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GENERALIZED RELATIVE ORDER («,5) BASED SOME
GROWTH ANALYSIS OF COMPOSITE ENTIRE FUNCTIONS

TANMAY BIsSwAS? AND CHINMAY BISWAS P *

ABSTRACT. In this paper we wish to establish some results relating to the growths of
composition of two entire functions with their corresponding left and right factors on
the basis of their generalized relative order (o, 8) and generalized relative lower order
(o, B) where a and 8 are continuous non-negative functions defined on (—oo, +00).

1. INTRODUCTION, DEFINITIONS AND NOTATIONS

For any entire function f defined in the open complex plane C, the maximum

modulus function My (r) is defined as My (r) = Tn‘ax\f (2)|. Since My (r) is strictly
Z|=r
increasing and continuous, therefore there exists its inverse function Z\Jf_1 (| (0)] ,00)

o0
— (0,00) with lim Mf_:l (s) = co. The maximum term pys (r) of f = > a,2" on
5—00 n=0
|z| = r can be defined in the following way:

— n
py (r) = max (|an|r").

We use the standard notations and definitions of the theory of entire functions
which are available in [11] and [12], and therefore we do not explain those in details.

Now let L be a class of continuous non-negative functions a defined on (—o0, +00)
such that a(x) = a(zg) > 0 for x < x with a(x) 1 400 as x — +oo and «((1 +
o(1))z) = (1 + o(1))a(z) as x — +oo. We say that o € L?, if o € L and a(cx) =
(1 +o(1)a(z) as g < & — +oo for each ¢ € (0,400), i.e., a is slowly increasing
function. Clearly L° C L.

Further we assume that throughout the present paper a, a1, ag, 5, f1 and B

always denote the functions belonging to L°.
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Considering this, the value

Y a(log My(r))
P(a,B) [f] = EIEJSFI;PW

is called [8] generalized order («, ) of an entire function f. For details about gener-

(eeL,BeL)

alized order (o, 8) one may see [8]. During the past decades, several authors made
close investigations on the properties of entire functions related to generalized order
(c, B) in some different directions. For the purposes of further applications, Biswas
et al. [3] rewrote the definition of the generalized order (o, 3) of entire function in the
following way after giving a minor modification to the original definition (e.g. see,
[8]) which considerably extend the definition of p-order of entire function introduced
by Chyzhykov et al. [6]:

Definition 1.1 ([3]). The generalized order (a,3) denoted by p, g)[f] and gen-
eralized lower order (a, 3) denoted by A(4,g)[f] of an entire function f are defined

as:
M M
Plap)lf] = 1ir3igopw and A(q,g)[f] = lim inf W
Since for 0 < r < R,
R
py(r) < My(r) < =g (R)fef. [10] )

it is easy to see that

paplf] = lifiipw and Aa,0)[f] = lim ggw

Mainly the growth investigation of entire functions has usually been done through
their maximum moduli function in comparison with those of exponential function.
But if one is paying attention to evaluate the growth rates of any entire function with
respect to a new entire function, the notions of relative growth indicators (see e.g.
[1, 2]) will come. Now in order to make some progresses in the study of relative order,
Biswas et al. [4] introduced the definitions of generalized relative order («, 3) and
generalized relative lower order («, 3) of an entire function with respect to another

entire function in the following way:

Definition 1.2 ([4]). Let o, 8 € L°. The generalized relative order (a,3) and
generalized relative lower order (o, 3) of an entire function f with respect to an
entire function g denoted by ¢(q,g)[f]g and A, g)[f]y respectively are defined as:

(Mg (My(r a(M Y (Me(r
Plap)f]g = lim sup ( 9/8((7,)’[( D ana Aa,p)[flg = lim inf ( gﬁ((r)f( ))
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In terms of maximum terms of entire functions, Definition 1.2 can be refor-

mulated as:

Definition 1.3 ([5]). Let a, 3 € L". The growth indicators p, g)[f]y and A 5 [f]g
of an entire function f with respect to another entire function g are defined as:
: alpg (pg(r)) o calpg M (pg(r))
=1 — 9 """ and A =1 f—9 277
Py g = lim sup =525 and A )]y = lim inf =205
In fact, Definition 1.2 and Definition 1.3 are equivalent (e.g. see, [5]).
In the paper we wish to establish some newly developed results based on the
comparative growth of composite entire functions on the basis of their generalized

relative order («, 8) and generalized relative lower order («, 3).
2. KNOWN RESULTS

In this section we present some lemmas which will be needed in the sequel.

