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ABSTRACT. We are concerned with finding a common solution to an equilibrium prob-
lem associated with a bifunction, and a constrained convex minimization problem. We
propose an iterative fixed point algorithm and prove that the algorithm generates a se-
quence strongly convergent to a common solution. The common solution is identified as
the unique solution of a certain variational inequality.

1. Introduction

Consider two problems in a Hilbert space: A constrained convex optimization
(CCO) and an equilibrium problem (EP) associated with a bifunction satisfying
certain properties. It is known that CCO can be solved by the gradient-projection
algorithm (GPA). It is also known that EP is equivalent to a fixed point problem.
Therefore, both problems can be solved by fixed point algorithms.

Let H be a real Hilbert space and C' a nonempty closed convex subset of H. A
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self-mapping T of C is said to be nonexpansive if || Tz—Ty|| < ||z—y| forallz,y € C.
A self-mapping f of C is said to be a k-contraction if || f(z) — f(v)|| < &llz — y||
for all 2,y € C, where k € [0,1) is a constant. We use Fiz(T) to denote the set of
fixed points of T; i.e., Fiz(T) ={zx € C : Tx = z}.

Recall that the equilibrium problem (EP) associated to a bifunction ¢ : CxC —
R is to find a point w € C' with the property

(1.1) o(u,v) >0, veC.

The set of solutions of EP (1.1) is denoted by EP(¢).
If ¢ is of the form ¢(u,v) = (Au,v — u) for all u,v € C, where A : C — H is
a mapping, then u € EP(¢) if and only if uw € C is a solution to the variational
inequality (VI):
(Au,v —u) >0, wveC.

Consequently, EP (1.1) includes, as special cases, numerous problems from various
areas such as in physics, optimization and economics, and has been received a lot
of attention; see, e.g., [7, 8, 9, 12, 13, 14, 16, 17, 18, 19, 22, 28] and the references
therein.

In 2010, Tian [20] considered the following iterative method:

(1.2) Tpt1 = QY f(xn) + (I — Ay F) T2y, n >0,

where F' is Lipschitz and strongly monotone and v, > 0 are some constants. He
proved that if the parameters {c,, } and {\,} satisfy certain appropriate conditions,
the sequence {z,} generated by (1.2) converges strongly to the unique solution
x* € Fiz(T) of the variational inequality

(vf — pF)x*,x—x*) <0, forall ze€ Fix(T).
Consider the constrained convex minimization problem:
(1.3) Minimize {g(z) : z € C},

where g : C' — R is a real-valued convex function. We denote by U the set of
solutions of (1.3). It is well known that the gradient-projection algorithm (GPA)
can be used to solve (1.3). If g is continuously differentiable, then GPA generates
a sequence {x,} via the recursive formula:

(1.4) Tnt1 = Po(zn — AVyg(zy)), n >0,

where the initial guess xg € C is chosen arbitrarily, and the parameters {\,} are
positive real numbers satisfying certain conditions. The convergence of GPA (1.4)
depends on the behavior of the gradient Vg. As a matter of fact, it is known that
if Vg is a-strongly monotone and L-Lipschitzian with constants @ > 0 and L > 0,
then the operator

(1.5) Wy := Po(I — A\Vg)
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is a contraction for 0 < A < 2a/L?. Consequently, the sequence {z,} generated
by PGA (1.4) converges in norm to the unique minimizer of (1.3) provided (\,) is
contained in a compact subset of (0,2a/L?), in particular, A\, = A € (0,2a/L?).

However, if the gradient Vg is not strongly monotone, the operator W) is no
longer contractive (in general). As a result, PGA (1.4) fails to converge strongly in
an infinite-dimensional Hilbert space (see a counterexample in [23]). Nevertheless,
if Vg is Lipschitzian, PGA (1.4) can still converge in the weak topology.

In 2012, Tian and Liu [21] studied a composite iterative scheme by the viscosity
approximation method [15, 26] for finding a common solution of an equilibrium
problem and a constrained convex minimization problem:

1
¢(unay)+7<y_unaun_xn> >0, yEC,
(1.6) ™

Tp41 = anf(xn) + (1 - an)Tnuna n>1,

where ¢ : C' x C — R is a bifunction, Vg is L-Lipschitzian with L > 0 such
that U N EP(¢) # 0, f is a contraction, z; € C, {a,} C (0,1), {r,} C (0,00),
Un, = Qr, Tn, Tp, is determined by the relation: Po(I — A\, Vg) = sp + (1 — $p) T,
sn = 22228 and {\,} C (0, 2). They proved that the sequence {z,}, generated by
(1.6), converges strongly to a point in U N EP(¢) under certain conditions.

In this paper, motivated by the above results, we will propose an iterative fixed
point algorithm to find a point which is a common solution to an equilibrium prob-
lem associated with a bifunction and a constrained convex minimization problem.
We will prove strong convergence of the algorithm under certain conditions and
identify the limit of the sequence generated by the algorithm as the unique solution
of some variational inequality.

2. Preliminaries

Let H be a real Hilbert space with inner product (-, -) and norm ||-||, respectively.
Weak and strong convergence are denoted by the symbols — and —, respectively.
In a real Hilbert space H, we have the identity

Iha + (1= Nyl* = Ml + @ = Nllyl* = A1 = Nz — yl?

for all z,y € H and A € R. Let C be a nonempty closed convex subset of H. Then
the (nearest point or metric) projection on C' is defined by

Pox := argmin ||z — yIIQ, r e H.
yeC

Note that P¢ is nonexpansive and characterized by the inequality (for z € C')

z=Per < (t—2z,z2—y)>0, yeC.
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The following inequality is convenient in applications. Recall that for all z,y in a
Hilbert space H we have

lz + yll* < ll2ll* + 2{y, 2 + v).

