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REPRESENTATION OF SOLUTIONS OF A SYSTEM OF
FIVE-ORDER NONLINEAR DIFFERENCE EQUATIONS

M. BERKAL*, K. BEREHAL AND N. REZAIKI

ABSTRACT. In this paper, we deal with the existence of solutions of the
following system of nonlinear rational difference equations with order five
Yn—3Tn—4 _ Tn—3Yn—4
yn(a + byn—3xn—_1) Y= xn(c+ dxn—3yn—a)
where parameters a, b, ¢ and d are not executed at the same time and initial
conditions x_4,x_3,x_2,_1,%0,Y—4,Y—3,Y—2,Y—1 and yo are non zero

real numbers.

Tnt+1 = , n=0,1,---,
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1. Introduction

The theory of difference equations developed greatly during the last twenty-
five years of the twentieth century. The applications of the theory of difference
equations is rapidly increasing to various fields such as numerical analysis, eco-
nomics,biology, control theory, finite computer science and mathematics.

Thus, there is every reason for studying the theory of difference equations as a

well deserved discipline.

The are many papers related to the difference equations systems for example,

solvability of a systems of nonlinear difference equations of higher order .

Tn—kYn—k—I Yn—kTn—k—I

= 5 Yn = ’ (1>
yn—l(an + bnxn—kyn—k—l) xn—l(an + Bnyn—kxn—k—l)

has been studied by Kara et al. in [21].

El-Dessoky et. al [10] has studied the following systems of difference equations

Ln

Tn—3Yn—4a Y L= Yn—3Tn—4 (2>
Un(F1 £ 2 3yn_a) 7T 2 (£1 £ Y30 _4)

Tn41 =
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Stevié et al [33] have got the solutions of the equation

Lp—2Tn—k—2 (3)
mnfk(an + bnxn72xn71€72) ’

Ty =
Elsayed et al [8] found Periodicity and solutions for some systems of nonlinear

rational difference equations

Tn—2Yn—1 Y1 = Yn—2Tn—1 (4)
yn(:l:l + xn72yn71) ' "t xn(j:l + yn72xn71)

Tn41 =

Yazlik and kara [36] gave the solution of the following systems of difference
equations

Tp—4Yn—5 Yn—4Tp—5

Ty = . UYn = .
" yn—l(an + bnzn—2yn—3xn—4yn—5) " mn—l(an + /Bnyn—an—Byn—4?n)—5)
5

Similar nonlinear systems of rational difference equations were studied [7], [10],
[30], [20],[21].

Motivated by the above mentioned papers in this paper , we show that we
are able to express in a closed form the well defined solutions of the following
system of difference equations

Yn—3Tn—4 Yntl = Tn—3Yn—4a
yn(a + bynf?)xnf4) ’ m T (C + dx"*3y”*4)

Tnt+1 =

where n € Ny, a, b, ¢, d and initial valuesx_4,x_3,2_9,2_1,T0,Y—4,Y_3,Y_2,Y_1
and yo are nonzero real numbers.

2. Main results

In this section, we investigate the solutions of the system of difference equa-
tions

Yn—3Tn—4 Ln—3Yn—4 (6)

X 1= ) 1= .
’VH‘ yn(a + byn73$n74) Ynt Tn (C + d$n73yn74)

where n € Ny and the initial conditions x_4,x_3,_2,2_1,%0,Y—4,Y—3,Y_2,Y_1
and yo are arbitrary non zero real numbers.
So, the system (6) can be written as the following system

Un—3 un—?) (7)

Up4+1 = ———F Un+1 =
n+ a+ b’l)n,;g’ n+ c+ dun,;_),’

Using the following change of variables

{ Unp = TpYn—1, (8)

Un = YnTn—1-
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2.1. Solutions of u,; = afﬁv Upt1 = cf;%. Here, to give a closed form
for the well defined solutions of the system (7), We consider the system of two

difference equations nonlinear first-order .

Un Un

_ ] = ———— >0 9
a+ bvy,’ Unt1 ¢+ du, "= )

Up+1 =

The system (9) can be written as the following equation

Up—1

g = . on>1. 10
Untl = et (ad + b)un—1 " (10)
Let
u?) = ugnyj, neNy,je{0,1}. (11)
Using notation (11), we can write (10) as
(4)
: ul
wlly = (12)

ac + (ad + b)u%j) .

where j € {0,1}.
Now consider the equation

Wi,
=" 13
Wt ac + (ad 4+ b)W,, (13)
Using the change of variables
1
= ——— (Hy — ac). 14
Wo = Garp) He ) (14)
we can write (13) as
ac+ 1)H,, — ac
Hnt1 = % (15)
To obtain solutions of equation (15), let’s review the following lemmas.
Vifa#l
Lemma 2.1. Consider the linear difference equation
kni1 — (ac+ Dkp, + ack,—1 =0, n € Ny, (16)

with initial conditions k_1,ko € R. Thus all solutions of equation (16)
can be written in the following form

kn = ! [ko (1 - (ac)(”+1)) —ack_q (1 — (ac)”)] . (17)

1l—ac
Proof of Lemma 2.1. Thus we have the equation

knt1 — (1 + ac)ky, + ack,—1 = 0. (18)

(the homogeneous linear second order difference equation with constant
coefficients), where ko and k_; € R, is usually solved by using the
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characteristic roots Ay = ac et Ay = 1 of the characteristic polyno-
mial P(\) = (A2 — (1 + ac)\ + ac, and the formulas of general solution
is

kn = c1 + ca(ac)™.

