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SPACES OF BMO TYPE

YOUNG JA PARK

ABSTRACT. It is presented a Banach space of functions of bounded
mean oscillation BMO type.

1. Introduction

The space of functions of bounded mean oscillation, or BM O, natu-
rally arises as a class of functions whose deviation from their means over
cubes is bounded. In fact, the classical BMO-norm ||f| pao for the
equivalent class of a locally integrable function f on R? (f € L} (R9))
is defined as

1
(L1) a0 = sup /Q (@) — foldz

for every cube Q C R? whose sides are parallel to the axes and

1
fo:= g /Q f(@)da.

The space BMO first appeared in the work of John and Nirenberg
[1] in the context of nonlinear partial differential equations that emerge
in the study of minimal surfaces.

Even though the Lebesgue space L™ functions have the same prop-
erty, there exist unbounded functions with bounded mean oscillation.
Such functions are slowly growing, and typically have at most logarith-
mic blow-up. The space BM O shares similar properties with the space
L°°, and it often serves as a substitute for it. For instance, classical
singular integrals do not map L* to L* but L* to BMO. In many
instances the interpolation between LP and BMO works just as well
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between LP and L*°. Indeed, the role of the space BMO is deeper and
more far-reaching than that [6]. This space crucially arises in many situ-
ations in analysis, such as in the characterization of the L?-boundedness
of non-convolution singular integral operators with standard kernels.

Recently, we have built up a new function space in order to gen-
eralize the classical Lebesgue spaces [3, 4, 5]. The motivation of this
research stems from taking a close look at the LP-norm: |/f|jzr =
([x If(@)P du)l/p of the Lebesgue spaces LP(X), 1 < p < oco. It can
be rewritten as

12 |l =a ( /. a<|f<x>|>du), f e LP(X)

with the base function o as
a(z) = 2P,

By virtue of the John-Nirenberg inequality, it is well-known that the
classical BMO-norm (1.1) is equivalent to the LP characterization of
BMO-norm || - ||aro, defined by

B =

(1.3)  [fllBao, = (Sgpwl‘/Qlf(l‘) —le’”de> , (f € Lie(RY)

for 1 < p < .
In the same line of our research we introduce a functional

(1.4) [IflBrsos = al(Sngl?‘ /Qa(lf(fv) - fQ|)d$> , (f € Lig(RY)

for an appropriate base function a. The main point of this report is
to present sufficient conditions of base functions « such that || - ||Baro,
forms a (quisi-)norm, so it constitutes a natural Banach space BMO,.

The base functions o which we have developed include base functions
of the form a(z) = 2P, and we designate the base functions a to achieve
the Minkowski type triangle inequality. This research was inspired by

[2].
2. The main theorem and arguments

We have been developed appropriate base functions that permit the
Holder type inequality. In this section, we briefly introduce the concepts
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of admissable base functions - the details can be found in [3, 4]. The no-
tions presented here are modified versions without essential differences.
In the following, Ry represents {z € R: x > 0}.

Let o, : Ry — R, be strictly increasing absolutely continuous
functions. The pair (o, 8) is called a pre-Hélder pair if it obeys

(2.1) o N (2)8 (@) = 2

for all x € R,. In the relation (2.1), the notations a~!, S~ are the
inverse functions of «, [, respectively. Some examples of pre-Holder
pairs are:

(a(x), B(z)) = (2, 29)
forp>1with%+%:1, and
(2.2) (o, B) := (Ao A, Ao A)
where we set A\(z) = A~ (z) A~ (z) for any Orlicz N-function A together
with its complementary N-function A.

In the following, @) stands for a cube whose sides are parallel to the
axes and |A| is the Lebesgue measure of the set A in RY, d > 1. We
state the main theorem.

