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EXISTENCE OF NON-CONSTANT POSITIVE SOLUTION OF
A DIFFUSIVE MODIFIED LESLIE-GOWER PREY-PREDATOR
SYSTEM WITH PREY INFECTION AND BEDDINGTON
DEANGELIS FUNCTIONAL RESPONSE

DAWIT MELESE

ABSTRACT. In this paper, a diffusive predator-prey system with Bedding-
ton DeAngelis functional response and the modified Leslie-Gower type
predator dynamics when a prey population is infected is considered. The
predator is assumed to predate both the susceptible prey and infected prey
following the Beddington-DeAngelis functional response and Holling type
II functional response, respectively. The predator follows the modified
Leslie-Gower predator dynamics. Both the prey, susceptible and infected,
and predator are assumed to be distributed in-homogeneous in space. A
reaction-diffusion equation with Neumann boundary conditions is consid-
ered to capture the dynamics of the prey and predator population. The
global attractor and persistence properties of the system are studied. The
priori estimates of the non-constant positive steady state of the system are
obtained. The existence of non-constant positive steady state of the sys-
tem is investigated by the use of Leray-Schauder Theorem. The existence
of non-constant positive steady state of the system, with large diffusivity,
guarantees for the occurrence of interesting Turing patterns.
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1. Introduction

The mathematical modeling of epidemics has become a very important sub-
ject of research after the seminal model of Kermack and McKendric [1] on SIRS
systems, in which the evolution of a disease which gets transmitted upon contact
is described. Diseases have an effect on the health of any community and can
regulate the human and animal population density. Thus, it is very important
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both from the ecological and mathematical points of view to study ecological sys-
tems under the influence of epidemiological factors. Anderson and May [2] were
the pioneers for investigating the invasion, persistence and spread of diseases by
formulating an eco-epidemiological predator prey model.

After the seminal work of Anderson and May [2], the researchers Jana and
Kar [3], Chakraborty et al. [4], Sharma and Samanta [5], Meng et al. [6],
Maji et al. [7], Hugo and Simanjilo [8] and Melese et al. [9] have studied
a predator-prey system with infection in prey only. It was assumed that the
disease spreads among the prey population only and the disease is not genetically
inherited. The infected populations do not recover or become immune. Other
researchers [10, 11, 12, 13, 14] consider the situation where disease is transmitted
through the predator population. The authors Das et al., Gao et al. and Bera
et al. [15, 16, 17] have investigated a predator-prey model with infection in both
species.

In the real world, most species live in a habitat which is spatially hetero-
geneous. It is natural that predator and prey species moves from one place
to another place in search of prey and to avoid being eaten by predators, re-
spectively. Therefore the description of the spatial structure of the population
becomes important. Such spatial structure cab be captured by reaction diffusion
equations.

In recent times, different researchers have considered the spatio-temporal dy-
namics of a prey-predator system with infection [18, 19, 20, 21, 22, 23, 24, 25, 26,
27, 28, 29, 30]. Chakraborty et al. [27] have considered a diffusive predator-prey
model, where predator feeds on infected prey following type II response function
and infection spreads among the prey species through horizontal transmission.
They have studied the spatiotemporal complexity of the system. Li et al. [23]
have considered an eco-epidemiological prey-predator system with infection in
predator population and find the parameter ranges for the occurrence of Turing
patterns. Wonlyul Ko and Inkyung [20], Ahn et al. [18] and Ryu [31] have inves-
tigated the existence and non-existence of non-constant positive steady states of
a ratio-dependent prey-predator system with infection in prey. Chenglin Li [32]
have considered a ratio-dependent invasion-diffusion predator-prey system with
disease in the predator and found a sufficient conditions for the nonexistence and
existence of non-constant positive solution of the system, which implies the exis-
tence of spatiotemporal pattern formation. Melese and Feyissa [28] have studied
the stability and bifurcation analysis of a diffusive prey-predator system with
disease in prey where predator predates the susceptible prey with Beddington-
DeAngelis functional response and the infected prey following Holling type 11
functional response. However, Melese and Feyissa [28] did not study the exis-
tence and non-existence of non-constant positive steady state solutions of the
system. Thus, in this paper the existence and non-existence of non-constant
positive steady state solutions of a diffusive eco-epidemiological predator-prey
system with prey infection, Beddington-DeAngelis type functional response and
the modified Leslie-Gower type predator dynamics is studied.
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The organization of this paper is as follows: in section 2.2, model formulation,
the existence of a positively invariant attracting region for the spatio-temporal
system (2), the boundedness and persistence properties of solutions to the system
(2) are discussed. Section 3 is devoted to the existence of non-constant positive
steady states of the system (2). Lastly, conclusions are given in section 4.