Using the initial conditions kg and k_;, with some calculations we get

ko — k,lac
C1 = _—
1—ac
ac(k,l — ko)
cg = ——=,
1—ac

and the formulas of the general solution is (18) is

Fn = _1ac [ko (1 - (ac)<"+1>) —ack_y (1 — (ac)”)] . (19)
O
ifa= %
Lemma 2.2. Consider the linear difference equation
knt1 — 2k, +kn—1 =0, n €Ny, (20)

with initial conditions k_1,ky € R. Then all solutions of equation (20)
will be written under the form

kn =ko(n+1) —k_1n. (21)
Proof of Lemma 2.2. Thus we have the equation
kp41 — 2k, + kn_1 =0. (22)

(the homogeneous linear second order difference equation with constant
coefficients), where kg and k_; € R, is usually solved by using the char-
acteristic roots Ay = Ag = 1 of the characteristic polynomial P(\) =
(A —1)2, and the formulas of general solution is

k,, = c1 + can.
Using the initial conditions kg and k_1, with some calculations we get

c1 = k‘o
Cy = k‘o—k‘,l.

And, the general solution of equation (22) obtained is :
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Through an analytical approach. We put
K,

Hy, = 24
" (24)
which reduces equation (15) to the following one
knt1 = (ac+ Dk, — ackp—1. (25)
So, from Lemma (2.1) and Lemma (2.2) we get
Vifa#l
1
Ky = T ac [ko (1= (ac)™*") — ack_y (1 = (ac)™)] . (26)
v ifa= %

By substituting the formulas obtained in (24),(26) and (27) into the equation
(15) the general solution becomes:

Vifa#l
b _ ac(l = (a0)") — Ho(1 — (ac)"*)
" ac(l - (ac)" 1) — Ho(1 — (ac)™)’
Vifa=1
_n- Ho(n+1)
Hn = 1)~ Hon

From all above mentioned we see that the following theorem holds .

Theorem 2.3. Let {Wy}n>0 be a solution of (13). Then, forn=2,3,...,

ifazl W,= LU
(ac)™ + (ad + b)Wo Y _(ac)”
r=0
ifa=1 W, = Wo

"1+ (ad +b)Won'
With the initial condition wy € R — Gy, with Gy is the Forbidden Set of system
(13) given by

oo n—1
G, = U {Wo : (ac)™ + (ad—i—b)WOZ(ac)r =0 or 1— (ad+b)Wyn = 0} )

n=—1 r=0

From Theorem (2.3), the solution of equation (12) is given by these formulas

. (@)
ifazl uff) = b
n (7) r
(ac)™ + (ad + b)ug Z(ac) neNyj={0.1}. (28)

) "~
ifa:% uﬁf): uoj —,
1+ (ad—l—b)ugj)n
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From theorem(2.3) , and formula (11) It is easy to obtain the following corollary.

Corollary 2.4. Let {uy,}n>0 be a solution of (11). Then

. 1 U4
2f a # E u2n+] = . n—1

(ac) + bla + 1)uj;0<a0>r n € N, j = {0,1}.

Uj

ifa—1 o _
ifa=< Usnyj 1+ (ad + b)ujn

where j € {0,1} and z; € R — G;, with G; is the Forbidden set of equation (12)
given by

e’} n—1
G, = U {(xo,x_l) : (ac)™ + (ad + b)ujZ(ac)r =0, or 1+ (ad+b)u;n = O} .
n=0 r=0
Corollary 2.5. Let {uy}n>0 be a solution of (9). Then
if a # %
Ug
U2n = n_1 y
(ac)™ + (ad + b)uOZ(aC)T
r=0
o
U2n+1 = n1 n 5
artlen + v (adZ(ac)r + bZ(ac)r>
vo r=0 r=0
Von = n—1 )
(ac)™ + (be + d)vOZ(aC)r

T:(%LO

V2n+1 = n—1 n )

arentl 4 g (ch(ac)r + dZ(ac)’”)
r=0 r=0
ifa=1
Ug
Uon

T 1+ (ad—l—b)g}wo’
0

Yan+l = 50 1(}(ad +b)n+b)vg’
_ 0
YT (bc + d)nvg’
g

Vantl = ((bc + d)n + d)ug

where n € Ny, ug and vg € R — Gy, with Go is the Forbidden set of equation
(12).

