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1. Introduction

The theory of statistical convergence is an active area of research. Statistical
convergence of a real number sequence was firstly originated by Fast [5] and
since then several generalizations and application of this concept have been in-
vestigated by various authors, e.g. [4], [7], [13], [11], [17], [19], [20], [28]. In the
wake of the study of ideal convergence defined by Kostyrko et al. [15], there has
been comprehensive research to discover applications and summability studies
of the classical theories. A lot of development have been seen in area about
Z-convergence of sequences after the work of [12, 21, 24, 25, 27, 35]. Note that
Z-convergence is an interesting generalization of statistical convergence.

Menger [16] introduced the notion of probabilistic metric spaces, which is an
interesting and important generalization of metric spaces, the study of these
spaces was under the name of statistical metric. In this theory, the notion of
distance has a probabilistic nature. Namely, the distance between two points
x and y is represented by a distribution function F,; and for ¢t > 0, the value
F,, (t) is interpreted as the probability that the distance from z to y is less
than ¢. Infact the probabilistic theory has become an area of active research
for the last forthy years. An important family of probabilistic metric spaces
are probabilistic normed spaces. The notion of probabilistic normed spaces was
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introduced in [30, 31] and further it was extended to random/probabilistic 2-
normed spaces by Golet [9] using the concept of 2-norm of Géahler [8].

This paper consists of three sections with the new results in section 3. In
Section 3 the concepts of Z-convergence and Z-Cauchy of triple sequences in a
more general setting, i.e., in random 2-normed spaces are introduced and its
fundamental properties are studied.

2. Preliminaries

In this section we recall some basic definitions and notations which form the
background of the present work.

The notion of statistical convergence is based on the asymptotic density of
the subsets of the set N of positive integers. In [6] an axiomatic approach is
given for introducing the notion of density of sets K C N.

Let us denote the set of natural numbers by N and let A € N. Then the
asymptotic density of A denoted by

§(A) =limn ' |[{k<n:ke A},

where the vertical bars denote the cardinality of the enclosed set.
A number sequence x = (z,,) is said to be statistically convergent ([5], [7]) to
the number L if for each £ > 0, the set

A)={k<n:|z,—L|>¢}
has asymptotic density zero, i.e.
limn™'{{k <n: |z, — L] >e}| = 0.

In this case we write st-limx,, = L.

The notion of statistical convergence was further generalized in the paper [15]
using the notion of an ideal of subsets of the set N. An ideal Z on N for which
T # P (N) is called a proper ideal. A proper ideal Z is called admissible if 7
contains all finite subsets of N.

A family of the sets Z C 2V is called an ideal if and only if
(i) 0 e
(ii) For each A, B € T we have AUB € T.

(iii) For each A € 7 and each B C A we have B € Z.
A family of sets F C 2V is a filter in N if and only if
(i) 0 ¢ F.
(ii) For each A, B € F we have AN B € F.
(iii) For each A € F and each B D A we have B € F.
If 7 is proper ideal of N (i.e., N ¢7), then the family of sets

F(I)={M cN:3AeT:M=N\A}

is a filter of NV, it is called the filter associated with the ideal.
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Let Z c2" be a proper admissible ideal in N. A real sequence (x,,) is said to
be Z-convergent to L € R if for each € > 0,

Al)={neN:|z, - L| >} €T

If (z,,) is Z-convergent to L, then we write Z—limz = L.

Take for Z the class Z; of all finite subsets of N. Then Z; is a non-trivial
admissible ideal and Zy-convergence coincides with the usual convergence. For
more information about Z-convergence, see the references in [26].

Definition 2.1. ([8]) Let X be a real vector space of dimension d, where 2 <
d < c0. A 2-norm on X is a function ||-,-|| : X x X — R which satisfies

(i) ||z, y|]| = 0 if and only if = and y are linearly dependent.

(i) lz, yll = lly, ] -

(i) [laz,y[| = |af [z, y]|, @ € R.

(i) flz, y + z[| < [l,yl| + [, 2] -

The pair (X, ||-,-]|) is then called a 2-normed space.

