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B-FUZZY FILTERS OF STONE ALMOST DISTRIBUTIVE
LATTICES
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ABSTRACT. In this paper, we studied on B-fuzzy filters of Stone almost
distributive lattices. An isomorphism between the lattice of 5-fuzzy filters
of a Stone ADL A onto the lattice of fuzzy ideals of the set of all boosters of
A is established. The fact that any 8-fuzzy filter of A is an e-fuzzy filter of A
is proved. We discuss on some properties of prime S-fuzzy filters and some
topological concepts on the collection of prime 3-fuzzy filters of a Stone
ADL. Further we show that the collection 7 = {X#()\) : X is a fuzzy ideal of
A} is a topology on FSpecs(A) where X2 (\) = {u € FSpecg(A) : X ¢ u}.
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1. Introduction

The class of distributive lattices has many interesting properties, which lat-
tices, in general, do not have. For this reason, U.M. Swamy and G.C. Rao [12]
introduced the concept of an almost distributive lattice(ADL) as a common ab-
straction of lattice and ring theoretic generalizations of a Boolean algebra. In
[12], it was proved that the commutativity of V, the commutativity of A, the
right distributivity of V over A and the absorption law (z A y) V& = x are all
equivalent to each other and whenever any one of these properties holds, an ADL
A becomes a distributive lattice. Later, U.M. Swamy, G.C. Rao, and G. Nanaji
Rao in [13] introduced the concept of pseudo-complementation in an ADL. U.M.
Swamy, G.C. Rao, and G. Nanaji Rao in [14] introduced the concept of Stone
ADL. It is an ADL with a pseudo-complementation * that satisfies the condition
r* V r** is maximal, for all r € A.
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In [18], the concept of fuzzy set theory as a generalization of classical set
theory was introduced by Zadeh. Rosenfield [8] started the pioneering work in
the domain of fuzzification of algebraic objects on fuzzy groups. In particular
Y. Bo et al [17] and Swamy et al [12] have laid down the foundation for fuzzy
ideals of a lattice and an ADL respectively.

C. Santhi Sundar Raj and et al. [10] introduced the concept of fuzzy prime
ideals of an ADLs. In 1998, U. M. Swamy and D. Viswanadha Raju [11] intro-
duced the concept of fuzzy ideals and fuzzy congruences of distributive lattices
and showed that there is a one-to-one correspondence between the lattice of
fuzzy ideals and the lattice of fuzzy congruences of A. U.M. Swamy et al.[16]
studied about L-fuzzy filters of an ADL. In [1] Berhanu Assaye Alaba and Geza-
hagne Mulat Addis studied on fuzzy congruence relations on an ADL A and they
give the smallest fuzzy congruence on A such that its quotient is a distributive
lattice.

This paper comprises of four sections the first two sections deals on the in-
troductory and preliminary concepts. In section 3, we studied on S-fuzzy filters
of stone almost distributive lattices. An isomorphism of the lattice of g-fuzzy
filters of a Stone ADL A onto the lattice of fuzzy ideals of By(A) is established.
We proved that any S-fuzzy filter of a Stone ADL A is an e-fuzzy filter of A.
In section 4, we discuss on some properties of prime [-fuzzy filters and some
topological concepts on the collection of prime S-fuzzy filters of a Stone ADL A.
Further we show that the collection T = {X#()\) : \ is a fuzzy ideal of A} is a
topology on FSpecg(A) where XP(\) = {u € FSpecs(A) : X € u}.

2. Preliminaries

This section devoted on definitions and results which will be used in the
sequel.

Definition 2.1. [3] Let L be a lattice. A unary operation C on L is a closure
operator if C satisfies the following conitions:

(1) <y implies C(x) < C(y) for all z,y € L,

(2) < C(X)forallz €L,

(3) C(x) = C?(x) for all z € L.

Definition 2.2. [3] The map ¢ : Py — P; is an isotone map (also called mono-
tone map or order-preserving niap) of the poset Py into the poset PPy iff x <b
in Py, implies that ¢(a) < ¢(b), in P;.

Recall that _ZORN’S LEMMA: Let A be a set and let X be a nonvoid subset
of P(A). Let us assume that X has the following property: If C' is a chain
in(X;C), then U(X : X € C) € X. Then X has a maximal member.

Definition 2.3. [11] An algebra (A, V, A,0) of type (2,2,0) is called an Almost
Distributive Lattice if it satisfies the following conditions for all z,y and z € A:

(1) 0Nz =0,
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(2) zV0=uz,

(B) zA(yVz)=(zAy)V(zAz),
(4) 2V (yAz)=(@Vy) A(Vz),
(5) (xVy)Az=(zN2)V(yAz),
6) (zxVvy) Ny =y.