Proof of Corollary 2.5. Let {un,vn},s , beasolution of system (11), so {tn }n>—1
is a solution of equation (12). Then,
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Vifa#l
Let
Uy
U2n+1 = 1
(ac)™ + (ad + b)ulz(ac)r
r=0
And uy = a—:#o’ SO
Uq Vo
Ugn+1 = n—1 = n—1
(ac)™ + (ad + b)ulz(ac)T (ac)™(a + bvy) + (ad + b)vOZ(ac)T
r=0 r=0

Vo

antlemr + [b(ac)™ + (ad + b)i(ac)rl vg

L r=0
- [ n—1 n .
antlen + adz (ac)" + bZ(ac)rl v
L r=0 r=0
vV ifa= %
Let
U1
U =
T (ad + b)nuy
et up = af—gvo, SO
Uy Uy
U2n4-1 =

Vo
a+ ((ad + b)n + by

In the same way, and using these formulas

1+ (ad+b)nu;  a+ bvg + (ad + b)nvg

Vo = 2l o d v —_Yen
n a—+ bUQn_l 2l a+ bUQn
we obtain
. v
if a # % Vo, = 0 — ,
(ac)™ + (be + d)UOZ(ac)T
r=0
Ug
V2n+1 = n—1 n '
ancntl g (bCZ(aC)T + dZ(ac)T>
v r=0 r=0
fa=1 gy =-— 0
c T+ (be + d)zwo ’
0

Vantl = T ((be +d)n + d)ug
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Vn_3 . _ Un—3
a+bv,_3° n+l = C¥du,_;

discuss the solution of the system (7) by using an appropriate transformation
reducing this system to the system of first-order difference equations (9).

2.2. Solutions of u,41 =

. In this section, we

Analysis of the form of system. The initial values with the smallest indexes
are u_g and v_g. By using (7) with n = 0, we obtain the values of u; and v; as
follows

V_3 U_3

= a+bv_sg’ U= c+du_s

Having the u; and vy values, by using (7) with n = 2 we get the values of ug
and vz values
o v_1 - U_1
s = a+bv_y’ U= c+du_q
With us and vs values, and by using the formula (7) with n = 4, , we can obtain
us and vy values

(%1 Ui
Uus = V5 = .
a+bvy’ ¢+ duy
u _ V4im—1 v o Ugm—1
Am+1 — ) 4m+1 — .
a + bvgm—1 ¢+ dugm—1

In the same way, it is shown that the initial values w_; and v_;, for fixed i,
with i € {0,1,2, 3}, determine all the values of the sequences (us(m+1)—;)m and
(Va(m41)—i)m- Also we have

V4gm—i
u i —
4(m+1)—1 a—|—bv4m_i’
29
Ugm —i ( )
Va(m+1)—i 7C—|-dU,4m_i.
Let
(4)
Un~ = U4n—i, .
{ U(;) _v“ " ie{0,1,2,3}) (30)
n — Udn—q-

Using notation (30), we can write (7) as

)
a—&—bv,(f)’ i c—&—dugf)

“g)ﬂ =

From all above mentioned we see that the following theorem holds.

Theorem 2.6. Let {uy,vn},,5 3 be a solution of (7). Then, forn = —3,-2,...



o ifatl

u_s
Ugp—3 = po—
(ac)™ + (ad + b)u_g3 Z (ac)”
r=0
u_3
Ugn—2 = n—1
(ac)™ + (ad + b)u_o Z (ac)”
r=0
u_1
Ugp—1 = —
(ac)™ + (ad + b)u_ Z (ac)”
r=0
uo
Ugn = n—1 ’
(ac)™ + (ad + b)ug Z (ac)”
r=0
v_g
V8n—3 = —
(ac)™ + (be+ d)v_3 Z (ac)”
=0
v_2
V8n—2 = 1
(ac)™ + (be + d)v_o Z (ac)”
r=0
v_1
Vgn—1 = —
(ac)™ + (be + d)v_1 Z (ac)”
r=0
vo
vgn = — ,
(ac)™ + (be + d)vo Z (ac)”
r=0
ifa=1
u_3

Usn—3 =777 (ad + b)nu_3’

U_2
Ugn—2 = ’
T (ad + b)nu_q

U—1

1+ (ad +b)nu_q’

Ugn—1 =

%
1+ (ad + b)nug’

Ugn =

s

’

s

3

)

)
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Usn+1

Un+2

Un+3 =

Ugn+4 =

V8n+1 =

Vgn+2

V8n+3

V8n+4 =

Ugn+1 =

USn+2 =

Ugn+3 =

Un+4 =

v_3

417

n—1 n
antlen 4 y_g (ad Z (ac)” + bz (ac)r>
r=0 r=0

v_2

)

n—1

antlen 4 v_o | ad Z (ac)” + bZ (ac)”
r=0 r=0

v_1

n

;

n—1 n
antlen 4 v 4 | ad Z (ac)” + bz (ac)”
r=0 r=0

V0

)

n—1 n '
antlen 4 yg (ad Z (ac)” + bz (ac)r>
r=0 r=0

u_3

n—1

anentl 4 u_g (bc Z (ac)" + dz (ac)r
r=0

=0

U_2

n

;

n—1

amentl g (bc Z (ac)” + dz (ac)”