2. The Mathematical Model

2.1. Model Equation. Let N(X,T) and W(X,T) represent the total prey
population densities and the predator population density, respectively at time
T and position X in a habitat 2 C Ry and the prey population is infected with
a disease. In this paper, consider the following system due to [28]. (Please see
the detail assumption in [28]).

U aUV cUW
— D AU = 1— = — — XeQ T
Ur - DuAU “( K>U 1oV BiUtaow ~SHT>0
A
Ve — Dyay = UV AWV e >0,

1+b0V 1+ ARV

w
WT—DwAWZ’I“g(l— >VV,X€Q,T>O,

s+ soU + 53V
U, =V, =W,=0,Xe€0Q, T>0
U(X,0) =Up(X) 20, V(X,0) =Vo(X) =0, W(X,0) =Wy(X) >0, X €,

where Q C RY is a bounded region with smooth boundary 952, and all the pa-
rameters in the model, which are given as in Table 1, are assumed to be positive.
The initial functions Uy(X), Vo(X) and Wy(X) are continuous functions on €.
The variables U, V' and W stands for the population densities of Susceptible
prey, infected prey and predator, respectively.

Consider the following non-dimensional variables and scaling parameters.

U L / D D
U= g VS W= o t=rT, z=X , Dy="". D3 = Df‘:f/?
K B d
a = ar , k=bK, 8= ,’y—£ 9——,U—AhK 77——2 slzi,éz—,
r1 K 1 T ™ K 1

Thus, the system (1) will take the following non-dimensional form as

—Au=(1—-u)u-— ouv yuw ,r e, t>0,
1+rkv  B+u+ww
0
CDyAv = T sy s e, >0,

1+kv 1+4+o0v
w
-DsAw=n|{l- ———
3ow 77( 81 + S2u + S3v
U, =v, =w, =0, x € 00, t >0,
u(z,0) = up(z) >0, v(z,0) =vo(z) >0, w(x,0) =we(x) >0, z € N

)w,meﬁ,t>0,
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For simplicity, let us denote the reaction terms as

auv Yuw
G = (1—wu— -
1(U,’U,’LU) ( U)U 1+KJ’U ﬁ—l—u—&-ww’
0
GZ(U’a v, ’IU) = — e v,

1+ kv B 1+ov
w
Gs(u,v,w) = 7 <1 > w.

81 + S2u + S3v

TABLE 1. Biological Meaning of Parameters

Parameters Biological Meaning
1 The intrinsic growth rate of susceptible prey,

K Environmental carrying capacity of prey ,
a Infection rate of prey,
b Measure of Inhibition of prey,
c Predation rate of Predator on susceptible prey,
B Saturation constant,
w Predator interference,
A Half saturation constant,
h Handling time,
d Death rate of infected prey,
ro Maximum per capita growth rate of the predator,
S Residual loss in predator population due to severe
scarcity of its favorite food,
S Conversion factor of susceptible prey into predator,
S3 Conversion factor of infected prey into predator,
Dy Diffusion coefficient of susceptible prey,
Dy Diffusion coefficient of infected prey,
Dy Diffusion coefficient of predator.

2.2. Persistence and Boundedness. The following lemma, due to Wang and
Pang [33], is used to investigate the existence of a positively invariant attracting
region, the boundedness and persistence of solutions of the system (2).

Lemma 2.1. Let f(s) be a positive Ct function for s >0, and let d >0, 7 >0
be constants. Further, let T € [0,00) and ® € C*1(Qx (T, 0))NCHO(Qx [T, 00))
be a positive function.