Let z,y € A, we read z is less than or equal to y and write x <y if x Ay =z,
equivalently =V y = y. If an element m is maximal with respect to the partial
ordering < on A, then m is said to be maximal.

If (A, V, A, 0) is an ADL, for any x,y € A, define x < y if and only if x = z Ay
(or equivalently, x V y = y), then < is a partial ordering on A.

Theorem 2.4. [11] Let A be an ADL and m € A. Then the following are
equivalent:

(1) m is mazimal with respect to <

(2) mvVae=m

3) mAxz==x
for all x € A.

Definition 2.5. [12]
Let (A,V,A,0) be an ADL. Then for any z,y,2z € A, we have the following;:

)
JxVy=ysS Ay ==z,

) A is associative in A,

) xANyAz=yAzxAz,

) xANtAz=yAz Az,

) (zVy)Az=(yVa)Az

JxAy=0syAx=0,

yzV(yAz)=(xVy A(zVz),

) xA(xVy) ==z, (xAy)Vy=yandzV (yAzx)=uz,
) x <zVyandz Ay <y,

) zAx=zand zVz =z,

) OVez=zand A0 =0,

Yz <zyjy<zthenzAy=yAzandzVy=yVz.

Let J be a non-empty subset of an ADL A. For any z,y € J and z € A if
xVy e J(xny € J)and x Az € J(zVx € J), then J is said to be an ideal(filter)
of A respectively [11]. For any two elements J and K of the set I(A) of all ideals
of A, define J N K is the infimum and JV K = {zVy:xz € Jy € K} is the
supremum of J and K. Clearly I(A) is a bounded distributive lattice with least
element {0} and greatest element A under set inclusion. A proper ideal J of A
is called a prime ideal if, for any a,b € A,aANnbe J=a € Jorbe J. Let K be
a proper ideal of A. K is said to be maximal if it is not properly contained in
any proper ideal of A.

For any AC L, Ann{A} ={zx € L:aAnz=0forall a € A} is an ideal of L.
We write Ann{(a]} for Ann{a}. Then clearly Ann{(0]} = L and Ann{L} = (0].
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Definition 2.6. [7] Let A be an ADL and a € A. Then define Ann{a} = {z €
A:aANz=0}. Clearly, Ann{a} is an ideal in A and hence an annihilator ideal.

Definition 2.7. [13] Let (A, V, A,0) be an ADL. Then a unary operation © — z*
on A is called a pseudo-complementation on A if, for any xz,y € A, it satisfies
the following conditions:

(1) z2Ay=0=2*Ay =y,

(2) xAx* =0,

(3) (@Vy) =a" Ny,
Then (A4, V,A,*,0) is called a pseudo-complemented ADL.

Here, the unary operation * is called a pseudo-complementation on A and z* is
called a pseudo-complement of z in A. An element x of a pseudo-complemnted
ADL A is called a dense element if z* = 0. Now denote the set of all dense
elements of A by D.

Theorem 2.8. [13] Let A be an ADL and *, a pseudo-complementation on A.
Then, for any x,y € A, we have the following:

0* is a mazimal,

If © is mazximal, then x* =0,

0**:0,

TNz =z,
iC**—.T,
r<y=y" <a¥

Definition 2.9. [14] Let A be an ADL and * a pseudo-complementation on A.
Then A is called Stone ADL if, for any a € A, a* V a** = 0* .

Lemma 2.10. [14] For any two elements x andy of a Stone ADL A the following
conditions hold:

(1) 0* Az =z and 0* Vz = 0*

(2) (xAy)* =a*Vy*
Definition 2.11. [7] For any filter F' of a Stone ADL A, define an extension of
F as the set F© = {z € A/z* € Ann{a} for some a € F'}.
Definition 2.12. [7] A filter F' of a Stone ADL A is called an e-filter of A if
F=Fe°.

Definition 2.13. [9] Let A be a Stone ADL with maximal elements. Then for
any x € A, define ()T = {y € A: yVz* is a maximal element of A}. We call
()™ as booster of z.

We denote the set of all boosters of a Stone ADL A by By(A).
Definition 2.14. [9] Let A be a Stone ADL. Then the following hold:
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(1) For any filter F' of A, define an operator /5 as
B(F) ={(z) |z € F},

(2) For any ideal I of By(A), define an operator % as <E(I) ={z e Al(x)T €
I}.

Definition 2.15. A filter F' of A is called a S-filter if %B(F) =F.