Lemma 2.1 ([7]). Let f and g are any two entire functions with g(0) = 0. Also let

b satisfy 0 < b <1 and ¢(b) = (115)2. Then for all sufficiently large values of r,

Mi(e(b)My(br)) < Myog(r) < My(Mq(r)).

In addition if b= %, then for all sufficiently large values of r,
1 T
e 2 (0 3)

Lemma 2.2 ([9]). Let f and g be entire functions. Then for every § > 1 and

0<r<R,

5 SR
< .
fifog(r) < 5 1uf(R — Tﬂg(R))

Lemma 2.3 ([9]). If f and g are any two entire functions. Then for all sufficiently

large values of r,
(r) > 1 ( 1 (f))
prog(r) 2 Sis\16Hal 7))

Lemma 2.4 ([2]). Suppose f is an entire function and A > 1,0 < B < A. Then
for all sufficiently large r,
My (Ar) > BMy(r).
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3. MAIN RESULTS

In this section we present the main results of the paper.

Theorem 3.1. Let f, g, h and k be any four entire functions such that p(, g,)[f ©
gln < 00 and A(ay )9k > 0. Then

- {105 (11eq (87 05 7)) Y

-1 -1 i -1 —1 =0.
rotooag (g (ng(By (logr)))) - sy (1g(B5 (7))

Proof. For arbitrary positive € we have for all sufficiently large values of r that

(3.1) a1 (i, (1fog(By H(10g 7)) < (piay,p)lf © gln +€) log .

Again for all sufficiently large values of r we get

(3.2) as (g, (1g(Bs5 (108 7)) = (Aag,8y) 9]k — €) log 7.

Similarly for all sufficiently large values of » we have

(3-3) as(my (g (B57(r)))) = Nag )9l — )1
From (3.1) and (3.2) we have for all sufficiently large values of r that
on (g, (1pog (By ' (l0g 7)) _ (Plon,pn)[f © gl + €) log
0‘3(N1;1(N9(ﬁ2?1(10g D)) ()‘(as,ﬁs) 9]k — &) logr
As £(> 0) is arbitrary we obtain from above that
W (geg (BT (1 a
(3.4) lim sup 2Lk _Uires(y_(ogm)) _ p wolf o gl
rkoo as(py (g (B3 (logr))) Aass ) 91k
Again from (3.1) and (3.3) we get for all sufficiently large values of r that
on (g, (1pog (By ' (l0g 7)) _ (Plon o) [f © gl + €) log
as(uy (g(B51(m)))  — Nassplole —)r
Since (> 0) is arbitrary it follows from above that
105 ey (51 (0g7))))
roteeag(py (ng(B3 (1))
Thus the theorem follows from (3.4) and (3.5). O

(3.5) = 0.

Theorem 3.2. Let f, g, h, k, | and m be six entire functions such that P(al,ﬁl)[f]l <
+00, Aag,85) [Plm > 0, Nay,g0) k] >0 and pia, p)[9] < Aay,pa)[k]. Also let C and D
be any two positive constants.

(1) Any one of the following four conditions are assumed to be satisfied:
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a) f1(r) = Clexp(az(r))) and B3(r) = D exp(aa(r));
b) B1(r) = Clexp(ax(r))) and B3(r) > exp(aa(r));
¢) exp(aa(r)) > Bi(r) and Bs(r) = Dexp(ay(r));

d) exp(ag(r)) > Bi(r) and B3(r) > exp(aa(r)), then

o @30t ok (B *(log 1)) _
rtee o (1! (g (B3 ' (log 7))

(i1) Any one of the following two conditions are assumed to be satisfied:
(a) Bi(r) = Clexp(az(r))) and as (B3 (r)) € L°;
(b) B3(r) > exp(au(r)) and (B3 (1)) € L, then

o EP(aa(Bs (a3t (pnok (B (log 7))

reo a1 (g (pfog(By ' (logr))))