1 If ® satisfies
O; — dAD < T (D) (Y — D), (w,t) € Q x (T, 00),
o, =0, (z,t) € 09 x [T, 00),

and the constant ¥ > 0, then limsupmax ®(.,t) < 9.
t— o0 Q
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2 If ® satisfies
{cpt — dAD > ST F(D) (0 — @), (x,t) € Q x (T, 0),
d, =0, (z,t) € 90 x [T, 00),
and the constant ¥ > 0, then litrggjlf mﬁin O, 1) >0.
3 If ® satisfies
{cpt — dAD < DT F(D)(9 — D), (1) € Q x (T, 00),
o, =0, (z,t) € 09 x [T, 00),

and the constant ¥ < 0, then lim sup max ®(.,t) < 0.
t— o0 Q

Theorem 2.2. All solutions of (2) initiating in Rz’r are ultimately bounded and
eventually enter into the positively invariant attracting region

2 =1[0,1] x [O%} x [o,sl+32+%]

Proof. See Theorem 4.2 in [28]. O

Theorem 2.3. The system (2) is persistent if

QS3
0k

Proof. See Theorem 4.3 in [28]. O

Lo =1— (a/k) — (v/w) >0, alu—<9(81—|—82+ )+5) > 0.

3. Non-constant Positive Steady States

This section is devoted to the investigation of the non-constant positive steady
states, existence and non-existence of the system (2). The non-constant positive
solutions of the system (2) are the solutions of the steady state problem

—Au =G (u,v,w), x €,
—DyAv = Go(u,v,w), x€Q,
—D3Aw = G3(u,v,w), x €9,

u, =v, = w, =0, x€I.

3)

The classical solutions of the system (3) are assumed to be in C%(Q) N CH(Q).
For notational convenience, we shall write A = A(«, 8,7, k,0,0,1, 9, 1, $2, $3) in
the sequel.

3.1. A priori estimates of non-constant positive steady state.

Theorem 3.1. For any classical solution u = (u,v,w)” of the system (3),

a ass
maxu < 1, maxv < —, max w < §1 + S9 + ——. (4)
Q Q K Q 0K
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Proof. Tt directly follows from equations (25), (26) and (27) of [28] and the fact
that
maxg u < limsup,_,  maxq u(., 1),
maxg v < limsup,_, ., maxg v(.,t) and maxgw < limsup,_,  maxg w(.,t).

U
Theorem 3.2. For any classical solution u = (u,v,w)? of the system (3), if
b= 1= (a/r) = (v/w) >0, I, = al, — (6 (51+32+%) +6) >0,
then
minu > 1- (a/k) - (v/w) = L,

Q
_ ass
miny > = Olirear5)+d) (5)
Q (0(51—&—524—%)—&—6)/{
minw > 1+ Saly + s3ly, = L.
Q

Proof. The proof directly follows from equations (28), (29) and (30) of [28] and
the fact that

ming v > liminf,_, o ming u(.,t),
ming v > liminf,_, o ming v(.,¢) and ming w > liminf;_, o ming w(., ).

O

3.2. Non-existence of non-constant positive steady state. In this sub-
section, the non-existence of a non-constant positive steady state of the system
(2) is proved. But before this, let us have the following notations.

Notations:

1) 0= po < p1 < po < ps < ... are the eigenvalues of the operator —A on
Q under the homogeneous Neumann boundary condition.
ii) E(u;) is the eigenspace corresponding to the eigenvalue p;.
iii) X;; := {c.¥;; : ¢ € R?}, where {¢;;} are orthonormal basis of X; for
J=1,2,3,...,dim[E;].

oo
iv) X = {u = (u,v,w) € [C*(Q)*|22 = 0 on 09}, and so X = @Xi,
i=0
where
dim[E(ui)]

X;= @ X
j=1
We can observe that the system (2) has a unique constant positive steady
state @ = (@, 0, W), where
(14 k0)(0 + 510 + (s30 + 00)D)

wW=Ss SolU + S3U, U = -
1+ o2t 93 o — $90 + (o — $90K)0




and v
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is the unique positive root of the quartic equation
A5’05 + A4U4 + Ag’US + A2’1)2 + Aﬂ) + AO = 0, (6)

where the coefficients A4;, (i = 1,2,3,4,5) are given in the Appendix 4.

Theorem 3.3. Let py be the smallest positive eigenvalue of the operator —A

on

with homogeneous Neumann boundary condition and Dj be a fized posi-

tive constant satisfying Dy > /% Then there exists a positive constant D* =

D*(Dy, A) such that the system (3) has no non-constant positive solution pro-
vided min{Da, 1} > D* and D5 > Dj.

Proof.

Let u = (u,v,w)T be a positive solution of the system (3). Let u =

Q|7 [qude, v = Q|7 [vdzandw = Q™! [, wdz. Now, we multiply the first,
second and third equations in (3) by (uv—1), (v—17) and (w—w), respectively, and
integrate the system (3) over Q by parts and then apply Green’s first identity.