Remember that, for any set S a function p : S — ([0,1],A,V) is called
a fuzzy subset of S, where [0,1] is a unit interval, a A § = min{a, S} and
aV B =mazx{a, 3} for all a, 8 € [0,1].

Definition 2.16. [16] Let v be a fuzzy subset of an ADL A. For any « € [0, 1],
we denote the level subset by v, and defined as

Vo ={a€A:a<v(a)}
Theorem 2.17. [16]
For any fuzzy subset v of an ADL A the following are equivalent.

(1) v is a fuzzy filter of A,

(2) v(m) =1 for all mazimal element m and v(s At) = v(s) Av(t), for all
s,t €A,

(3) v(m) = 1 for all mazimal element m and X(s V t) > A(s) V v(t) and
v(sA\t) > v(s) Av(t), for all s,t € A.

We define the binary operations ” + 7 and ”.” on all fuzzy subsets of an

ADL A as: (p+ 6)(s) = sup{u(x) AO(y) : z,y € A,z Vy = s} and (u.0)(s) =
sup{u(z) N0(y) : z,y € A,z ANy = s} for any s € A.

The intersection of fuzzy filters of A is a fuzzy filter. However the union of
fuzzy filters may not be fuzzy filter. The least upper bound of a fuzzy filters p
and 0 of A is denoted as pV =nN{oc € FF(A): pUb Co}.

If p and 0 are fuzzy filters of A, then .0 =pv e and p+ 60 =pnNeo.

3. B-fuzzy filters in Stone ADLs

Definition 3.1. Let v be a fuzzy filter of agtone ADL A and p be a fuzzy ideal
of By(A). Then we define operators 5 and (3 as follows:

(1) (B_(u)((s)‘*‘) =sup{v(t): (s)T = (t)*,t € A}, for any s in A.

(2) B(u)(s) = l(s)*), for any s in A.
Lemma 3.2. Let A be a Stone ADL with mazimal elements. Then for any
fuzzy ideals p and 0 of Bo(A) and for any fuzzy filters v and n of A we have the
following:

(1) B(v) is a fuzzy ideal of Byo(A),

(2) %(u) s a fuzzy filter of A,
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(3) v Cn implies g(l/) C B((_),

(4) p C 0 implies B(p) € B(0).

Proof. (1) Let v be a fuzzy filter of A. Then clearly 3(v)((m)*) = 1. For any
((L)+7 (b)+ in BO(A)a

BW)(a)") AB)(()T)
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(2) For any fuzzy ideal p of By(A). <E(,u)(m) = u((m)™) = 1. For any a,b in
A,

B (1)(a A D)

I
=

vl

B (1) (a v b)

I
=

v

This implies <E(M) is a fuzzy filter of A.
(3) Suppose that v and 7 are fuzzy filters of A such that v C .

BW)((z)*) =sup{v(y) : ()" = ()"} <sup{n(y) : (y)* = (2)7} = B)(() ).
Therefore § is an isotone.
(4) Similar with the proof of (3). O

%
Lemma 3.3. Let A be a Stone ADL. Then the map n — B 5(n) is a closure
operator on fuzzy filter of A. i.e., for any n,v € FF(A),

<>nc%mQ
2) pSv= 55
< BB} =

B W),
Bv).

s
B
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Proof. (1) For any z € 4, B B)() = sup{n(y) - (2)* = ()"} > n(a).
Thus 1 € B 8(n) -

(2) It is obvious, since § and [ are isotones.

(3) For any s € A,

BB = ﬁ{mw}((s)*)
= sup{BBW)®) : () = (s)*,t € A}
= swp{BW)()") : ()T = ()", € A}
= BW)(s)") = BAW)(s

O

Theorem 3.4. Let A be a Stone ADL. Then B is a homomorphism of the lattice
of fuzzy filters of A into the lattice of fuzzy ideals of By(A).

Proof. Let FF(A) be the set of all fuzzy filters of A and FZBy(A) be the set of
all fuzzy ideals in By(A). For any p,0 € FF(A), pN6 C pand pNO C . This
i/irllplies B(un ) < B(p) and B(un o) C B(6). We have (un ) € B(6) N B(k).
S0,
(Bw) N BO)(()7) = B)((2)") ABO)((2)")
= sup{u(a)l(a)” = (z)"} A
sup{0(b)|(b)" = ()"}

sup{p(a V) : (aVb)* = ()"} A
sup{f(a Vb) : (aVb)* = (2)*}
= sup{u(aVb)AbaVvb):(aVvb) =(x)"}
sup{(nN0)(aVd): (aVvb)" = (x)"}
Blrno)(x)").