(7i1) Any one of the following two conditions are assumed to be satisfied:
(a) B3(r) = Dexp(au(r)) and as(By'(r)) € LY;
(b) B3(r) > exp(aq(r)) and az(B(r)) € LY, then

i a3(ﬂm1(uho By (ogr)))) .

rtooexp(az (B (an(py  (1reg(By ' (logT)))))))
(iv) If az(By (1)) € L° and au(B3 1 (r)) € LO, then

lim exp(a (B3 " (a3t (thor(By ' (log 7))
r=tooexp (o (B (ar (1) (1rog (B3 (log7)))))))

]

o~~~ o~

= OQ.

= Q.

Proof. Taking R = 2r in Lemma 2.2 we obtain for all sufficiently large values of r
that

a1y (g (B3 (log)))) <

(3.6) (1+ 0o(1)) (P s [fli + €)B1(1g (285 (log 7))).

CAsE 1. Let p1(r) = C(exp(az(r))). Then we have from (3.6) for all sufficiently

large values of r that

(3.7) ar(y (1109 (B3 (log7)))) < CL+0(1)) (pay ) [fli +)r D Prezsm <),

CaAsE II. Let exp(az(r)) > Bi(r). Then we have from (3.6) for all sufficiently

large values of r that

(3.8) a1 (7 (1g0q (B3 (108 7)) < (1 -+ 0(1)) (p(ar 1) 1t + )T+ Plassla1+2)
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CasE II1. Let az(B; (r)) € L°. Then we get from(3.6) for all sufficiently large

values of r that

(3.9)  exp(aa(B (@1(y (1rog(By ' (logr)))))) < rHCreamplol =),

Further in view of the inequalities pg(r) < My(r) < %ug(R) {cf. [10]}, for
0 <r < R, it follows from Lemma 2.3 and Lemma 2.4 for all sufficiently large values
r that

a3 (' (1nok (By ' (log7)))) >

oo (o g (- 75)))

i.e., ag(u;ll(uhok(@fl(l()gr)))) 2

By '(logr)
(3.10) (14 0(1)) (A ) [l — )85 (1 (F—=2) )-
CASE IV. Let B3(r) = D exp(ay(r)) Then from (3.10) it follows for all sufficiently

large values of r that
@3ty (ko (B (log7)))) >

.11 DU+ 0(1) Ay 3 [ — ) o0 N80
CASE V. Let f3(r) > exp(au(r)). Now from (3.10) it follows for all sufficiently
large values of r that

a3ty (penok (81 (log 7)) >

(3.12) (14 0(1)) (A [ — 142D N lhi=2),
CaASE VI. Let ay(B3'(r)) € L°. Then from (3.10) we obtain for all sufficiently

large values of r that

(3.13) exp(aa(By ! (@3(p (mor (85 M (log 1)))))) = rIFM Aeaon Hl=2),

Since p(ay,8:)[9] < Ataa,84)[k] We can choose (> 0) in such a way that

(3.14) Plaz,B2)[9] + & < May,a) k] — &
Now combining (3.7) of Case I and (3.11) of Case IV it follows for all sufficiently
large values of r that
a3 (i (Bhok(By ' (log7)))) o DO A+ 0(1))(Aag,p5) lh]m — g)rTe @) Aagpn l=2)
ar (g (1gog(By 1 (10g7)))) — C(L+ 0(1)) (e sy L] + &)rTo Paz s Lol )
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So from (3.14) and above we obtain that

rtoe an (1 (1peg (B (log 7))
Similarly combining (3.7) of Case I and (3.12) of Case V we get that

(! (k57 (log )
(3.16) s (iy (11709 (B3 (108 7))))

Analogously combining (3.8) of Case II and (3.11) of Case IV, we obtain that
(i (e (87 (l07)))
r=+o0 (1 (1 fog (B (log 7))