=0

U_1

n

=0

;

n—1

anrentl L u_q | be Z (ac)r + dz (ac)r
r=0 r=0

uo

n

;

n—1 n ’
amcentl 4oy | be Z (ac)r + dz (ac)r
=0 r=0

v_3

a+ ((ad+b)n +b)v_3’

V-2

a+ ((ad +b)n +bjv_o’

V1

a+ ((ad+b)n+bv_y’

Vo

a+ ((ad +b)n +b)vg
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v = v-3 v = U=
S (bc + d)nv_3’ sl Ty ((bc+ d)n + d)u_3’
. V_9o - U_2
Ven—2 = (bc + d)nv_o’ Vent2 = ((bc+d)n + d)u_s’
B v_1 B U—1
R (b + d)ynv_y’ Vents = T ((be+d)yn+d)u_y’
o Vo o (')
Ve T (bc + d)nwvg’ Venta = Y ((bc + d)n + d)ug”

where n € Ny, u_3,U_o,U_1,Uy,V_3,V_2,V_1 and vg € R — Gz, with G3 is the
Forbidden set of system (7).

4 _ Yn—3Tn— _ Tn—3Yn—
2.3. Solutions of x,.1 = —yn(a+b;n73;l74)’ Ynt+1 = —wn(%dzlﬂ;%). Let
Unp
Ty = — 31
" Yn—1 ( )
v7l
Yn = ) 32
" Tn—1 ( )
Using (32) in (31), we obtain
U Us—2U87— AUy —
Tey = 8nU88n—2U8N—4U8N—6 Tan_s. (33)

V8n—1V8n—3V8n—5U8n—7
Using (31) in (32), we obtain
VgnU8n—2U8n—4V8n—6 (34)

Ysn = Ysn—8-
Ugn—1U8n—3USH—5USn—T7

For n € N
Multiplying obtained qualities from (33) and (34) from 1 to n, respectively, it
follows that

n—1
U U —2UR; —4U—6
gy, = Xo H < 5 (35)
i=0

V8i—1V8i—3V8i—5V8i—7

n—1
V8iU8;—2U8;i—4U8i—6
] ( ) . (36)
1=0

Ug;—1U8;—3U8;—5U8;—7

Ysn

By employing the (35) and (36) in (31) and (32), we obtain

T8n—1 = =

n—1
Usn  Usn <U8i1U8i3u8i5u8i7>
Ysn Yo %

VgiVUg8;—2V8i—4V8i—6

hence, we have

n—1

" _ Usn <u8i—lu8i—3u8i—5u8i—7> (37)

8n—1 — .
Yo U8iV8i—2V8i—4V8i—6
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n—1
_ Ugn _ Usn V8i—1V8i—3V8i—5U8i—7
Ysn—1 = - H 5
L8n Lo ;o5 \ UBiUS—2U8i—4USi—6

hence, we have

n—1
Ugn U8i—1V8;—3V8i—5V8i—7
Ysn—1 = —— ( . (38)
To o \ UsiUSi—2U8i—4U8i—6
Using the equalities (37) and (38) in (31) and (32), we obtain
n—1
_ U8n—1 Usp-—1 UgiUgi—2U8i—4USi—6
T8n—2 = = 2o H )
Ysn—1 Ugn ;5 \V8i—1V8i—3V8i—5V8i—7
hence, we have
v T usiusi—oUsi—at
8n—1 8; Ui —2US; —4U8i—6
T8pn—2 — X0 H ( ) . (39)
Usn ;-5 \V8i—1U8i—3V8i—5U8i—7
And
n—1
_ Usp—1 _  Usn-—1 V8iV8i—2V8i—4V8i—6
Ysn—2 = =% H )
T8n—1 Usn 5 \U8i—1U8i—3U8i—5U8i—7
so,we have
U B UsiUsi_oUsi_av
8n—1 8iV8i—2V8i—4V8i—6
Ysn—2 = Yo 11 ( ) : (40)
Usn ;g \U8i—1U8i—3U8i—5Usi—7
By employing the (39) and (40) in (31) and (32), we obtain
n—1
_ U8n—2  Usn—2U8n Ugi—1US;—3U8i—5U8i—7
Tgn—3 = - H
Ysn—2 YoUsn—1 ;-7 VgiV8i—2V8i—4V8i—6
hence, we have
n—1
_ Usn—2VUsn Ug;—1US;—3U8—5U8;—7 4
Tn—3 = H . (41)
YoUsn—1 ;=75 U8iV8i—2V8i—4V8i—6
And
n—1
_ Ugp—2 _ U8n—2USn V8i—1V8i—3V8i—5V8i—7
Y8n—3 = = H )
T8n—2 V8n—120 UgjUB;—2U8;—4U-i—6
so,we have
n—1
_ Ugn—2Usn V8i—1V8i—3V8i—5V8i—7 49
Yan—3 = H : (42)
U8n—1Z0 U Ui —2U8 —4U-i—6