IN

Thus A( 1 6) = B(x) N B(6).
Since p CpVOand 6 C Vo, (p) C B(prVE)and B(u) C B(uV 6). This gives
B(x) U B(8) C Bl 6). Again
Blpvo)(x)") = sup{(nVO)(a)l(a)” = (z)"}
sup{sup{s(a1) A 0(az)la = a1 Aaz}|(a)” = ()"}
b1110{611P{M(b ) AO(b2)|(b1) " = (a1) ™,
(b2)" = (a2) "} (a1 Aaz)™ = (2)"}
sup{sup{pu(b1)|(b1)" = (a1)"} A
sup{0(b2)|(b2)" = (a2)"}|(a1)" U (a2)" = ()"}
= sup{B(n)((a1)") A B(O)((a2)")l(a1)" U (a2)" =
()"}
= (B(w) UBO))((=)")

IA I
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This implies B(u V 0) C B(w) U B(w). Therefore, S(pV 6) = B(u) U B(0) and
clearly x{1},xa are the smallest and the largest fuzzy filters of A respectively
and also B(x411),8(xa) are the smallest and the greatest fuzzy ideals of By(A)
respectively. Therefore /5 is a homomorphism from FF(A) into FZBy(A4). O
Corollary 3.5. For any two fuzzy filter u and 0 of a Stone ADL A, we have
= & &

BB(uNO) = BB(u) N BA©O).

Proof. By Theorem 3.4 , S(pN6) = B(u) N B(A). Thus for any t € A, we get
no)(

Bowne)n = Bunon®)
= (5_(#)((t)+)ABL9)((t)+)
= BB A BBEO)(1))
Therefore 3 8(un6) = B 8(1) N B B(@). O

Now we introduce the notion of S-fuzzy filters in stone ADL.

Beﬁnition 3.6. A fuzzy filter u of a Stone ADL A is called a f-fuzzy filter if
BB(w) = p.

Example 3.7. Let A = {0, a,b,c}. Define the binary operations V and A on A
as follows:

ViOla|b]|c AlO0la|b]|c
0|0|a|b|c 0{0[0|0|O
alalalal|a a|0|la|blc
b|b|b|b|b b|0Oja|b|c
clcla|b|c c|0flc|c]|c

and define z* = 0 if © # 0 and 0* = a. Then (4, V,A,0) is a Stone ADL with
0 and = — z* is a pseudo-complementation on A. For fuzzy subsets p and A
of A, define p(0) = 0.5, u(a) = u(d) = u(c) = 1, A(0) = 0.5, A(a) = A(b) =
1 and A(c) = 0.7.

It is easy to verify that u is a S-fuzzy filter of A and A is not S-fuzzy filter of
A.

In the following Theorem, we characterize (-fuzzy filters in terms of level
subsets and characteristic functions.

Theorem 3.8. Let u be a proper fuzzy subset of a Stone ADL A. Then u is a
B-fuzzy filter if and only if pe is a B-filter of A, Vo € [0,1].

%
Proof. Suppose that p is a S-fuzzy filter of A. Then (5 8(1))a = ta-
To prove each level subset of p is a S-filter of A, it is enough to show 3 8(pa) =

i =
po. Clearly po € B B(pa). Next, let z € B(ua). Then (x)* € B(pa). This
implies there exists y € p, such that (z)* = (y)*, and so p(y) > « such that
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(@)" = (y)*. This gives f(u)((2)") = sup{u(y) : ()" = (y)"} 2 a and so
ﬁﬁ(}i)(:ﬂ) > a. Wehave z € (B8(1)a = pra- Thus 8 B(ta) € po. Therefore,
B ﬁ(ﬂa) = Ho- -

Conversely, from Lemma 3.3 we get u C 3 8(p). Next, let o =
sup{u(y) : (y)™ = (2)*}. Then for each € > 0, there is a € A, (a)™ = (
that p(a) > o — €. Since € is arbitrary then pu(a) > « such that (a)t

= (2)"
This(_implies a € pg for (a)t = (x)F. ghis implies ()" = (a)* <€_B(u). Thus
v € FB(ta) = o Hence p(z) > a = B A(u)(x). Therefore, p = F4(u). O

Corollary 3.9. For a nonempty subset F' of a Stone ADL A, F is a S-filter if
and only if xp is B-fuzzy filter of A.

In the following Theorem, the class of all S-fuzzy filters of an MS-algebra can
be characterized in terms of boosters.

Theorem 3.10. A fuzzy filter p of a Stone ADL A is a [-fuzzy filter if and
only if for all z,y € A, (x)* = (y)T implies p(x) = p(y).