THEOREM 2.1. Let h > 0 be given. Suppose that («, ) is a pre-
Hoélder pair such that for any positive constants a,b > 0, there exist
constants 61, 62 and 0y (depending on a and b) satisfying the following
two conditions;

01+602+0;<h

and

(2.3) o Hz)p 7 (y) < 910;22) x+ GQ,B’Lzbb) y+abfy

for all (z,y) € Ry x Ry. Then the functional

24 Iflswo, = o <sgp@ /Q a<|f<x>—fQ|>dx)

satisfies a Minkowski type inequality : for any locally integrable func-
tions f and g, we have

(2.5) If +9gllBmo. < Al fllBmo. + 119l Bro, }
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if the right hand side is finite. Also, for any constant k > 0 and for a
locally integrable function f, we obtain

k
%llfllBMoa < |kfllBmos < kR fllBMO,-

In particular, when h = 1, we have the homogeneity:
Ik fllByo. = k|l fllByo.-
For example, any (convex) function satisfying

{xp for0<z<1
a(z) =

(2.6) x?  for sufficiently large x

(1 < p,q < o©) obeys the conditions in Theorem 2.1, and so are many
variants of (2.6).
For a locally integrable function f on R?, we let

fo= 22|/Qf(x)da: ::]{Qf(a:)dx.

Let a be a pre-Holder function. We denote a class of functions by
BMOG(R?) = { f € L. : | fllpao, < o0},

where we set

Iflzv0, =" <sup } als@) - er>dx) .
Q JQ

When « is the identity function, we write BMO,(R?%) := BMO(R?). In
the sequel, the elements of BMO,(R?%) whose difference is a constant
are identified. Note that even though we define || - ||paro, on abstract
measure spaces, we restrict our attention to the Euclidean space R
equipped with Lebesgue measure.

We now present the proof.

Proof of Theorem 2.1. We first present a Holder type inequality: for
any f,g € BMO4(R?), we have

(2.7)
x)g(x) dx oz_l su o x T . su x x
‘]gf( o) dz| < B (Qp]g (11 )Dd>ﬁ (Qp]{?mg( >|>d),

where (@) is a cube whose sides are parallel to the axes.




Spaces of BMO type 165

For the proof of (2.7), we may assume that the right hand side of
(2.7) is finite. We put

=a ! |su o x x =371 su x x| .
0im <£é(WMM> b= <£ém¢md)

Then there exist constants 61, 62 and 0 such that ¢ + 02 + 6y < h and

|f(@)g(@)] = o~ (o] f()])B~ (B(lg(2)])

(2.8) < GlLba(lf(w)l) + Blg(@)]) + abby.

ab
a(a) " 5w

Integrating over ) and dividing both sides by |Q| yield

L i@sds <o f s+ b5 | a9

+0rab ][ dzx
Q

a!|su a T X 1 su T x| .
<n (gé(W)W)B <$émmnm)

This implies the Holder type inequality (2.7).

We now verify the Minkowski type inequality (2.5). In fact, without
loss of generality, we may assume that f(z)+ g(x) # 0 almost every
x € R? by restricting the domain R? if necessary. Applying Holder type
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inequality (2.7), we obtain

]é a(f(x) + g(x) — fg — gol) dx

<ha! <sgp et - sal dx>
(o[ (o7~ ot o) ~ el
0 <QPJ{25< @) = fo +9(x) — 90| )d>
+h B! (sup][ B(lg(x) —ng)dl‘)
Q JQ

-1y a(lf(z) — fo+9(x) —g0l) )
7 (5”]{25( @) = fo +9(@) — 90| >d>

= h(|[fllBmo. + 9l Bro.)
L o(f(x) — fo + 9(x) — gal
0 (S‘épff( @) = fo +9(x) — g0 )d‘f)

= (|| fllzaron + gl Brro,) B~ (Sup][ a|f(z) = fq + 9(x) = 9ql) dw) :
Q JQ

The last equality follows from the fact that

(2.9) ata) =5 (*2)).

x
In fact, we solve for 3~1(z) in the conjugate identity a~!(x)p~!(z) = =

to get B~ (x) = a%(x)’ which in turn yields

()

This illustrates the identity (2.9). Therefore we obtain

a(|lf + gllBrmo.)