Thus,

we have

I= / {|Vu|2 + Do|Vo]? + D3|Vw|2}dx,
Q

/Q {(u —u)(G1(u,v,w) — G1(u,v,w)) + (v — 0)(G2(u, v, w) — G2(u,v,w))

+ (w—w)(Gs(u,v,w) — G3(u,v,w)) pdz,
.9 _ v ~yw(B +wﬁ)> .2 (aﬂ 0w
= - 1— (u+7a) — - + (v — — - —
/Q{(u u)( (w+%) I+ kv X2 (v=") X1 X3
_ —92 _
IO av  au v [(ns2w” qu(B+u)
+ (u—a)(v U)(l—FHU X1)+(u u)(w w)( " - )
_9 S
v (mssw” v e n@+w)
+wem-) () e (y- AR
< _—\2 — 2 _— - v @ 2
< /Q{(u u)” +au(v—0)" + |u—1allv U|<1+KU+X1 + (w—w)™y
—2 — —2
+ m-mm-m("”“’ +W(ﬁ+“)>+|w—w|\u—@| (’733“’ 4+ )
X4 X2 X4 1+ov
1
< /{(U—E)Q+aﬂ(v—§)2+|u—ﬂ|\v—ﬁ|(ﬂ—&—;)a—f—(w—@)Qn
Q
—2 —2 2]
+ |u—m|w—w|("52§“ +w)+|w—m|v—v|(’7‘”3§” +f),
5% 5% o
< /{(ufﬂf+a(v76)2+|ufﬂ||vfﬁ|(1+%)a+(wfﬁ)2n
Q
M M2 6
+ |u7ﬂ\|wfw|(n322w+fy>+|wfﬁ||v7v|(778372“’+7>}dx211,
55 53 o
where
xi = (4r0)1+r0), x2=(B+u+w)(B+u+ww), xs=(1+0v)(1+00),

Xa = (s1+ s2u+ s3v)(s1 + $2T + 830), My = maxw.
Q



400 Dawit Melese

For the positive constants & = (1+ 1) o, & = (”S3Mw + 7), &= ("52MW + ’y) and
1
arbitrary positive constants €1, €2, €3, the Young’s inequality yields

&

fu—allo =] < o5 (u—m)* + S (0~ ),
o —vjw—w] < 220 - )" + 22w -w),

£

fu—allw — @] < 2 (u—w)? +
€3

&3e3 2
T(w — w) .

Thus, we have

I<h < /ﬂ{(1+2§—;+§>( *ﬁ)2+(a+£1;1+%)(vfﬁ)2

+ <77 4 ez 5363) (w — E)Q}dx =1 (7

2 2

Further, due to the Poincare inequality, we get
I> / {,ul(u — %)% 4+ p1Da2(v —0)? + 1 Da(w — E)Z}dm = Is. (8)
Q

From (7) and (8), it follows that
I > Is. (9)

Since p1 D3 > n by the assumption, we can find a sufficiently small €1, €2, €3 > 0 such

that
p1Dy > (n+522 4+ 8858 Let DYy i= py (1 + 5+ 53) D3y =yt (a+ a4 2532)
and D" = max{Djy, D3;}. Therefore, we conclude that v = & = constant, v = v =

constant and w = w = constant provided min{ D>, 1} > D* and D3 > Dj. O

3.3. Existence of non-constant positive steady state. The main aim of
this section is to discuss the existence of non-constant positive solutions to the
system (3) by using Leray-Schauder Theorem. Theorem (3.3) implies that when
the assumptions of the theorem holds then the system (3) will not have non-
constant positive solution.

Now, define Xt = {u € X|u> 0,v>0,w>0} on Q, B(C) ={ueX|C~!<
u, v, w < C} on §, where C'is a positive constant in which its existence is ensured
by theorems (3.1) and (3.2). Let D = diag(1, D2, D3). Thus, the system (3) is
equivalent with

, =0, z € 0f. (10)

{—DAu =G(u), =z€9Q,
u is a positive solution of (10) if and only if
pu) Au—(I-A)"{D'G(u) +u} =0in X",

where I is the identity map from C*(Q) to itself and (I — A)~! is the inverse
of I — A in X subject to Neumann boundary condition. It can be noticed that
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the Leray-Schauder degree deg(p(.),0, B) is well defined if p(u) # 0 for any
u € 9B(C). Direct computation gives
Dyp() =I— (I-A) ' {D'Gy(q) +I}.
Note that, A is an eigenvalue of the matrix Dyp(1) on X, if and only if it is
an eigenvalue of the matrix ﬁ {pd - D_lGu(ﬁ)}. Thus, the matrix Dyp(0)
is invertible if and only if ﬁ {,uiI — D_lGu(ﬁ)} is non-singular for any ¢ > 1.