<_

Proof. Suppose that u is a S-fuzzy filter of A. Then p(z) = % (n)(x),Vz € A.
z) = BA()((x) =

For any z,y € A assume that (z)* = (y)T. This implies p(
Bluw)(z)7) = B(w)((y)") = BB (Y) = n(y)-
<C_onversely7 suppose that Va,y € A, (2)" = (y)* implies p(z) = p(y). Now
B B(u)(x) = sup{u(y) : (y)* = (x)"} = p(x). Therefore, B B(u) = p. O
Theorem 3.11. Let {p; : i € Q} be a family of B-fuzzy filters in A. Then
Nicatti s a B-fuzzy filter of A.

It can be observed that §-fuzzy filters are simply the closed elements with
respect to the closure operation of Lemma 3.3

Corollary 3.12. Let A be a Stone ADL with maximal elements. Then the set
FFs(A) of all B-fuzzy filters of A is a complete distributive lattice with relation
C. The supremum and infimum of any subfamily {u;|i € Q} of B-fuzzy filters
are %B(\/iGQ wi) and Nicap; respectively, where \/ ;. i is their supremum in
the lattice of fuzzy filters of A.

Proof. By Theorem 3.11, N;cqu; is the greatest lower bound of any sub family
{pi = 1 € Q} of p-fuzzy filters of A.

Clearly %B(\/iEQ ;) is an upper bound of {y; : i € Q}. Let E be any S-fuzzy
filter such that u; C E for all i € Q.

= \/ ui € E
1€Q
= BB\ )< BAE) =E
1€Q

This implies <Eﬁ(\/ i) is least upper bound of {p; : i € Q}.
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Next, we show distributivity of A. Let u,6,v € FFg(A),

pn(OUY) = BR)NBAOVY)
— BN V)
= BBUNO)V (uv )
= (no)u(pVvr).

This implies the set of all 8-fuzzy filters FF3(A) of A is a complete distributive
lattice. O

Lemma 3.13. For any fuzzy ideal p of Bo(A), B?(u) = u.

Proof. Let (a)* € By(A). Now B (1)((2)*) = sup{ B(1)(v) : (1)* = (@)*} =
sup{u(()*) : (o) = ()"} = pu(@)"). Therefore 53 (1) = . 0

Using Corollary 3.12 and Lemma 3.13 , we prove that the lattice of S-fuzzy
filters of L is isomorphic to the lattice of fuzzy ideals of By(A).

Theorem 3.14. Let A be a Stone ADL with maxzimal elements. Then there

s an isomorphism of the lattice of B-fuzzy filters of A onto the lattice of fuzzy
ideals of By(A).

Proof. Let FFg(A) be the set of all S-fuzzy filters of A, FIBo(A) be the set
of all fuzzy ideals of By(A) and f : FFg(A) — FIBy(A) be a mapping defined
by f(pn) = B(w), for any p € FFg(A) . Then clearly f is one-to-one. Let p

be an}<l_fuz<3y ideal o(f_Bo<(_A). The(n_ %(,u) is a gizzy filter of A. By Lemma
313, Bp(B(n) = B(BA (W) = B(n). Thus B(u) is a f-fuzzy filter of A.

Now f(%(u)) = ﬁ(%(,u)) = p. This gives f is onto. Let u,f be any two (-
fuzzy filters of A. Then clearly f(unN6) = B(pNO) = B(u) N B(H). Again

< — .
F(BB(rVO)) =B(BB(nVO) = pB(rV0O) = p5(u) U pB(0). Therefore f is an
isomorphism of the lattice of 8-fuzzy filters of A onto the lattice of fuzzy ideals

of By(A). O

In the following Theorem, we show that the relation between e-fuzzy filter
and p-fuzzy filter

Theorem 3.15. Any B-fuzzy filter of a Stone ADL A is an e-fuzzy filter of A.
Proof. Suppose that p is S-fuzzy filter of A.

%
p(x) = BB ()
= sup{u(y) : ()" = (y)*, for some y € A}
> p(a™) as (2)* = (@)
Clearly p(z) < p(z**). Hence p(z” ) = p(z) for all z € A. Therefore every
[B-fuzzy filter of A is and e-fuzzy filter of A. O
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4. Prime §-Fuzzy Filters and the space of prime (- fuzzy filters of a
Stone Almost Distributive Lattice

In this section, we have discussed some properties of prime §-fuzzy filters and
some topological concepts on the collection of prime [-fuzzy filters of a stone
ADL.

Corollary 4.1. Let A be a stone ADL. Then the prime B-fuzzy filters of A are
one to one correspondence with the prime fuzzy ideals of Bo(A).