As an example of a 2-normed space we may take X = R? being equipped
with the 2-norm ||z, y|| := the area of the parallelogram spanned by the vectors
z and y, which may be given explicitly by the formula

lz,yll = [21y2 — z201], @ = (21,22), ¥y = (y1,92)-

All the concepts listed below are studied in depth in the fundamental book
by Schweizer and Sklar [31].

Definition 2.2. Let R denote the set of real numbers, R; = {x € R: 2 > 0} and
S = [0, 1] the closed unit interval. A mapping f: R — S is called a distribution
function if it is nondecreasing and left continuous with inf;cr f(¢) = 0 and

sup,ep f (1) = 1.

We denote the set of all distribution functions by D% such that f (0) = 0. If
a € Ry, then H, € DT, where

Ha(t):{ 1 ift>a,

0 ift<a.
It is obvious that Hy > f for all f € DT.

Definition 2.3. A triangular norm (¢-norm) is a continuous mapping  : SxS —
S such that (S, *) is an abelian monoid with unit one and c¢xd < axbif ¢ <a
and d < b for all a,b,c,d € S. A triangle function 7 is a binary operation on D+
which is commutive, associative and 7 (f, Hg) = f for every f € DT.

Golet [9] introduced the notion of a random 2-normed space as follows.

Definition 2.4. Let X be a linear space of dimension greater than one, 7 is
a triangle function, and F : X x X — D¥. Then F is called a probabilistic
2-norm and (X, F, ) a probabilistic 2-normed space if the following conditions
are satisfied:
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(i) F(x,y;t) = Hp(t) if  and y are linearly dependent, where F(x,y;t) de-
notes the value of F(z,y) at t € R,

(i) F(z,y;t) # Ho(t) if © and y are linearly independent,

(t3i) F(z,y;t) = F(y,z;t) for all 2,y € X,

(iv) F(azx,y;t) = F(z,y; th) for every t > 0, « 20 and z,y € X,

(v) F(x 4+ y,2;t) > 7(F(x, 2;t), F(y, 2;t)) whenever x,y,z € X, and ¢t > 0.

If (v) is replaced by

(vi) Fx+y,z;t1 +t2) > Fx,z;t1) *« F(y, z;t2) for all z,y, 2 € X and 1,t5 €
Ry;
then (X, F, %) is called a random 2-normed space (for short, RTN space).

Remark 2.1. Note that every 2-norm space (X, ||.,.|]|) can be made a random
2-normed space in a natural way, by setting

(a) F(z,y;t) = Ho(t— ||z, y||), for every z,y € X, ¢t > 0 and a*b = min {a, b},
a,beS;or

(b) F(z,y;t) = m for every z,y € X, t > 0 and a *xb = ab for a,b € S.

Let (X, F,x) be a RTN space. Since * is a continuous t-norm, the system of
(e, A)-neighborhoods of 6 (the null vector in X)

{No(g,\) :e>0, Ae (0,1},

where
No(e,\) ={x e X : F,(e) >1—\}.

determines a first countable Hausdorff topology on X, called the F-topology.
Thus, the F-topology can be completely specified by means of F-convergence of
sequences. It is clear that x — y € Ny means y € N, and vice-versa.

Recently, Mursaleen and Edely [23] presented the idea of statistical conver-
gence for multiple sequences, and there are several papers dealing with double
and triple statistical and ideal convergence (see literature [1, 3, 10, 14, 18, 29]).
Also, the readers should refer to the monographs [2] and [22] for the background
on the sequence spaces and related topics.

We now recall the following basic concepts from [33, 34, 36] which will be
needed throughout the paper.

A function z : Nx Nx N — R (or C) is called a real (or complex) triple
sequence. A triple sequence (z;x;) is said to be convergent to L in Pringsheim’s
sense if for every € > 0, there exists ng (¢) € N such that |z — L| < € whenever
J. k,1 > ng. A triple sequence (x;x;) is said to be bounded if there exists M > 0
such that |z | < M for all 7, k,1 € N. We denote the space of all bounded triple
sequences by £3_.