Using the equalities (41) and (42) in (31) and (32), we obtain

n—1
U8n—3 Ugn—1V8n—3 UG U —2U8;—4US;—6
Tgn—4 = =T

0
Ygn—3 Ugn—2U8n V8i—1V8;—3V8i—5U8i—7

=0
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hence, we have

n—1
Ugn—3V8n—1 ( Ug;UG; —2UZ;—4USi—6 )
0

Ign—4 = To
Ugn—2Usn ;-5 \ U8i—1V8i—3V8i—5U8i—7
And
n—1
_ Usp-3 _  Ugn—3Un—1 Ug;Ugi—2V8i—4V8i—6
Y8n—a = =Y H
T8n—3 VU8n—2V8n Ug;—1U8i—3U8i—5U-i—7
so,we have

n—1
o Ugn—3U8n—1 VgiV8;—2V8i—4V8i—6
Ysn—a =Yo——— H .

Ugn—2V8n Ug;—1U8;—3U8;—5U8;—7

=0
Using the equalities (35) and (36) in (31) and (32), we obtain

n—1
USn+1  UBn+1 H (u8i1u8i3u8i5u8i7)

T8n+1 — -
Ysn Yo VgiV8i—2V8i—4V8i—6

hence, we have

n—1
_ U8n+1 U —1U8;—3Ug;—5US—7
T8n41 = I I .

Yo 5 VgiU8i—2V8i—4V8i—6
And
n—1
_ U8n+1 _ Usn+1 Ug8i—1V8i—3V8i—5U8i—7
Yo = Sl Vi T
L8n Lo 5 \ UsiU8—2U8i—4USi—6
so,we have

n—1
_ Usn+1 U8i—1V8i—3V8i—5U8i—7
Ysn+1 = H .
Lo g \ UsiU8i—2U8i—4U8i—6

Using the equalities (45) and (46) in (31) and (32), we obtain

T8n+2 — -

Ysn+1 Ugn+1 ;-

n—1
Usn+2 _ o Usn+2 ( Ug;US;—2U8j— 4 USi—G )
0
0 V8i—1V8;—3VU8i—5VU8;—7

hence, we have

n—1
r — USn+2 H < U UG —2Ug;—4Ug;—6 )
8n+2 = L0 .
Ugn+1 ;o \U8i—1U8i—3V8i—5U8i—7

And

Ysn+2 = =

n—1
_ Usnar _ Usnt2 ( V8U8i—2V8i—4V8i—6 )
0

T8n41 Ugn+-1 i

—p \UBi—1U8i—3Ugi—5U8i—7
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so,we have

n—1

U8n+2 U8iVUgi—2VU8i—4V8i—6

Ysn+2 = Yo H . (48)
Un+1 ;5 \U8i—1Ugi—3U8i—5U8i—7

Using the equalities (47) and (48) in (31) and (32), we obtain

T8n+3 — -

n—1
USn+3  USn4+3USn+1 H <U8i—1U8i—3u8i—5U8i—7)
Ysn+2 YoUsn+-2

-0 V8iV8i—2V8i—4V8i—6

hence, we have

n—1
Ugn+3U8n+1 UG —1U —3U8; —5U ;-7
Ty — AUl TT . (49)
YoUsn+2 -0 VgiV8i—2V8;—4U8;—6
And
n—1
_ Usn43  U8n+3Usn+1 V8i—1V8i—3V8i—5V8i—7
Ysn+3 =
T8n+2 TolUgnt2 ;2o \ UsiU8i—2U8i—4U8i—6
so,we have
v v M g 1Usi_3Usi_ 5V
8n+3U8n+1 8i—1V8;—3V8i—5V8i—7
Ysnys = ———L ] ( ) : (50)
ToUn+2 U UG —2U8; —4USi—6

Using relationships the theorem (2.6) we conclude the following :
o ifa# %

U—3

Ugn—3 = o )

(ac)™ + (ad + b)u_gz(ac)r

r=0

U_o

Ugn—2 = n_1 ;

(ac)™ + (ad + b)u,QZ(ac)T

r=0

U—-1

Ugn—1 = n—1 ’

(ac)™ + (ad + b)u_lz(ac)r

r=0

Ug

Ugn = n_1 )