Proof. From Theorem 3.14, we have seen that [-fuzzy filters of A are one to
one correspondence with the fuzzy ideals of By(A). Now we prove that if p is
a prime [S-fuzzy filter of A, then S(u) is a prime fuzzy ideal of By(A) and vice
versa. Let u be a prime S-fuzzy filter of A. Then S(u) is a fuzzy ideal of By(A).
Let 6 and v be any fuzzy ideals of By(A). Then there exist S-fuzzy filters of A,

say ¢ and ¢ such that 0 = 3(¢) and v = B(¢0). Assume S(¢) N B(Y) C Bu).
Then S(¢pN1) C B(p) and so ¢ N1y C p. Since p is a prime S-filter of A, then

6 C por 4 C u. This gives 3(6) € B(u) or B(¥) C B(1).

Conversely, let u be a prime fuzzy ideal of By(A). Then there exists a S-fuzzy
filter 1 of A such that = B(n). Let ¢ and ¢ be any fuzzy filters of A such that

6N C 1. Then B(6Nw) = B(9) N B() C Bn). Since B(n) is a prime ideal
of A, then S(¢) C B(n) or B(v) C B(n) and so ¢ C n or ¢ C n. This implies
1 is a prime p-fuzzy filter of A. Thus prime [-fuzzy filters of A are one to one
correspondence with the prime fuzzy ideals of By(A). O

In the following Theorem we prove the existence of prime S-fuzzy filters in
stone ADL.

Theorem 4.2. Let o € [0,1), p be a B-fuzzy filter and o be a fuzzy ideal of a
stone ADL A such that pNo < «. Then there exists a prime [-fuzzy filter n
such that u Cn andnno < a.

Proof. Put £ = {0 € FFg(A) : p C 0, 0no < a}. Clearly p € & & # 0,
and (£,C) is a poset. Let Q@ = {u; : ¢ € Q} be a chain in £&. We prove that
Uieaui € €. Clearly (Ujequi)(1) = 1. For any x,y € A,
(Uican:) (@) A (Uicaps)(y) = sup{ui(z) : i € Q} Asup{p;(y) : j € Q}
= sup{ui(2) A pi(y) 14,5 € Q}
< sup{(ps U ) () A (s U ) (y) 23,5 € 2}
Since @ is a chain, pu; C p; or p; C p;. Without loss of generality, assume
5 € ;. This implies p; U prj = py. This shows,
(Uican:) (@) A (Uieans)(y) < sup{ui(z) A pi(y), @ € Q}
= sup{ui(zNy), i € Q}
= (Uieap:)(x AN y)

A
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Again (Ujeqpu;) () = sup{ui(z) : i € Q} <sup{ui(zVy) i € Q}F = (Uieaus)(zV
y). Similarly (U;eqpi)(y) < (Usequs)(xVy). This implies (U;eqp)(2)V (Uicai) (y)
< (Ujeapi)(xVy). Hence Ujequ; is a fuzzy filter of A. Now prove that (U;eq ;)
is a B-fuzzy filter.

B B(Uicom)(x) = sup{(Uicomi)(a) : (2)* = ()", a € L}
— sup{sup{(u)(a) 1, i € Q) : (@) = (a)*, a € L}
— sup{sup{(u)(a) : (@) = (a)*, a € L}, i € Q}
— sup{ B B(u)(x),i € O} = sup{pi(x),i € O}
= (Uicom)(@)

Thus U;cqu; is a B-fuzzy filter of A. Since u; N o < « for each i € §,

(Uicop) No)(z) = (Vieau)(z) Ao(z)
= sup{p(x), i € Q} No(z)
= sup{p(e) No(z), i € Q}

= sup{(i Ao)(z), i€ Q}<a

Thus (Ujequi) N o) < a. Hence U;equ; € £ By applying Zorn’s Lemma, we
get a maximal element, say ¢, i.e., 0 is a S-fuzzy filter of A such that u C ¢
and 6 N o < a. Next we show that § is a prime [-fuzzy filter of A. Assume
that ¢ is not a prime S-fuzzy filter. Let A\;, A2 € FF(A), and A\; N A2 C § such
thatA\y € 6 and Ao € 6. If we put 6; = BB(A\1 V4) and 62 = B 5(A2 V §), then
both 41,2 are -fuzzy filters of A properly containing ¢. Since J is a maximal
in &, we get 81,0, ¢ & This indicates 1 No £ o and d> N o £ a. This implies
there exist z,y € A such that (6; No)(xz) > a and (d2 No)(y) > a. We have
(1Nno)xVy Ad2Nao)(zVy) > (1No)(x) A(d2N0o)(y) > a, which implies

a < (hno)zVy AdenNo)(zVy)
(61NO)N(d2No))(zVy)