Let
U(p) A det(pI—-D7'Gy(u)), (11)
Y(p) A det (D — Gy(n)). (12)

Then,
V() = 50 (13)

Note that the number of negative eigenvalues p of Dyp() on X; is odd if and

only if ¥(u;,0) < 0.

Proposition 3.4. Suppose U(u;) # 0; ¢ > 1. Let m(u;) be the multiplicity of

the eigenvalue p; and p = Z m(p;). Then, index(p(.), u) = (—1)°.
21,0 (1) <0

The above proposition indicates that the sign of ¥(u;) has a paramount im-
portance for calculating the value of index(¢(.),0).

Now,
() =1(D3)p® +P2(Ds)p® + 3(D3)p — det (Gu(1)) (14)

where

Y1(Ds3) = D2Ds, 2(Ds3) =nDs — (az2 + a11D2) D3,

Y3(D3) = —n(s3a23 + aze) — n(s2a13 + a11) Dz + (—a12a21 + a11a22)D3
and

allsz(W—l), a12:_~0¢7ﬂ, a13=—M

(B + U + ww)? (kD +1)2’ (B + 1+ ww)?’
av QKU Oow 0v
PTG T )2 oo+ 12 P o1

Let Tiy, iy, fig be the three roots of ¢ () = 0. Then, ffisf; = det (Gy(Q)),
where

det (Gu(ﬁ)) = —Tl(an&Qz — ai2a21 + 83((111&23 - a13a21) + 52(a13a22 - 1112@23))-
One can see that det (Gy (1)) < 0 if

aii1age — aijgaz > 0, ajrazg — ajzaz; > 0, aizaze — ajzazz > 0. (15)
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Hence, since 91 > 0, one of [1;, iy, [15 is real and negative, and the product of
the other two is positive.
For a sufficiently large D3, i.e D3 — oo, we have

. \\
lim { (1) } = u(Dop® — (a9 + a11 Do) + a11a90 — a12as1).
D3z —o0 D3

Thus, we have the following result.
Proposition 3.5. Assume that a11 > 0, ass + ay11Ds > 0, the constant positive
eguilibrium point u exists and (15) hold. Then, there exists a positive constant

D such that when D3 > D, the three roots fi,(Ds), iy (D3), Tiz(D3) of (u) =0
are all real and satisfy

. (a22 + a11D2) — \/(ag2 + a11D2)? — 4D3(a11a22 — a12a21)
i (03) - =
= ﬁl > 07
lim iy (Ds) = (a2 + a11D2) + /(az2 + a11D2)? — 4Dz (a11a22 — ar2a21) (16)
D3—o0 2D2
= p2 > 03
lin7iy(Ds) = 0

Moreover, we have
—00 < Ji3(D3) <0 <711(D3) < Ba(D3),
P(p) <0, when p € (=00, 1i3(Ds3)) U (11, (D3), Tig (D3)), (17)
Y(p) > 0, when p € (F5(D3), 7y (D3)) U (f12(Ds), 00).
The following theorem proves the global existence of non-constant positive

solution to the system (3) for sufficiently large D3 while other parameters are
fixed.

Theorem 3.6. Assume that the parameters A and Do are fized, the constant
positive equilibrium point @ exists, a11 > 0, azs + a11D2 > 0 and (15) hold. Let
i1 and fiz be given by the limit (16). If fir € (fin, pn+1), fiz € (fp, pip+1) for
P
somep >n > 1 and the sum p, = Z m(u;) is odd then there exists a positive
1=n+1
constant Dgl such that, if D3 > Dgl, then the system (3) admits at least one
non-constant positive solution.

Proof. From proposition (3.5), it follows that there exists a positive constant D
such that, when D3 > D, (17) holds and

ﬁl € (,U/na,un-‘rl)a ﬁ2 € (/’(‘puup-i-l) . (18>

Now we prove that, for any D3 > Do, the system (3) admits at least one
non-constant positive solution. Assume that the assertion is not true for some
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D5 = D3 > Doy By using the homotopy invariance of the topological degree,
we can derive a contradiction in the sequel.