(
Likewise combining (3.8) of Case II and (3.12) of Case V it follows that
1) i 0 (37 o)) _
rotocan (py (1 og (B (log))))
Hence the first part of the theorem follows from (3.15), (3.16), (3.17) and (3.18).
Again combining (3.7) of Case I and (3.13) of Case VI we obtain for all sufficiently
large values of r that
exp(a (B (s (i (Hnor(B1 * (log 7)))))))
a1y (ipog(By ' (logr))))
r(1+0(1) Ay 84 [kl —€)
C(1+ o(1))(p(a gy L)1 + £)r oW Pra s ol +2) 7
So from (3.14) and above we obtain that
o P85 (s (! (1nor (B3 (log 1))))))) _
r=-00 a1 (py  (ppog(By ' (log 1))
Similarly combining (3.8) of Case II and (3.13) of Case VI we also get same

(3.17)

>

conclusion. Therefore the second part of the theorem is established.
Again combining (3.9) of Case IIT and (3.11) of Case IV it follows for all suffi-

ciently large values of r that

a3 (' (1hok (B ' (log 7)))) -
exp(az(By  (ax(y  (1sog(B3 ' (log7)))))) —

D1+ 0(1)) g [ — )r D Nas )
p(1H0(1))(P(ay,py) l9]+e) '
Now in view of (3.14) we obtain from (3.19) that

. s (U (o (B (05 7))
(3.20) e ep(@a By (i (1gog (5 *(lo8 7))

(3.19)

= OQ.
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Similarly combining (3.9) of Case III and (3.12) of Case V we get that
L ol e (B g )
r-teoexp(az(By (@ (py  (1gog (B ' (log7)))))))
Hence the third part of the theorem follows from (3.20) and (3.21).
Further combining (3.9) of Case III and (3.13) of Case VI we obtain for all

sufficiently large values of r that
exp(aa(B5 " (03 (! (nnor (85 (log 1))  rHe s =)
exp(aa(By (e (g (1pog(By H(log))))))) — rlHelDetaz.imlol+e)
Now in view of (3.14) we obtain from above that
o OP(aa (B (s (nok (B ' (log 7))))))
r=+ooexp(an (B (e (y  (1pog (B (log7)))))))

This proves the fourth part of the theorem.
Thus the theorem follows. g

(3.21)

= OQ.

Theorem 3.3. Let f, g and h be any three entire functions such that 0 < X4, g,)[f]n <
Plar,p) [fln < +oo and p(a2752)[g] >0. If ag(ﬁfl(r)) € LY, then

ey 2200 010 (g (57 ()))
r—+400 al(ﬂﬁl(ﬂf(ﬁfl(r))))

P(az,B) 9]
Pla,p) L f1n

>

Proof. From the definition of p(4, g,)[f]n, we get for all sufficiently large values of r
that

(3.22) ar(uy (s (B (1)) < (D, o) [fIn + )1

Further in view of the inequalities pq(r) < My(r) < %MQ(R) {cf. [10]}, for 0 <
r < R, it follows from Lemma 2.3 and Lemma 2.4 for all sufficiently large values r
that

—1
0 (5 (1705 55 1)) 2 (1 0(0) A b~ 2081 (g (25,

Since az(B;!(r)) € LP, we obtain from above for a sequence of values of 7 tending
to infinity that

Y

(1 -+ oo (g (270
(1 +0(1))(p(as,8,)[9] — )

a2 (B (e (1, (peg (B3 (1))
i.e., an(By (arlpy (pog (B3 (1))

Vv
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Now combining (3.22) and above we get that

. (B (e (i (1pog (B (1)) . Plassn) 9]
| > .
ot ol (BT Pl
Hence the theorem follows. OJ

Theorem 3.4. Let f, g and h be any three entire functions such that 0 < X(q, g,)[f]n <
Plon,p) [fln < 400 and Aoy p)lg] > 0. If aa(By'(r)) € LY, then

o o0 Ot ) sl
T 1 = :
P00 an (pg, (g (BT () P80 [ Fn

Theorem 3.5. Let f, g and h be any three entire functions such that 0 < X4, g,)[f]n <
+00 and A(a, (9] > 0. If (B (r)) € LY, then

i sup 2P (@105 (yog (B 0)))) o Manple]
rteo a1 (p, (s (B () ~ Naw,g) lfln

The proofs of Theorem 3.4 and Theorem 3.5 would run parallel to that of
Theorem 3.3. We omit the details.