(
(
((52052)00)(:5\/11)
= (BBOL VO N BB V) Na)aVy)
(
(
s

BA((\NA2) V) No)(z V)
BBENo)(zVy) as A Cdand Ay C 6

o)(zVy)

This shows (§ No)(x V y) > «, which is a contradiction 6 N o < «. This 4 is a
prime [-fuzzy filter of A. O

Corollary 4.3. Let pu be a fuzzy B-filter and o be a fuzzy ideal of A such that
wNo = 0. Then there exists a prime B-fuzzy filter n such that p C 1 and
nNo=0.
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Corollary 4.4. Let o € [0,1), p be a B-fuzzy filter of A and u(x)
there exists a prime [-fuzzy filter 6 of A such that p C 0 and 0(z) <

Proof. Put £ = {0 € FFz(A) : p C 0 and 0(z) < a}. Clearly p € &, & # 0,
and (£,C) is a poset. Let Q = {u; : ¢ € Q} be a chain in £&. We prove that
Uicai € & By Theorem 4.2, (U;cqu;) is a B-fuzzy filter of A. Since p; C 6 for
each i € Q and 0(z) < a.
(Uicaus)(x) = sup{u;(z), i € Q} < 0(z) < o

Hence U;cqu; € €. By applying Zorn’s Lemma, we get a maximal element of &,
say 0, i.e., § is an [B-fuzzy filter of A such that u C 0 and d(x) < a. Next we
show that 0 is a prime S-fuzzy filter of A. Assume that § is not a prime S-fuzzy
filter. Let A1, Ag € FF(A), and Ay N A2 C 6 such that A\; € 6 and Ay € 6. If we
put 6, = %5()\1 Vv 4) and §y = %5()\2 V §), then both 41,09 are S-fuzzy filters
of A properly containing §. Since ¢ is maximal in &, we get d1,d2 ¢ £. Thus we
show that d1(z) £ @ and §2(z) £ a. This implies 61 (z) > o and dz(x) > . We
get d1(x) A d2(z) = (61 N d2)(x) > a, which implies

a < 01(z) Ada(x)

A V)N BBV 6))(x)

(AN A2) V) (x)

= %6(5)(9&) because A\ CJ and Ao C 9
= 6(x)

< a. Then
a.

(B
(B

—~

This shows d(x) > «, which is a contradiction §(x) < a. Thus ¢ is a prime
[B-fuzzy filter of A. O

Corollary 4.5. Fvery proper B-fuzzy filters of a Stone ADL A is the intersection
of all prime B-fuzzy filters containing it.

Proof. Let p be a proper S-fuzzy filter of A. Put n = N{0: 0 is a prime S-fuzzy
filter such that pu C 6}. Now, we prove that u = n. Clearly u C 1. Suppose
p(a) < n(a) for some a € A. Put o = pu(a) for some a € A. This implies u C p
and u(a) < a. Thus by the Corollary 4.4, there exists a prime S-fuzzy filter §
such that g C § and 6(a) < «, which is contradicts p(a) < n(a). Thus n C pu.
Hence p = n. This implies every proper [-fuzzy filters of A is the intersection
of all prime [-fuzzy filters containing it. t

Let FSpecg(A) denotes the set of all prime § fuzzy filters of A. For a fuzzy
subset A of A, define H?(\) = {u € FSpecs(A) : A C pu}, and XP(\) = {u €
FSpecg(A) : XL pu}, Welet Ay = Ay Le, Ao ={z € A: \N(z) =1}

Lemma 4.6. For any fuzzy ideals p and 0 of a Stone ADL A, we have the
following:
(1) pu C 0 if and only if XP () C XP(6),
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(2) 5 C 0= HA() C HO (1),
(3) X7(u) N XP(8) = XP(un0),
(4) XP() U XP(8) = XP(u v ).
Theorem 4.7. The collection T = {XP(\) : X is a fuzzy ideal of A} is a topology
on FSpecg(A).
Corollary 4.8. For any z,y € A and v € (0, 1], the following condition hold:
(1) If z <y, then XP(x,) C XP(y,)
(2) XP(zy) UXP(y,) = XP((x Ay)s)
(3) XP(zy) N X (y,) = XP((x V y),)
(4)
(5)

4 UzGL, ~€(0,1]) Xﬁ(x’)’) = ]:SPGCB(A)
5) XP([ay)) = XP(z),
(6) XP(z) =0 < z is mazimal.

Corollary 4.9. Let B= {X?(z,): 2 € A,y € (0,1]}. Then B forms a base for
topology on T.

