,2z) =0, a1(l,2) ==.
From (2.7), we note that

ag(N +1,2) = ag(N,z) = --- = ap(l,z) = 0,a0(0,2) =1,
and
an+1(N +1,2,0) = (N 4+ Dzay(N,z) = --- = (N + 1)laV T,

(2.5)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)
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For i =1,2,3 in (2.8), we have
N
a1 (N +1,x) zxZao(N—k,a:), (2.15)
k=0
N-1
ay(N + 1L,2) =22 Y 2%ai(N — k,x), (2.16)
k=0

and
N-2

as(N + 1,2) =3z Y 3%ay(N — k,x). (2.17)
k=0
Continuing this process, we can deduce that, for 1 <i < N,
N—i+1
a;(N+1,2) =iz Y  i*a; (N -k ). (2.18)
k=0

Here, we note that the matrix a;(7, $)0§z‘,j§N+1 is given by

1 0 0 0 0

0 =z x x x

0 0 2z2

0 0 0 313

0 0 0 0 (N+1)!1‘N+1

Now, we give explicit expressions for a;(N + 1,z). By (2.15), (2.16), and (2.17),
we get
N
a(N+1,2)=x Z ag(N — ky,z) =z,
k1=0

N-1
ay(N +1,2) =2z Y 2"ay (N — ky, 2)
k2:0

N-1
=2lz® Y 2k,
k2=0
and
N-2
as(N +1,2) =3z Z 3% a9(N — k3, x)
k3=0
N—2 N—2—k;

=3!x32 Z 3hagks

k3=0 ko=0
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Continuing this process, we have

N—i+1 N—i+1—k; N—i+1—k;—-—ks
ai(N +1,7) = ilzt Z >N > it 3kegkz o (2.19)
ki—1=0 k2=0

Therefore, by (2.19), we obtain the following theorem.
Theorem 2.1. For N =0,1,2,..., the differential equation

N N
FN) =3 "a;(N,2)e" F* (t,2) = > ai(N,z)e 7 (8, z)
=0 =0
has a solution .
F=F(tzz)=——"—"=
(t,z) 1—z(et —1)°

where
ag(0,z) =1, ag(i,z) =0,(1 <i < N),
ay(t,2) =2,(1 <i < N),
an(N,z) = Nzv

N—i N—i—k;  N—i—ki——ks
(N =il o > - > ifgkR 2<i<N).
ki=0 k;—1=0 k2=0

From (2.1), we note that

oo k
POV _ (%)NF(t, z) = ZWHN(@%. (2.20)
k=0

From Theorem 1 and (2.20), we can derive the following equation:

1 1+1
Snnlaly = = Z‘“ e
=Y ai(N,z) <Z W (z n’:) (2.21)

i=0
0o N
= (Z ai(N, )™ (@ )
k=0 \i=0
By comparing the coefficients on both sides of (2.21), we obtain the following

theorem.

Theorem 2.2. For k,N =0,1,2,..., we have

N
ween (@) = Y ai(N ooy (@), (2.22)
=0
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where
ag(0,z) =1, ag(i,z) =0,(1 <i < N),
ay(t,2) =z,(1 <i < N),
an(N,z) = Nz,

N—i N—i—k; N—i—k;—-—ks
(N, z) =iz’ Z > - > kR 2<i < N).
70 k? 1= =0 k2:0

Now, by (2.22), we obtain explicit identities for the geometric polynomials.
Let us take & = 0 in (2.22). Then, we have the following corollary.

Corollary 2.3. For N = 0,1,2 ., we have

Zale Hl) Zale

3. Zeros of the geometric polynomials

This section aims to demonstrate the benefit of using numerical investigation
to support theoretical prediction and to discover new interesting pattern of the
zeros of the geometric polynomials wy,(z). By using computer, the geometric
polynomials wy,(x) can be determined explicitly. We display the shapes of the
geometric polynomials wy, (z) and investigate the zeros of the geometric polyno-
mials wy, (z). Several conjectures are presented through numerical experiments.
We expect these conjectures to be theoretically resolved in the future. The first
few examples of geometric polynomials are

wo(z) =1,

=z + 3022 + 15023 + 2402* + 12025,
we(z) = o + 622 4 5402 4 1560z* + 18002° + 7205.

Now, we investigate the beautiful zeros of the geometric polynomials w,(z) by
using a computer. We plot the zeros of the w,(z) for n = 5,10,15,20, and
x € C(Figure 1). In Figure 1(top-left), we choose n = 10. In Figure 1(top-
right), we choose n = 20. In Figure 1(bottom-left), we choose n = 25. In Figure
1(bottom-right), we choose n = 30.
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0.01 0.01
0.005 0.005
Im(x) o— G000 Im(x) o——— G000
-0.005 -0.005
-1.5 -1 -0.5 0 0.5 1 -1.5 -1 -0.5 0 0.5 1
Re (x) Re (x)
0.01 0.01
0.005 0.005
Im(x) o eSS —— | Im(x) o—— GO
-0.005 -0.005
-1.5 -1 -0.5 0 0.5 1 -1.5 -1 -0.5 0 0.5 1
Re (x) Re (x)

FIGURE 1. Zeros of wy(z)

Stacks of zeros of the geometric polynomials w,, (z) for 1 < n < 30 from a 3-D
structure are presented(Figure 2).

FIGURE 2. Stacks of zeros of w,(z),1 <n <30
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Our numerical results for approximate solutions of real zeros of the geometric
polynomials w, (z) are displayed(Tables 1, 2).

Table 1. Numbers of real and complex zeros of wy, ()

’ degree n H real zeros complex zeros ‘
1 1 0
2 2 0
3 3 0
4 4 0
5 5 0
6 6 0
7 7 0
8 8 0
9 9 0
10 10 0
11 11 0
12 12 0
13 13 0
14 14 0

Plot of real zeros of wy(z) for 1 < n < 30 structure are presented(Figure 3).
We observe a remarkably regular structure of the complex roots of the geomet-

000000000000000

—TI —0.75 —0.5

Re (x)

FIGURE 3. Real zeros of w,(z) for 1 <n < 30

ric polynomials w,(x). We hope to verify a remarkably regular structure of
the complex roots of the geometric polynomials w, (x)(Table 1). By means of
numerical experiments, we make a series of the following conjectures:

Conjecture 1. The numbers of complex zeros C.,, (5 of wy(x) is O(see Table
1).
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Next, we calculated an approximate solution satisfying w,(z) = 0,z € R.

The results are given in Table 2.

J.Y. Kang, C.S. Ryoo

Table 2. Approximate solutions of w,(z) =0,z € R

degree n x

1 0

2 —-0.5, 0

3 —0.788675, —0.211325, O

4 —0.908248, —0.5, —0.0917517, O

5 —0.958684, —0.699019, —0.300981, —0.0413157, O

6 —0.98085, —0.819557, —0.5, —0.180443

—0.0191503, 0

7 —0.990934, —0.890825, —0.651347, —0.348653,
—0.109175, —0.00906575, 0

8 —0.995643, —0.93314, —0.758317, —0.5, —0.241683,
—0.0668599, —0.00435709, O

From Table 2 we can make the following conjecture.
Conjecture 2. Prove that w,(x) = 0 has n distinct solutions.

Conjecture 3. If n =0 (mod 2), then

Conjecture 4. For any positive integer n, one has

wn(0) =0.

The authors have no doubt that investigations along this line will lead to a
new approach employing numerical method in the research field of the geometric
polynomials w, (x) to appear in mathematics and physics. The reader may refer
to [1, 12, 17] for the details.
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