(ac)™ + (ad + b)uOZ(aC)T

=0
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v—3
Ugn—7 = n—2 n—1 ’
arc" 1l +u_3 <adZ(ac)r + bZ(ac)r>
r=0 r=0
v_2
Ugn—6 = n—2 n—1 ’
arcn—1 4 u_g (adZ(aC)r + bZ(ac)r>
r=0 r=0
— v-1
Ugn—5 = n—2 n—1 ’
arcn—1 4 u_q (adZ(ac)r + bZ(aC)T>
r=0 r=0
— vo
Usn—4 = n—2 n—1 ’
ancn—1 4 vy (adZ(aC)r + bZ(aC)T>
r=0 r=0
V-3
U8n—3 = S s
(ac)™ + (bc + d)vfgz(ac)r
r=0
V—2
Vgn—2 = 1 5
(ac)™ + (be + d)v_QZ(ac)r
r=0
— V-1
V8n—1 = oY s
(ac)™ + (bc + d)v_1 Z(ac)r
r=0
Vo
Vgn = S s
(ac)™ + (be + d)UOZ(aC)T
r=0
— U-3
Vgn—7 = n—2 n—1
an~lcn +u_g <ch(ac)T + dz (ac)T)
r=0 r=0
U—2
Ugn—6 = n—2 n—1
arten +u_g <ch(ac)T + dz (ac)r>
r=0 r=0
U—1
V8n—5 = e o
an~len +u_q <bc (ac)” + dZ(ac)T)
r=0 r=0
uo
VUgn—4 =

n—2 n—1 !
ar e + ug <ch(ac)r + dz (ac)’")
r=0 r=0

’

)

)
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o ifa=1
U = u-3 U = V=3
73 T T (ad + b)nu_g’ T a4 ((ad + byn — ad)v_z
U = U-2 n = V-2
8727 1 ¥ (ad + bynu_s’ 07 ¥ ((ad + b)n — ad)v_s
U = U-t U = -t
1T 1 (ad + bynu_y 757 4wk ((ad + b)n — ad)v_y
Ugp = ——0 u = Y0
Tk (ad + b)nug’ T ((ad + b)n — ad)vy
v = U3 v = U3
73 T T (be+ dynv_g Tk ((be+ dyn — be)u_g’
v = U2 v = U2
1727 14 (be + dynu_s 0T e (be+ d)n — be)u_y
v = U1 v = U1
1T T4 (be+ dynv_y 15 e (e + d)n — be)u_y
A Vsn_4 = 0
7 14 (be + dynvy T e (be + d)n — be)uo
From all above mentioned and
U_1 =T_1Y-2, U0 =ToY-1, V-1 =Y-1T-2, Vo= YoT_1- (51)
U_g =T _2Y_3, U-3=2T_3Y—4, V_2=Y2T_3, V_3=7yY_3T_4. (52)

we see that the following result holds.

Theorem 2.7. Let {zy, Yn }n>—1 be a solution of (6). Then, forn =0,1,2,3,...,
cifatl (aeR-{L})

T8n—4
n—1 n—1
. ((ac)" + x_2y—3(ad + b) Z (ac)r> <(ac)" + zoy—1(ad + b) Z (ac)r> 1
Z, y r= =
pEay = o e
<(ac)" 4+ y_sz_4g(bc+ d)Z(ac)T> <(ac)" +y_1z_2(bc+ d)Z(ac)’"> =
r=0 =0
T8n—3
n—1
- <(ac)” +z_1y—2(ad + b)Z(ac)T> el
T—-3T_4Y_y4 r=0
= H v;

iy n—1 n—1 -
oY ((ac)” + y—oz_3(bc+ d) Z (ac)7'> <(ac)" + yox—1(bc+ d) Z (ac)r> =0

r=0 r=0
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n—1
. <(ac)"+x0y_1(ad+b)2(ac)r>

=0

n—1
T < ) ILo

(ac)n +y_1x_2(b(;+d)2(ac)'r i=0
r=0

n n
T_4Y_4 T_1

n—1
Tn—1 = i
| ) 1

(ac)™ + yox—1(bc+ d) Z (ac)”

r=0

n+l n n—1
_ T4 Y Yy-3 )
Ten+1 = engn T — " H ;.
070 antle 4y _sx_y (adz (ac)” + bZ(ac)T> =0
r=0 r=0

n—1 n
o (e b (o s 3w ) )
Y—2Zy Yy r=0 r=0

xn4yn1’1 n—1 n L.
T <a”+1c" +y_ox_3 (adz (ac)” + bZ(ac)T>> =0

r=0 r=0

T8n+2 —

T8n+3

y71$n+1yn n—1 n
<ns+1_4> <a"c”le +x_2y_3 <bcz (ac)” + dZ(ac)T>>
%o Yo r=0

r=0
n—1 n
(a"+1cn +y_1T_2 <ad2(ac)r + bZ(ac)r
r=0 r=0
I17 ¥

n—1 n :
<a”+1c" +y_3T_4 (adz (ac)” + bZ(ac)7'>>

r=0 r=0

X
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Where

®i
i—1
((ac) +y_1x_ 2(bc+d)2(ac > (ac )+ y_3z_ 4(bc+d)2(ac )
X

r=0

<( )™ + woy—1( ad+b )( ity 3(ad+b)Lz(:l)( )T)
<a@ - (bz ) +d§<a6y>>
<aw U+ yoz—1 <adz ac)” bZ(ac ))
(v Mdg(a@r))
(alcl Lty oz 3 (adz ac)’"+bz ac) ))
)