Theorem 3.6. Let f, g and h be any three entire functions such that 0 < Ao, ) [f]n <
Plarp)lfIn < +00 and pa, p)lgl < +oo. If 042(,81_1(7")) € LY, then

i sup 2P (@105 (yog (B 1)) Prasse)l9]
oo ol (BTN T Al

Proof. From the definition of A\, g,)[f]r, we get for all sufficiently large values of r
that

(3.23) a1 (g, (g (B (1)) 2 N ) [fIn =€)

Further taking R = 2r in Lemma 2.2 we obtain for all sufficiently large values of r
that

(3.24) a1 (my, (Hpog(r))) < (14 0(1)(P(ay6) [fln + €)Br(g(2r)).-

Since az(B;'(r)) € L°, we obtain from above for all sufficiently large values of r
that

(B (e (py  (1gog (B3 (1)) (1+o(1))az(1g(285 1 (1))
ie., (B an (g, (tpog (B ())))) < (14 0(1))(p(ay,p)[g] + )7

IN
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Now combining (3.23) and above we get that

: (B (e (i (1rog (B2 (1)) _ Plan,) 9]
1 < )
vl B )) Aol
Hence the theorem follows. ]

Theorem 3.7. Let f, g and h be any three entire functions such that 0 < Ao, ) [f]n <
Plar,p)lfIn < +o0 and N(a, ,)lg] < +00. If ag(ﬁl_l(r)) € LY, then

tim i 22080 (@1 (1 (o (B3 D)) Man.n) 9]
r—+00 —1 —1 D )
a1y, (up (B (r)))) (a1,50)Lf]n

Theorem 3.8. Let f, g and h be any three entire functions such that 0 < A4, g,)[f]n <
Plar,p) [fln < +oo and p(a2752)[g] < +oo. If ag(ﬁfl(r)) € LY, then
i 02080 (@15 52 (B ())) _ Pl lo]
oo ar(uy (s (BT (1)) ~ Plaa g f]n
The proofs of Theorem 3.7 and Theorem 3.8 would run parallel to that of
Theorem 3.6. We omit the details.

Remark 3.9. Theorem 3.1 to Theorem 3.8 can also be deduced in terms of maxi-

mum modulus of entire functions with the help of Lemma 2.1.

Theorem 3.10. Let f, g and h be any three entire functions such that p(az,gz)[g] <
Nar, 80 fIn < play g f]n- Also let C be any positive constant and 31 € L0,

(1) Any one of the following two conditions are assumed to be satisfied:

(a) pi(r) = Clexp(az(r)));

(b) exp(aa(r)) > pi(r); then

lim sup {1 (15, (1110 (B3 * (log 7))}
rtoo expla (g, (s (By ' (log ) - Bu(g (265 ' (log 7))
(i) If aa(By(r)) € L2, then
o EXP(02(B1 (0 (11 (pog (B3 (ogm)))))) - 0 (1, (09 (85" (108 7))

rroo exp(o (p, (1 (By H(log 7)) - Bilpg(265  (log))) -

Proof. From the definition of generalized relative lower order (aj,1) of f with
respect to h, we have for arbitrary positive € and for all sufficiently large values of
r that

(3.25) exp(en (1 (e (B Hlog 7)) > rPersnlfln=e),
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AS p(as,8:)[9] < Nan,81)[f]n We can choose (> 0) in such a way that

(3.26) ,0(042,,32)[9] te< )‘(ahﬁl)[ﬂh -&

Now in view of (3.7) of Case I and (3.25) we have for all large positive numbers

of 7,
o1 (1 (1500 (B3 (log 7)) - C(1 4 o(1))(p(ar,0)[f]n + g)r1Ho)(Pay o) l91+2)
exp(ar (" (s (By ' (logr)))) — rOan i F1h—2) '
In view of (3.26) we get from above that
o i 20 te55 05)
rtovexp(an(py, (s (By(logr))))
Again in view of (3.8) of Case II and (3.25) it follows for all sufficiently large

positive numbers of r that

al(lu}:l(/‘ng(ﬂgl(lOg 7)))) < (1+ 0(1))(P(a1,61)[f]h + €)T(1+0(1))(P(a2,ﬁ2)[g]+€) |
exp(an (p,  (up(By Hogr)))) — Oy Fln—e)