Fix D3 = Ds, D3 = ﬁ Thus, by Theorem (3.3), we get a positive constant
D* = D*(Dy,A). Fix D3 > Di, Dy > max{D* Dy}. Fort € [0,1], define
D(t) = diag(1, Dy(t), D3(t)) with D;(t) = tD; + (1 — t)D;,i = 2,3 and consider
the problem

(19)

-D(t)Au=G(u), xz€,
u, =0, x € 01

Thus, u is a non-constant positive solution of the system (3) if and only if it is
a positive solution of (19) for ¢ = 1. Clearly, G is the unique constant positive
solution of (19) for any 0 < ¢ < 1. For any 0 < ¢ < 1, u is a positive solution of
(3) if and only if it is a solution of the following problemma

ptu) Au— (I A" {D (#)G(u) +u} =0in X ™.
It is clear that ¢(1;u) = ¢(0;u). From theorem (3.3) it follows that ¢(0;u) =0
has only the positive solution @ in X . It is easy to see that
Dup(t; @) =1~ (1= A)" D} ()Gu () + I}.

In particular,
wp(0;a) = I—-(I-A)" {D G()+I}
wp(131) = T (I—A) D' Gu(W) + I} = Dup(@).

where D = diag(1 ,DQ,Dg)
For ¢t =1, by (17), (18) and (13), we have

U (po) = W(0) >0,

U(pi) >0, 1<i<mn,
U(p) <0, n+1>i<p,
U(pir1) >0, i >p+1.

Hence, zero is not the eigenvalue of the matrix p;I— DflGu(ﬁ) for all 7 > 0 and
P

Z m(u;) = Z m(;) = pp, which is odd. Then proposition (3.4) yields
i>0,¥(u;)<0 i

index(p(1;.),0) = (—1)? = (—-1)P» = —1. (20)
Similarly, it is possible to prove
index((0;.),0) = (=1)P = (=1)° = 1. (21)

In view of theorems (3.1) and (3.2), there exists a positive constant C' such that,
for all 0 < t < 1, the positive solutions of (19) satisfy C~1 < u,v,w < C and
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hence ¢(t;u) # 0 on OB(C). By the homotopy invariance of the topological
degree, we have

deg(¢(1;.),0, B(C)) = deg(¢(0;.),0, B(C)). (22)

Since both equations ¢(1;u) = 0 and ¢(0;u) = 0 have the unique positive
solution @ in B(C'), by (20) and (21), we have

deg(¢(0;.),0, B(C)) index(p(0;.),0) = 1,
deg(p(1;.),0,B(C)) = index(p(1;.), 1) = —1.
This contradicts (22). Hence the proof is complete. O

4. Conclusion

In this paper, a diffusive predator-prey system with disease in prey, Beddington-
DeAngelis functional response and the modified Leslie-Gower type predator dy-
namics under homogeneous Neumann boundary condition was investigated. In
the context, we have shown the global attractor and persistence nature of the
system. In addition, under a certain condition the non-constant positive steady
state of the system (2) does not exist and hence pattern formation is not possi-
ble (c.f. Theorem (3.3)). On the other hand, under a suitable condition and a
sufficiently large diffusion constant ratio D3, non-constant positive steady state
of the system (2) exists as stated and proved in Theorem (3.6). As a result
interesting Turing patterns, which are induced by large diffusion coefficient ratio
D3, can occur.

From the qualitative analysis of the model, one can observe that our model
can be used to describe any dynamical interaction between prey and predator
populations with a communicable/infectious disease in the prey population. For
example, the model can be used to describe a phytoplankton-zooplankton system
where the phytoplankton population is affected with an infection disease. The
model can also be used to describe the macro and micro parasitic infections with
constant predator for the hyper-trophic plankton fish system.
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Appendix

k2 (80 + 0s3)(8ro(s2w + 1) + s3(aow + 0k))

K2 (80 (0(s2w(s1 + s2) + 251 — 52(8 + vs2 — 1)) + 26(s2w + 1)) + O536(s2w + 2))

K2 (s3(o(a(B — 1)0 + 650 + 20w(8 + 051)) + Os2(ow(a + 38) — a(yo + 6))))

K> (50— (0(35 + B+ s1w — 1)) — afs2w + s2 (360w — a(—vyo + 0 + aw))))