Definition 2.5. A subset K of N x N x N is said to have natural density d3(K)
if
K|

03(K)=P —
3(K) dikd—oo  jkl
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exists, where the vertical bars denote the number of (j, k,1) in K such that p < j,
g < k, r <. Then, a real triple sequence x = (x;x) is said to be statistically
convergent to L in Pringsheim’s sense if for every ¢ > 0,

83 ({(,k,1) e NX N x N: |aji — L| > €}) = 0.

As can be seen from the following example a sts3-convergent sequence does
not need to be bounded.

Example 2.6. Let us define the triple sequence = = (zx;) by

(@j0) = jkl , j,k,l are cubes
Jkl 4 otherwise.

Then sts-limx;,; = 4 but (%) is neither convergent in Pringsheim’s sense nor
bounded.

If a triple sequence x = (z,y;) satisfies some property P for all j, k,{ except
a set of natural density zero, then we say that the triple sequence x satisfies P
for almost all (j, k,{) and we abbreviate this by a.a. (4, k,1).

Definition 2.7. Let Z3 be an admissible ideal on 2Y*N*N_then a triple sequence
(xjk1) is said to be Zs-convergent to L in Pringsheim’s sense if for every € > 0,

{(j,k,1) e NXx NxN: |zji — L| > e} € Ts.
In this case, one writes Z3-lim x;; = L.

Remark 2.2. (i) Let Z3 (f) be the family of all finite subsets of N x N x N.
Then Z5 (f) convergence coincides with the convergence of the triple sequences
given in [34].

(ii) Let Z5 () = {A C N x N x N: 4§ (A) =0}. Then Z5 (§) convergence coin-
cides with the statistical convergence introduced in [34].

Example 2.8. Let T = 73 (§) . Define the triple sequence (xx;) by

(2m1) = 1 , j,k,l are cubes
K= 4 otherwise.

Then for every € > 0

§({(j. k1) ENxNxN: |25 — 4] > €}) < lim W —0.
p,q,T

This implies that Z-lim zj; = 4. But, the triple sequence (z;x;) is not convergent
to 4.

Throughout the chapter we consider the ideals of 28<NXN by 7.
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3. Main results

A triple sequences x = (xji;) in X is said to be F-convergence to L € X if
for every € > 0, A € (0,1) and for each nonzero z € X there exists a positive
integer N such that

T,z — L € Ny(e, A) for each j,k,l > N
or equivalently,
Tk, 2 € Np(e, ) for each j, k,1 > N.
In this case we write F-limx;;, 2 = L.

Lemma 3.1. Let (X, ||.,.||) be a real 2-normed space and (X, F,*) be a RTN
space induced by the random norm F, ,(t) = m, where x,y € X and t > 0.

Then for every triple sequence x = (z;p1) and nonzero y in X
lim|z— L,y||=0= F-lim(z— L),y =0.
Proof. Let suppose that lim ||z — L, y|| = 0. Then for every ¢t > 0 and for every
y € X there exists a positive integer N = N () such that
llzjr — L,y|| <t for each j,k,1 > N.
We observe that for any given € > 0,

e+ ||lzjm — L,y < e+t
E g

which is equivalent to
€ € t
s oLyl et T ixe
Therefore, by letting A\ = E%_t € (0,1) we have
Fyj—Ly(e) >1— Xfor each j, k,l > N.
This implies that x5,y € Np(e, A) for each j,k,l > N as desired. O

3.1. 7" and I:f *-convergence for triple sequences in RTN spaces. In
this subsection we study the concept Z and Z*-convergence of a triple sequence
in (X, F, *) and prove some important results.

Definition 3.2. Let (X, F,*) be a RTN space and Z be a proper ideal in N x
N x N. The triple sequence = (z;5;) in X is said to be T¥ -convergent to
L € X (Z¥-convergent to L € X with respect to F-topology) if for each & > 0,
A € (0,1) and each nonzero z € X,

{(],kJ) ENXNXNZI‘jkl,Z ¢NL(E,)\)} € Is.