Now in view of (3.26) we obtain from above that

o) b0 (e (55 08 1))
rreoexp(a (' (uy (B1 ' (log 7))
Further in view of (3.9) of Case III and (3.25) it follows for all sufficiently large

positive numbers of r that

exp(aa (87 (1 (7 (1fog (B H1og ™)) 1100 P ag oy lal+e)
exp(on (" (s (81 (log 7)) = rQGewsplf=9)

So in view of (3.26) we obtain from above that

. exp(az (81 (a1 (1 (1yog (B3 (log7)))))))
(529 T explan g ey (55 Qo8 )
Now in view of (3.6) we get that

(3.30) lim sup L0 H(poq(By ' (log 7))
r—stoo 1 (ug(2ﬂz_1(log r)))
From (3.27) and (3.30) we obtain for all sufficiently large values of r that

lim sup {on (1, (1709 (85 (log 7)))) }>
rroo exp(an (uy, (1 (81 (log 7)) - Bi(ug(285 * (log 7))
N T (g, (1gog(By ' (logT)))) _hmsupal(ﬂﬁl(ufog(@ '(logr))))
r—>+ooeXp(Oél(H}Zl(ﬂf(ﬁfl(]og’r‘)))) r——+o0o 51(#g(2551(10gr)))
(3:3)< 0+ pay plfln = 0.

= 0.

< p(al,ﬂl)[f]h'
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Similarly from (3.28) and (3.30) we obtain that

— o (1 (7o (B ' l0g )))) 2 _
e exp(aa(ia, (1 (B (0 7) - B(ig(26; " (l0g 7))

Therefore the first part of the theorem follows from (3.31) and above.

Again from (3.29) and (3.30) we get for all large values of r that

exp(an(By (1 (1 (1pog(By ' (log ))))))) - 1 (3, (o (B3 ' (log 1))

lim su

rrtos exp(on (i, (1 (B (108 7)) - B (g (265 (log 1))

i OO0 @0 gy (B Qg o (g (55 (108 )
r—-+oo exp(an(py, ' (np(By (logr)))) rotoo  Bi(pg(285 " (logr)))

< 0 p(ay o) lfln = 0.

exp(az (81 (a1 (i (1yog Bz (log 1)) - (" (1709 (B3 (log 7))

i.e., lim — =5 — =0.
r—yoo exp(on (py,~ (pp(By (logr)))) - Bipg (265 (logr)))
Thus the second part of the theorem is established. ]

In the line of Theorem 3.10 and with the help of Lemma 2.1, one can easily proof

the following theorem and therefore its proof is omitted:

Theorem 3.11. Let f, g and h be any three entire functions such that p(a, g,)[9] <
AMar,8)f1n < piag g fln- Also let C be any positive constant and (1 € IO,

(1) Any one of the following two conditions are assumed to be satisfied:

(@) B (r) = Clexplas(r)));

(b) exp(az(r)) > Bi(r), then

lim sup {on (M}, (Myog(8, ' (log 1))}
r—toe exp(ar (M, (My(8; " (logr))))) - B1(My (85 (logr)))

(i3) If ag(ﬁfl(r)) € LY, then

i P28 (01 (M (Mo (B (log r))))) - a1 (My, ' (Meq (B, (log ) _
T exp(an (M, (Mg (8; ' (logr))))) - Bi(My(By ' (log 1))

= 0.