i—1
((ac)iero:v 1( bc+d ac) ((ac +y_oz_ 3(bc+d)2(ac)T>
=0

Y = :_ X

3 i—1
<(ac)Z +z_1y—_2(ad + b) Z ac)’"> <(ac +x_3y_4a(ad +b) Z(ac >
r=0 r=0
<ai Len 4+ zoy— 1( (ac) +dZ(ac)r>>
(aicilerl:v 2 <adZ(ac +bZ(ac ))
<al Tt x_oy—3 (ch(ac +dZ(ac ))
i—2 i—1 '
<aici—1 +y_3T_4 <ad2(ac)r + bZ(ac)T>>
r=0 =0

X

(ai e+ 3y 4 (0bc

[L”M‘

Or

n—1
. ((ac)" + y_2x_3(bc+ d) Z (ac)r> <(ac)" + yox—1(bc+ d) Z (ac)T> 1
Ysn—4 = nw;yyr?gl nr_:lo T:EI H Xi-
o <(ac)" + z_3y—a(ad + b) Z (ac)r> <(ac)" + (ad + b)z_1y—2 Z (ac)’"> =0

r=0 r=0

n—1
ac)™ _1x—2(bc+d ac)”
v gy <( )"+ y—1z-a(be+d) D> ( ))

=0

H &

Y8n—-3 =

nyn n—1 n—1
0% <(ac)”+a}2y3(ad+b)2(ac}r> ((ac) + zoy—1(ad + b) Z(ac )

r=0 r=0
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n—1
o ((ac)"+y0x_1(bc+d)2(ac)r>
Y—-2T5Yq

r=0
Ysn—2 =

n—1
x4y ol H Xi-
—4Y9— <(ac)n +z_1y—2(ad+ b)Z(aC)T> =0

r=0

T_4Y_y Y—1

n—1
i e
<(ac)" + zoy—1(ad + b) Z (ac)7'> =0

r=0

n+l n—1

LY,
ysn = LHXI
4y,

n n+1
4Y_4 T_3

n+1y n—1 H 5’
0 <a"c”+1 +T_3y_4 <bcz ac)r—i—dz (ac)” >>

r=0

xT

Ysn+1 =

T_2T( Y,

n—1
+1
. < nrlen 4y _sx_y <adzo ac) +bZ ac)” >>
T=
nily 4 n—1 n
B <a”cn+1+x 2Y—3 (ch(ac +dz ac) ))

Ysn+2 =

sz

z_ 1x_4yn+1 n—1
o a™ e +y_sx_3 adz ac) +bZ(ac
To yO r=0 r=0
n—1
(a"cn+1 +x_1y_2 <bcz ac) +dZ(ac >)

r=0 r=0

—1
% H? 0 57.

n—1 :
<a"c”+1+$ 3Y_4 (bcz (ac) +dZ (ac) >>

r=0 r=0

Ysn+3 =

Where
i—1 i—1
((GC)i +a_1y_g(ad+b)> (aC)T> ((GC)i +2_3y_a(ad+b)Y (aC)T>

=0 r=0

X
i—1 1—1
<<ac>i +yor_i(be+d) > (ac>’"> <<ac)i ty_sz_gbetd) (acf‘)

r=0 r=0

i—2 i—1

<al iy y o, <adZ<GC>T+bZ<“C>T>>
r=0 r=0
i—2 i—1

(‘li’lci + moy_1 <bCZ<aC)T + dzmcy))
r=0 =0

i—2 i—1
(a" Pl oy sxy <adZ(ac)T+bz(ac)r)>
=0 r=0

i—2 i—1 ’
(a'iflci +xz_oy_3 (bcz (ac)” + dz (ac)r>>
=0 =0

X




Representation of Solutions of A System of Five-Order Nonlinear Difference Equations

=0 r=0
& = - X

— i—1
((ae)%y 1oz (be + d) Z (ac) ) <ac>i+y73174(bc+d>2<ac>r>
=0 =0
< el 4 oyom_y adZ(ac) +b2(ac) ))
<a,'iflci +x_qy_o <bcz (ac)” + dz (a(;)r>>
o e ”.7:_702 i—1
(a'c‘71 +y_ox_3 <(Ldz (ac)” + bz (ac)T))
r=0 =0

i—1 i—1
((ae)i +zoy_1(ad+ b)Y <ac>*) ((acv +a_sy_s(ad+b)> (acV)

X

i—2 i—1 '
(ai_lci +z_3y_4 (bcz (ac)” + dz (ac)7'>>

r=0 r=0

° ifa:%.

z3yy (1 +x_2y_3(ad+b)n) (1 + zoy—1(ad + b)n) H 1.