In this case the vector L is called the Z4'-limit of the triple sequence z = (zjx;)
and we write Z{ -limz, z = L.

Lemma 3.3. Let (X, F,*) be a RTN space. If a triple sequence x = (z;r1) is
TE -convergent with respect to the random 2-norm F, then TL -limit is unique.
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Proof. Let us assume that Z{'-lim z, z = Ly and Zf'-lim z, 2 = Ly where L # L.
Since Ly # Lo, select ¢ > 0, A € (0,1) and each nonzero z € X such that
N, (e, X) and N, (e, \) are disjoint neighborhoods of L; and L. Since L; and
Ly both are Z4'-limit of the sequence (i), we have

A={(j,k,1) e NXNxN:wjp,z¢ N (e,N)}
and

B ={(j,k,l) e NXNxN:xjp,z¢ NN}
both belongs to Z4". This implies that the sets

A ={(j,k,1) e NX NxN:zjp,z €N (e,N)}

and
B¢ ={(j,k,1) e Nx NXN: 2,2z N(e,\)}
belongs to F (Z3). In this way we obtain a contradiction to the fact that the

neighborhoods N, (e,A\) and Np,(e,\) of L; and Lo are disjoints. Hence we
have Ly = Lo. This completes the proof. O

Lemma 3.4. Let (X, F,x) be a RTN space. Then we have

(a) F-limaxy,z = L, then Ig—limxjkl, z=1L.

(b) IfIf—limxjkl, z=14 andl'g—limyjkl, z = Lo, then Z¥ -lim (jrr + Yjr1) , 2 =
Ly + Lo.

(c) If IF limxjy, 2 = L and o € R, then Iif-limaxjkl, z = alL.

(d) If T¥ lim x5y, 2 = L1 and T lim yjx, 2 = Lo, then T lim (251 — yjr1) , 2 =
Ly — Lo

Proof. (a) Suppose that F-limz;x,z = L. Let € > 0, A € (0,1) and nonzero

z € X. Then there exists positive integer N such that x5,z € Ny, (¢, ) for
each j,k,l > N. Since the set

A={(j, k1) eENXNxXxN:zjp,2z¢&NL(e,\)}
C{1,2,3,..N -1} x {1,2,3,.., N — 1} x {1,2,3,.., N — 1}
and the ideal a Z{ is admissible, we have A € Z{. This shows that Z1'-
limx;, 2 = L.
(b) Let € > 0,A € (0,1) and nonzero z € X. Choose n € (0,1) such that
(1—=n)*(1—n) > (1 —\). Since Z{-lim i, 2 = Ly and Z¥-lim y;1., 2 = Lo, the
sets

A= {(j,k,l) eNxNxN:ajuz¢ N, (g)\>}
d
" B:{(j,k,l)eNxNxNzyjkl,z§é/\/'L2 (%)\)}

are belongs to Z4". Let C' = {(j,k,1) € Nx N x Nt (@5 + yjk1), 2 € Niyv1, (5,2}
Since Z1" is an ideal, it is sufficient to show that C C AU B. This is equiva-
lent to show that C° D A°N B°® where A° and B¢ are belongs to F (Z3). Let
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(j,k,1) € AN B¢, ie., (j,k,1) € A and (4, k,1) € B, and we have

€ €
F(xjkl+yjkl)—(L1+L2),z (5) > szkl*lez (5) * ijkz*Lz,z (5)
> =n)*(1-mn)
> (1—-A).
Since (j,k,1) € C¢ D A°N B¢ € F (Z3), we have C C AUB € ¥

(¢) It is trivial for « = 0. Now let o # 0, ¢ > 0, A € (0,1) and nonzero z € X.
Since Z¥-lim Zjr1, 2 = L, we have

A={(,k,1) e NXNxN:zjp,z¢ Ny (e,\)} €T
This implies that
A°={(j,k,1) e Nx NxN:ajp,zeNp(e,\)} € F(I3)
Let (j,k,1) € A°. Then we have

€
Fazjkl—aL,z (5) = Fa:jkl—L,z <M>

5
> Fij-L.z (e) * Fy (M - s)
>(1—=N)x1=(1-)).
So {(j,k,1) e NX N x N: axjp, 2z & Nar (6,\)} € 3. Hence Z¥-lim axjp, 2 =

alL.
(d) The result follows from (b) and (c). O

We introduce the concept of I:f *-convergence closely related to Z1 -convergence
of triple sequences in random 2-normed space and show that ZI™*-convergence
implies Z{ -convergence but not conversely.