Theorem 3.12. Let f, g, h, | and k be any five entire functions such that A, g,)[f]n <
00, Aas,82) 9]k > 0 and pa, py)lf © gli < 00 where az, f1 € LY. Then

lim Supal (M}Zl(ﬂfOQ(BQ_I(lOg 7“)))) : a3(ﬂ;1(uf09(6?:1(r)))) < p(Oézs,B:s)[f o g]l ) P(al,ﬂl)[f]h'
r—+400 b1 (Ng(2ﬁ§1(10g r))) - 042(/‘];1('”9(5271(7“)))) B >‘(012,52)[g]k
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Proof. For all sufficiently large values of r we have

(3.32) s (17 (1709 (85 (1)) < (Plag L © gli + )1
Again for all sufficiently large values of r it follows that
(3.33) o (ki (119 (B3 (1)) = (Ma ) l9lk — €)r

Now combining (3.32) and (3.33) we have for all sufficiently large values of r that

03 (g (17og (B3 (1)) _ Plass ) [f © gl +
az(py (g (B (1))~ Mawslgli — €
As e(> 0) is arbitrary we get from above that

- as(uy (og (B3 (1)) _ Plas,snlf © gl
3.34 | < .
. P 0 (B0 Mew
Now from(3.30) and (3.34) we obtain that

lim Supm(u;l(ufogw;l(log ™)) - sy (1o (B3 (1))
rtoe Bulg(26; (logr))) - an(uy (g(B; ()

- hmsupozl(ufog(ﬁil(log D) i sup 2L iEMfOQ(ﬁj '(r)))
r—too 1(pg(285 7 (logr)))  r—too aa(py, (pe(By (1))
Plas,B)Lf © 9l - Peay ) [f]n

)‘(012,52)[9]’C '

Hence the theorem follows. OJ

In the line of Theorem 3.12 and with the help of Lemma 2.1, one can easily proof

the following theorem and therefore its proof is omitted:

Theorem 3.13. Let f, g, h, [ and k be any five entire functions such that p(alﬂgl)[f]h <
00, Aag,8) 91k > 0 and p(ag g,)[f © gli < 0o where oz, 81 € L°. Then
i sup 2L i (Mg (B3 (108 7)) - €3 (M~ (Mo (87 (r))))
rotoe Br(My(285 (logr))) - az(M N (My (55 (1))
 Plosps)[f 0 gl - Pra 80 fIn
B ez, 52) 9K '

Theorem 3.14. Let f, g, h and k be any four entire functions such that p(, g, [f]n <
00 and A(a, 8, [f © glk = 00. Then

R (T G))
r—+00 g (M}:l(,uf (61_1(53(7“»)))

= OQ.
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Proof. Let us suppose that the conclusion of the theorem do not hold. Then we can

find a constant A > 0 such that for a sequence of values of r tending to infinity

(3.35) ag(py (1gog (1)) < A= an (g, (g (BT H(B3(r))))-

Again from the definition of p(o, g,)[f]n, it follows for all sufficiently large values of
r that

(3.36) a1 (g, (g (B (B3(r))) < (Pan o) LfIn + €) B3 (7).

Thus from (3.35) and (3.36), we have for a sequence of values of r tending to infinity
that

ag(py  (1gog (1)) < Apiay,p)[fln + €)Bs(r)
. as(py (1gog(r))) < Bl pylfln +€)Bs(r)
7 B3(r) - B3(r)

~1
ie., liminfag(ukﬁilg;g(r))) = Mag ) lf © gk < 00,

r=400

This is a contradiction.
Thus the theorem follows. O

Remark 3.15. Theorem 3.14 is also valid with “limit superior” instead of “limit”
if A(ay,85)Lf © gl = 00 is replaced by p(a, g,)[f © gl = 0o and the other conditions

remain the same.

Analogously one may also state the following theorem without its proof as

it may be carried out in the line of Theorem 3.14.

Theorem 3.16. Let f, g, h and k be any four entire functions such that p(,, g,)[gln <
oo and p(a3,53)[f o gl = 0o. Then

lim sup as(py (yog(r))

r—+oo (] (/J;:l (Hg(ﬁl_l (B3(r)))))

Remark 3.17. Theorem 3.16 is also valid with “limit” instead of “limit superior”

if P(as,s)[f © gl = 00 is replaced by A, g4)[f © glx = 00 and the other conditions

remain the same.

Remark 3.18. Theorem 3.14, Theorem 3.16, Remark 3.15 and Remark 3.17 can

also be deduced in terms of maximum modulus of entire functions.
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