(2.10) 5 a(lf + glsao,

) < |IfllBmo. + l9llBro, -

x
From a variance of the conjugate identity: ofl(a:) = — , we have

B ()

(2.11) T =
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Hence from (2.10), we conclude the Minkowski type inequality (2.5):
I + gllBaro. < fllBaoa + ll9llBaro..-

We now verify that for any constant k¥ > 0 and for f € BMO,(R?),
we have

k
(2.12) %HfHBMOa < |kfllBmo. < kR fllBMO.-

For each f € BMO,(R?), the associated operator (inhomogeneous)
norm of f is defined by

(2.13)
supofy (f(2) ~f@)g(a)dz|
81 (supg ;, B(lg(@)))d)

Then we note that for any constant k£ > 0,

(2.14) [Ef [l = Kl f]l+

and by virtue of the Holder type inequality (2.7), we have

:g(x) # 0 almost everywhere

£l :=sup

supq £, (F(2) = fo)g(x)da
51 (supq fy Allg(a)dr)

<Al fllBrOa

for each measurable function g with g(z) # 0 almost everywhere. On
the other hand, taking

o) — fal) sen(F(&) - fo)
9lw) = NOE ’

we see that the identity (2.9) and its variants lead to

-1 =871 su o x) — T
8 <sgp]{2 ﬂ(\g(x)\)dw>—6 (Qp]{) (If() er>d)

= (87 o a)(lIfllBaro.)

_ ol fllBmo.)
£ BrO,
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Therefore we obtain
[supq fo,(f(2) — fo)g(@)da|
51 (supg meg(x)\)dx)
 Jsupg fpall(F — fo)l)de|
571 (supg £y Bllg(a)])de)

= || fllBMO. -

1f 1l =

In all, we get
1flBroa < Ifll« < RllfllBrrO, -
For any constant k¥ > 0 and for f € BMO,(RY), the identity (2.14)
yields
1k fllBro. < Ellflls < KRl fllBro.,
and

Rk fllBrio. = Kl fll« > Kl fll BMOG

which imply the inequalities (2.12). When & = 1, we have the homo-
geneity:

Ik fllByon = EllfllBro.-
This completes the proof. O

The functional || - ||saro, on BMO,(R%) may not produce a norm,
since it does not always satisfy the homogeneity required for norms.
Instead, by virtue of Minkowski’s inequality (2.5), we may define a metric
on BMO,(R?) by

d(f,9) == |If — gllemo.  for f,g € BMO4(R?).

It formulates a complete metric space on BM O, (R%). The arguments
comply the following standard procedure.

Suppose that {f,} is a Cauchy sequence in BMO,(R?). Then there
exists a subsequence { fy, } of {fn} such that

d(fnk+17fnk)§ l{;:1727

L
(2h)%”
Setting F' with

F(z) = |f (2 \+ernk+1 — for ()],
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we can notice that |F(z)| < oo almost everywhere x € R, In fact, from
the fact that

oo
IF | B30 < Bl fas | Brow + D B s — FrillBaron
k=1

= I fo: llBMO, + P < 00,

there exists a null set N C R? such that F(z) < oo for all x € R\ N.
Therefore for any 2 € R\ N, the absolute convergence of the series

fnl (Q:) + Z[fnk+1 (x) - fnk (‘T)]
k=1

makes it possible to define f(z) := klim fa,(z) on R4\ N. The fact
— 00

If = frllBMOL, = Z frjr = Iy

J=k+1 BMOq
< Z hj+1||f7lj+1 - f”j”BMOa - 27
j=k+1

and the inequality

I fllBMos < Bllf = farllBrOs + Bl il BMO.

yield f € BMO, and the convergence of {fn, } to f in BMO,(R?),
which, in turn, implies the convergence of the original Cauchy sequence
{fn} in BMO,(RY).
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