Definition 3.5. Let (X, F,*) be a RTN space. We say that a sequence x =
(zj11) in X is said to be Z4*-convergent to L € X with respect to the random
2-norm F' if there exists a subset

K =AUm, kmslm) 1 <jo< . ki <ka<.;li<lb<.}CNxNxN

such that K € F (Z3) (ie., Nx Nx N\K € I3) and F-lim,, z;,, ,..1,.,2 = L for
each nonzero z € X.

In this case we write Z*-limz, 2 = L and L is called the Z{™*-limit of the
triple sequence x = (k1) -

Theorem 3.6. Let (X, F,*) be a RTN space and Z3 be an admissible ideal. If
I dima, 2z = L, then ZF limz, 2 = L.

Proof. Suppose that ZI*-limx, z = L. Then by definition, there exists
K= {(]m,kmylm) Ijl < j2 < .. k1 < ko < ey 1 <la < } S f(Ig)
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such that F-lim,, ;,, g,..1,.,2 = L. Let € > 0, A € (0,1) and nonzero z € X be
given. Since F-lim, ;, k,. 1., 2 = L, there exists N € N such that z;, k. 1,.,% €
N1 (g, ) for every m > N. Since

A= {(jmvkam) €K: L ksl s # ¢ N (Ea )‘)}

is contained in
B ={j1,J2,-in-1; k1, ko, kn—1; 11,02,y IN—1}
and the ideal Z3 is admissible, we have A € Z3. Hence
{(j,k,) e Nx NXN:zjp,z2¢ Ny (e,\)} CKUB¢€T;

for ¢ > 0, A € (0,1) and nonzero z € X. Therefore, we conclude that ZZ'-
limz,z = L. U

The following example shows that the converse of Theorem 3.6 need not be
true.

Example 3.7. Consider X = R? with |z,y| := |z1y2 — 22y1| where x =
(r1,22), ¥y = (y1,72) € R? and let a x b = ab for all a,b € S. For all (z,y) € R?
and t > 0, consider

t

t+ =yl
Then (R?, F,«) is an RTN space. Consider a decomposition of N x N x N as
NxNxN = U, ; A, such that for any (m,n,0) € NxNxN each A;; contains
infinitely many (4, j, k)’s where i > m, j > n, k > o and A;j; N Apypo = 0 for
(i,7,k) # (m,n,0). I3 be the class of all subsets of N x N x N which intersect
almost a finite number of Ay;;’s. Then Z3 is an admissible ideal. We define a

Foy (1)

triple sequence (o) as follows: x,, = (Uik, O) € R% if (m,n,0) € A;;. Then
for nonzero z € X, we have
t

- 1
t+ |Zmnos 2

F-L'm,no 3% (t)

as m,n,o — 0o. Hence I:f—limm,n’o Tmno, 2 = 0.
Now, we show that I:f*—limm’n’o Tmno, 2 7 0. Suppose that If*—limmm’o Tmnoy 2 =
0. Then by definition, there exists a subset

K ={(mj,nj,05) :mi <ma < ..; ng <ng<..;o0<0y<..}] CNxNxN

such that K € F (Z3) and F-lim; Zpy;pn;0;,2 = 0. Since K € F (Z3), there exists
H € 75 such that K = N x N x N\H. Then there exists positive integers p, g
and r such that

7<(O0(92))) (UG (G ))
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_ 1 . .
Thus Ap+1,q+177-+1 C K and so Tmjinjo; = [CESy eI CESY) > 0 for 1nﬁn1tely many
values (my,nj,0;)’s in K. This contradicts the assumption that F-lim; Zy, 0,2 =
0. Hence If* limyy 1m0 Tmno, 2 7 0.