Corollary 4.10. FSpecg(A) is a compact space.
Theorem 4.11. The space FSpecg(A) is a Ty-space.

Proof. Let \,v € FSpecs(A) such that X\ # v. Then either A € v or v € .
Without loss of generality we can assume that A ¢ v. Then v € X?()\) and
A ¢ XP(X). Thus FSpecs(A) is a Tp-space. O

Theorem 4.12. For any fuzzy ideal X of a Stone ADL A , XP(\) = XP(\P).

Proof. Clearly A C A\ for any fuzzy ideal A of A. Then X?(\) C XA(\%).
Conversely, let v € X?(A\?). Then M ¢ v. Suppose that v ¢ XP(\), then
A C v. This implies \? C v# = v. Which is impossible. Thus v € X* (M) and so
XP(AP) C XPB(N). Hence XP(\) = XP(\9). O

Theorem 4.13. For any fuzzy ideal X of a Stone ADL A XP(X) = U, exX? ().

Proof. Let z, € A. Then z, C A. This implies X?(z,) € X#(\) and so
Uz, exX?(zy) € XP(X). Conversely, v € X?(X\). Then A ¢ v. This implies
there exist ., ¢ v for some z, € A. This implies A € X?(z,) for some z., € A.
This implies v € U, exX?(2,). Hence X?(\) € U, exX?(z,). Thus XP(N\) =
Uz, en X7 (24). O

Theorem 4.14. The lattice FFg(A) is isomorphic with the lattice of all open
sets F'Specg(A).

Proof. The lattice of all open sets in F'Specg(A) is (T,N,U).

Define the mapping f : FFz(A) — T by f(\) = XP(A) for all A € FSpecs(A).
Let \,v € FF3(A). Then f(AUv) = f(AVr)?) = XP(AV)P) = XP(AVr) =
XN UXPw) = fFAUFf(v), and fANv) = XPANv) = XN\ NXP(v) =
f(N) N f(v). This shows f is homomorphism. Since X?(\) = X#(\%) and \* €
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FFp(A)(A), YXP(N\) € T, there exists \* € FF3(A) such that f(\?) = XB(N\).
Hence f is onto. Next we prove that f is one to one. Let f(\) = f(v). Suppose
that A # v, then there exists © € A such that either A(z) < v(z) or v(x) < A(z).
Without loss of generality, we can assume that A(z) < v(x). Put A(z) = v, then
by Corollary 4.4 , we can find a prime fuzzy ideal § of A such that A\ C § and
§(z) < ~. This implies § ¢ X?()\) and v ¢ §. This show that § ¢ X”()\) and
§ € XA (v). Which is a contradiction f(\) = f(r). Thus A = A\. Hence f is an
isomorphism. O

For any fuzzy subset v of A, XP(v) = {\ € FSpecg(A) : v € A} is open set
of FSpecg(A) and HP(v) = FSpecs(A) — XP(v) is a closed set of FSpecs(A).
Also every closed set in FSpecg(A) is the form of H?(v) for all fuzzy subset of
A. Then we have the following:

Theorem 4.15. The closure of any B C FSpecs(A) is given by B = H? (NxepA).

Proof. Let B C FSpecg(A) and n € B. Then NyepA Cn. Thus n € HP(n) C
HP(NxepA). Therefore, H?(NyepA) is a closed set containing B. Let C be any
closed set containing B in FSpecs(A) . Then C' = HP(v) for some fuzzy subset
v of A. Since B C C = H?(v), we have v C X for all A € B. Hence A\ C NxepA.
Therefore, H?(Nxep)) € H?(v) = C. Hence H?(N,cp)\) is the smallest closed
set containing B. Therefore, B = H?(Nxcp)). O

5. Conclusion and Future Work

In this paper, we studied on S-fuzzy filters of Stone almost distributive lattices
and their properties. An isomorphism between the lattice of S-fuzzy filters of
a Stone ADL A onto the lattice of fuzzy ideals of the set of all boosters of A
is established. We discuss on some properties of prime [-fuzzy filters and some
topological concepts on the collection of prime p-fuzzy filters of a Stone ADL.
Further we show that the collection 7 = {X#()) : A is a fuzzy ideal of A} is a
topology on FSpecs(A) where XA (\) = {u € FSpecs(A) : X € u}. We proved
that any S-fuzzy filter of A is an e-fuzzy filter of A. However the converse of it is
an open problem. In addition to these in the future we will study, soft - filters
of Stone almost distributive lattices, soft g-filters of Stone almost distributive
lattices, soft e-fuzzy filters of Stone almost distributive lattices and soft - fuzzy
filters of Stone almost distributive lattices.
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