Kao (a&o(szw T 1) + 53(200w + a(vo + 6 — w(o + 0s2))) + 2es§w)

k30530(281 — Bsa + s2) + k2052 (aw + 30) + o’ szw

K (80(s20(s1 + 52) + 251 — 52(8 + y52 = 1)) + 0> (51 + 52) (51 — Bs2) + 67 (520 + 1))

k2 (o (a(B + s1w — 1)(28 + 0s1) + 65(6 + 0s1)) + 052( (B0 — 6w) + 355 (w — 7))

12 (s3(aw (8 + 0(2s1 + 52)) + 30(6(2s1 — Bsa + s2) + 6(s2w + 2)) + ab(B — vs2 — 1))

12 (52(350(—B6 + 25w + 6 + 0s1w) — a(5(—270 + 6 + 20w) + 0(s1(yo + 0 — ow) — 280))))
r(daossw (S + 0s1) — 2a800s2w + B (2&502 +a?(=0)(o + 20s2) + 2040053) 1 20802 s1w)
k(20260 (saw 4 1) + 386207 (saw + 1) — 2ad0” — 20053 + 360053 (saw + 2) + 052 (2aw + 30))
w(a?os1(y0 + 0 — w(o + 0s2)) — 208053 (0(w — ) + 0) + &’ s3(20(y — w) + 0 + O(—s2)w))
Kk(—2afs253(y0 + 60 — ow)) + s3 (2a3ow +a?0? (v — w) + ado’w + a®fo (1 — szw))
a®Bo® + a?80% + a®o’s1w + a®do%sow + a(?asgw

K2 (@(8(B + s1w + vs2 — saw — 1) + 0(Bs1 — vs182 + s1w(s1 + s2) — 51 + 2852)))

k(3 (80(saw(s1 + 52) + 251 — 52(B + 52 — 1)) + 67 (s1 + 52)(s1 — Bsz) + 87 (52w + 1))
k(o (B + s1w — 1)(26 + 051) — $2(8(—270 + 0 + 20w) + 0(s1(vo + 0 — ow) — 285)))

K (2005380 — Sw) + (8 + 51(270 + 0 — 20w + B(—s2)w) — 28(0 + Os2) + Ss2w))

k(380 (0(saw(s1 + s2) + 251 — s2(B + vs2 — 1)) 4+ 26(s2w + 1)) + sza’(y — w))
rks3(2a(dw + 0(B + 2s1w — ys2 + saw — 1)) + 30(0(2s1 — Bs2 + s2) + d(s2w + 2)))

s3 (aa((B —1)0 +2w(8 + 0s1)) + a® (20 (7 — w) 4+ 0 + O(—s2)w) — absa(yo + 6 — ow))
s3(a®w + 600 (saw + 2)) — cad (—J(B + 51w — 1) + 0siw + sa(o(w — ) + 9))

05§(aw +6) + 0o’ (s1(yo + 0 — w(o + 0s3)) — B(o + 20s3) + 26(szw + 1))
a(20° (B + s1w) + 8% (s20 + 1))

K(2a(6(B + s1w + vs2 — saw — 1) + 0(Bs1 — vs182 + s1w(s1 + s2) — s1 + 2Bs2)))
k(80(saw(3(s1 + s2) + s3) + 6s1 — 3s2(B + vs2 — 1) + 2s3) + 362(52w + 1))
k(@ (B + s1(w—7)) + 6% (35? — Bs2(3(s1 + s2) + s3) + 35182 + 25183 + 8283))

(o (B + s1w — 1)(26 4 051) + s3w(5 + (251 + s2)) + 052 (86 — 6w))
a(—s2(8(=2v0 + 0 4 20w) + 0(s1 (o 4+ 0 — ow) — 2B0))) + &> (B + s1w)

(x2(6 + 0s1 — w(20s1 + 0s182 — ds2 + s3) + ¥(20s1 + s3) — 28(0 + 0s2))

60 (0(saw(s1 + s2) + 281 — s2(B +vs2 — 1)) + 26(saw + 1)) + absz(B — vs2 — 1)
042(7ﬁ —s1(w—7)) + a(d(B+ s1w + vs2 — sow — 1) + O(Bs1 — ys152)
60(sa2w(s1 + s2) + 281 — s2(B+ vs2 — 1)) + 02(51 + s2)(s1 — Bs2)

5% (spw + 1) + Oa(siw(sy + s2) — s1 + 2Bs2)
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