Definition 3.8. An admissible ideal Z3 C 2V*N*N g said to satisfy the condition
(AP) if for every sequence (Ay), .y of pairwise disjoint sets from Z3 there are

sets B, C N, n € N, such that the symmetric difference A,,AB,, is a finite set
for every n and U,enB,, € Z3.

The following theorem shows that the converse holds if the ideal 75 satisfies
condition (AP).
Theorem 3.9. Let (X, F, ) be a RTN space and the ideal I3 satisfy the condition
(AP). If x = (zji1) is a triple sequence in X such that I¥ limz,z = L, then
If* limx, z = L.
Proof. Since Z¥-limx,z = L, so for every € > 0, A € (0,1) and nonzero z € X,
the set

{(4,k,]) e NX N N:zjp,z ¢ NL(e,\)} €TLs.
We define the set A, for p € N as
1 1
A, =<9,k )) ENXNXxN:1—--<F, . 1———5.
/4 {(]7 7)6 X X = Gkl L < p+1}

Then it is clear that {4y, As, ...} is a countable family of mutually disjoint sets
belonging to Z5 and so by the condition (AP) there is a countable family of sets
{Bi, Ba, ...} € I3 such that the symmetric difference A;AB; is a finite set for
each i € N and B = U2, B; € Zs. Since B € T3, there is a set K € F (Z3) such
that K = N x N x N\B. Now we prove that the subsequence (Ijkl)(j,k,l)eK is
convergent to L with respect to the random 2-norm F. Let n € (0,1), € > 0 and
nonzero z € X. Choose a positive g such that g~ < n. Then

{(,k,1) e NX NXN:aju,z¢NL(e,n)}
1
- {(j,k,l) ENXNXN:zjp,z¢NL <E,q)} CU?:_fAi.

Since A;AB; is a finite set for each i = 1,2,...,q — 1, there exists (jo, ko,lo) €
N x N x N such that

(U;’;llBi) N {(G, k1) ENXNXN:j>jo, k> koand [ > lo}
- (U;’:—llAi)ﬂ{(j,k:,l)eNxNxN:ijo, k> ko and | > lo}.

If j > jo. k > ko, 1 > I and (j,k,1) € K, then (j,k,1) ¢ U"'B; and (j,k,1) ¢
Ug;llAi. Hence for every j > jo, k > ko, | > lo and (4, k,1) € K we have
Tjkl, % ENL(e,m).

Since this holds for every ¢ > 0, € (0,1) and nonzero z € X, we have Z1*-
limz, z = L. Then, the desired result is obtained. O
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3.2. 7{ and Ig*-triple Cauchy sequences in RTN spaces. In this sub-
section we study the concepts Zz-Cauchy and Z3-Cauchy of a triple sequence in
(X, F,x). Also, we will study the relations between these concepts.

Definition 3.10. Let (X, F,*) be a RTN space and Z3 be an admissible ideal
of Nx N x N. If for every e > 0, A € (0,1) and nonzero z € X, there exists
s=s(e),t=1t(e), u=u(e) such that

{(j,k',l) e NxNxN: Tjkl — Tstu, 2 ¢N9 (E,/\)} EI,

then a triple sequence & = (z;x;) of elements in X is called to be ZF-Cauchy
sequence in X

Definition 3.11. Let (X, F,*) be a RTN space and Z3 be an admissible ideal
of Nx N x N. If for every € > 0, A € (0, 1) and nonzero z € X, there exists a set

K ={Um,km,lm) 1 <jo< .5 ki <ka<.;li<lb<.}CNxNxN

such that K € F (Z3) and (xj,, k,. 1, ) is an ordinary F-Cauchy in X, we say
that a triple sequence = (z,5;) of elements in X is called to be Ig *-Cauchy
sequence in X.