xr — =
sn—d xﬁzlyﬁ4 14+ y—zz_a(bc+ d)n) (1 +y—12—2(bc+ d)n

T_3z” Yy 1+x_ ad + b)n)
Cang = 4Y—4 ( 1y—2( )n) L H .

xJyy (14 y—2z—3(bc+ d)n) (1 + (bc + d)nvo

n—1

z_2zfyy (1+xzoy—1(ad+b)n H¢’
x’l4yf4 (1+y 1T—2 bc+d)n) v

T8n—2 =

n n
T_4Y_y T_1 Hd"
z3yy (L4 yox—1(be+d)n) ;- v

T8n—1 =

o $,4 Y_4 Y=3
T8n+1 = n+1 (a+y 3T— 4((ad+bn+b)) le

n+1

Y—2T Yy (c+z_3y—a((bc+ d)n

panys = 200 (et omay-allic+ O - )H@
2",y 3t (a+y—22_3((ad +

ZTgn+3 = P

yaz"3yn, (c+z_2y_3((be + d)n + d)) Hw
5y (a+y_12_2((ad+b)n+b)) (a+y_3z_s((ad+bn+0b)) L1 7

Where

(1+y—1z—2(bc+ d)i) (1 + y_3z_a(bc+ d)7)

= (1 + zoy—1(ad + b)i) (1 + z_2y—3(ad + b))

(c+z_1y—2((bc+ d)i — be)) (¢ + z—3y—a((be + d)i — be))
(a 4+ yor—1((ad + b)i — ad)) (a + y—22_3((ad + b)i — ad))

427
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(14 yoz—1(bec+ d)i) (1 + y—2z_3(bc + d)i)

Vi U 21y a(ad + b)) (1 + 2—s3y_a(ad £ b))
(c+ zoy—1((bc + d)i — be)) (¢ + z—2y—3((be + d)i — be))
(a +y—12_2((ad + b)i — ad)) (a + y_3z_4((ad + b)i — ad))
Or
Vo4 = zpyly (1 +y—2a—3(bc+ d)n) (1 + yox—1(bc + d)n) "1:[1 “
" z’j4yﬁzl (14 z_3y—a(ad+b)n) (1 + xz_1y—2(ad + b)n) =0 v
oyl yly (14 y—1z2—2(bc+ d)n)
Yn=3 = z3yy (1 +z—2y—3(ad+b)n) (1 + zoy—1(ad + b)n H s
- y—2xqyy (1 +yox—1(bc+ d)n) H
" 5524?/,14 (1 +x_1y— 2 ad“’ b n)
_ x’l4y’i4
Yan—1 = xgyy (1 —i—xoy 1( ad+ b)n) H) &
mnyn+1 n—1
Ysn = % H Xi-
T—a¥-a ;=9
n+1 n
zyyly T3
Ysnt1 = -
8n+1 g+1y0 (c+ z—3y—a((bc+ d)n + d)) g&
onis = 1= 20ys " (a+y-sz—a((ad+b)n HX
T ey, (et aay—s((be + dpn "
o w1z "t (a+y_oz_3((ad + b)n + b)) Tﬁg_
! st yy (et zya((betdn+d) (ct+osya(bet+dn+d) g
Where
i = (14 z—1y—2(ad + b)i) (1 + x—_3y—4a(ad + b))
! (14 yoz—1(bec+ d)i) (1 + y—22_3(bc + d)i)
(a+y—1z—2((ad + b)i — ad)) (a + y—3z—a((ad + b)i — ad))
(c+ zoy—1((bc + d)i — be)) (¢ + z_2y—_3((bc + d)i — be))
¢ = (1+ zoy—1(ad+ b)i) (1 + z_2y—3(ad + b)i)
=

1+ y—1z—2(bc+ d)i) (1 + y—3z—a(bc+ d)i)

(a+yox—1((ad + b)i — ad)) (a + y—2z_3((ad + b)i — ad))
(c+z_1y—_2((bc + d)i — be)) (¢ + x_3y—_a((bc 4 d)i — be))
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3. Conclusion

In this study, we mainly obtained solutions to the rational difference equations
system.
Yn—3Tn—4 _ Tn—3Yn—4
Yn(a 4+ byn_3Tn_4)’ Ynt1 = Tn(c+ drn_3Yn_4)’
where parameters a,b, ¢ and d are executed separately and initial conditions
T_4, T_3, T_2, T_1, L0, Y—4, Y—3, Y—2, Y—1 and yo are non zero real numbers.

Tn+1 = n=0,1,---,

4. Future works
The results in this paper can be extended to the following system of difference
equations
Yn—kTn—(k+1) . Tn—kYn—(k+1)
Yn (@ + bYn—kTn—(kt1))’ Yni1 = Tp(c+ dTn—pYn—(k+1))’
where £ € N the initial conditions x_; and y_; are non zero real numbers,
§=0,(k+1).

T4l = n=0,1,---
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