The next theorem gives that Ig “-triple Cauchy sequence implies ZZ'-triple
Cauchy sequence:

Theorem 3.12. Let (X, F,*) be a RTN space and T3 be a nontrivial ideal of
N x NxN. If . = (zj) is a ZL*-triple Cauchy sequence, then © = () is a
I¥ -triple Cauchy sequence.

Proof. Let (x;1) be a Z&*-Cauchy sequence, that is, for € > 0, A € (0,1) and
nonzero z € X, there exists

K= {(jmakmalm) g1 < Jo < . ki <ko<..,li<la< } € ]:(1-3)
and a number N € N such that
xj'mk7nyl7n - xjpkplp7 z 6 N9 (8’ )\)

for every m,p > N. Now, fix p = jni1, 7" = kn+1, S = In+1. Moreover, for every
e >0, A € (0,1) and nonzero z € X, we have

Tj kim — Tprs: 2 € No (€, A) for every m > N.
Let H =N x N x N\ K. It is obvious that H € Z3 and
A(e,N) ={(j,k, 1) e NX NXN:xji — zprs, 2 ¢ Ny (e,N)}
CHU{j1 <..<jn; k1 <..<kn; 1 <..<In}€ET;.

Therefore, for every € > 0, A € (0,1) and nonzero z € X, we can find (p,r,s) €
N x N x N such that A (e, \) € T3, i.e., (x;1) is a Z¥ -triple Cauchy sequence.
The proof of this theorem is complete. O

Now we will prove that If “-convergence implies ZZ'-Cauchy condition in 2-
normed space.
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Theorem 3.13. Let (X, F,x) be a RTN space and I3 be an admissible ideal of
N x N x N. If a sequence © = (x;1) is IE*-convergent, then it is a L -triple
Cauchy sequence.
Proof. By assumption there exists a set

K= {(]m,km;lm) g <Jo < . k1 < ko < el lh<ly< } CNxNxN

such that K € F (Z3) and F-lim,, z;,, k.. i,.,2 = L for each nonzero z in X,
i.e., there exists N € N such that z; g, .1,,,2 € Ni(e,\) for every ¢ > 0,
A € (0,1), each nonzero z in X and m > N. Choose nn € (0,1) such that
(I1—=n)x(1—mn)>(1—=2X). Since

g e
ijmkmlm_wjp’“plp’z (E) = ijmkmlm —Loz (5) * ijp’“plp_L7Z <§>

>(1—=n)*x(1-n)
>1-A

for every € > 0, A € (0,1), each nonzero z in X and m > N, p > N, we have
T kool — Lipkyly 2 & NL (€,A) for every m,p > N and each nonzero z € X,
ie., (zjr)in X is an TE*triple Cauchy sequence in X. Then by Theorem 3.12
() is a Z¥ -triple Cauchy sequence in RTN space, as desired. O

Theorem 3.14. Let (X, F,*) be a RTN space and T3 be an admissible ideal of
N x N x N. If a sequence x = (x;11) of elements in X is I -convergent, then it
is L -triple Cauchy sequence.

Proof. Suppose that (zy,) is Z& -convergent to L € X. Let € > 0, A € (0,1) and
nonzero z € X be given. Then we have

A:{@hDENxNxN:%%z$M(;»}GA
This implies that
. €
AC = {(],k,l) ENxNxN: 2N (i,x)} € F(Ts)
Choose n € (0,1) such that (1 — n)*(1 —n) > (1 — A). Then for every (j, k,1), (s,t,u) €
Ae,
5 5
Foipi—aa,z () > Fojp—r2 (5) * Fyyu—L2 (5)
> 1 —=n)*(1-mn)
>(1=X).

Hence {(j,k,1) e NXNxXN: zp — Tstu,2 € Ny (6,\)} € F(Z3) for nonzero
z € X. This implies that

{(4,k,1) e NX N X N: 2jp — Topu, 2 & No (e, \)} € I,

ie., (zjp)isa TF-triple Cauchy sequence. This completes the proof. O
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