Next, given a Hilbert space H and a function ¢ : H — R, we recal that ¢ is
weakly lower semicontinuous l.s.c. considering H with its weak topology, that is,
() < liminf p(u,) whenever u,, converges weakly to .

Lemma 2.1. ([10]) Let H be a real Hilbert space, C a closed convex subset of H
and T : C — C a nonexpansive mapping with Fix(T) # 0. If {z,} is a sequence in
C such that x,, = x and (I — T)x, — y, then (I — T)x =y. [This is known as the
demiclosedness principle of nonexpansive mappings.]

Let ¢ : C' x C — R be a bifunction. Throughout the paper we always assume
that ¢ satisfies the following (standard) conditions [2]:

(A1) ¢(x,2) =0 for all z € C;

(A2) ¢ is monotone, i.e., ¢(x,y) + ¢(y,x) <0, for all 2,y € C;

(A3) for each x,y,z € C, limy o ¢(tz + (1 — t)z,y) < ¢(x,y);

(A4) for each x € C, the mapping y — ¢(z,y) is convex, weakly lower semicontin-

uous (L.s.c.).

Under these conditions, it is easy to see that the solution set EP(¢) of the equilib-
rium problem (1.1) is closed and convex.

Following Combettes and Hirstoaga [6], we can define, for each fixed r > 0, a
mapping @, : H — C by the equation

(2.1) Qrx =z
for x € H, where z € C is the unique solution of the inequality:
1
Lemma 2.2. ([6]) The mapping Q, possesses the properties:
(i) @ is firmly nonexpansive, namely,
Qrz — er||2 <A(Qrx — Qry,x —y), x,y€ H;
(i) Fiz(Q,) = EP(9).

Property (ii) shows an equivalence of EP (1.1) to the fixed point problem of
@,z = x and thus EP (1.1) can be solved by fixed point methods.
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Definition 2.3. ([21]) A mapping T : H — H is said to be an averaged mapping
(av, for short) if T' = (1 — @)I + a5, where a € (0,1), I is the identity map and
S : H — H is nonexpansive. In this case, we say that T is a-averaged (a-av, for
short).

Note that firmly nonexpansive mappings (e.g., projections) are %—av.

Proposition 2.4. ([4, 23]) The composite of finitely many averaged mappings is
averaged. That is, if each of the mappings {T;}XN., is averaged, then so is the
composite Ty - -- T . In particular, if Ty is ay-av, and T is as-av, where a1, s €
(0,1), then the composite T\Ty is a-av, where & = a1 + as — aQa.

Definition 2.5. A nonlinear operator G with domain D(G) and range R(G) both
in H is said to be:

(i) B-strongly monotone if there exists 5 > 0 such that
(v —y,Gz — Gy) > Bllz —ylI*, =,y € D(G),
(ii) v-inverse strongly monotone (for short, v-ism) if there exists v > 0 such that
(x —y,Gr — Gy) > v||Gz — Gy||>, =,y € D(G).

It can be easily seen that any projection Po is a 1-ism.

Inverse strongly monotone (also referred to as co-coercive) operators have ex-
tensively been used in practical problems from various areas, for instance, traffic
assignment problems; see, for example, [3, 11] and references therein.
Proposition 2.6. ([4, 23]) Let T be an operator of H into itself.

(i) T is nonexpansive if and only if the complement I — T is %—ism.
(ii) If T is v-ism, then for p >0, uT is bism.
(iii) T is averaged if and only if the complement I — T is v-ism for some v > %
Indeed, for o € (0,1), T is a-av if and only if [ — T is i—ism.

Lemma 2.7. ([1, 25]) Assume {a,} is a sequence of nonnegative real numbers such
that
an+1 S (]- - 'Yn)an + ’YnVn + Nn;

where {yn} is a sequence in [0,1], {un} is a sequence of nonnegative real numbers
and {v,} is a sequence in R such that

n—oo

o0 oo
Z*yn =00, limsupy, <0, Z,un < 0.
n=1

n=1

Then lim,,_yoo ayn, = 0.
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3. An Iterative Scheme

In this section we introduce an iterative fixed point algorithm for finding a point
in U N EP(¢), that is, a common solution to the equilibrium and optimization
problems (1.1) and (1.3).

In the rest of this paper, we always assume that C' is a nonempty closed convex
subset of a Hilbert space H and g : C' — R is a real-valued continuously differen-
tiable, convex function such that the gradient Vg is L-Lipschitz for some L > 0.
Recall that U denotes the set of solutions of the minimization problem (1.3). Then
we have that a point «* € U if and only if 2* € Fiax(W)), where W) is defined in
(1.5); that is,

x* = Po(I — AVg)x™

for each A > 0. Further helpful properties of the mapping Po(I — AVg) are outlined
in [23] and summarized below.

Lemma 3.1. Suppose a continuously differentiable, conver function g has L-
Lipschitz continuous gradient Vg and let A € (0,2/L) be given.

(i) The mapping Pc(I—AVg) is a-av, where o = % € (0,1); namely, one can

write Po(I —AVg) = s+ (1 —s)T, where s = 2L and T = 2_~_ﬁ[41[:’(;(1 -
AVg) — (2 — AL)I] is nonexpansive.

(i7) The function h(A)x := Po(I — AVg)x is uniformly Lipschitz continuous in
A € [0,00) over bounded x € C.

Proof. (i) has been proved in [23]. To prove (ii) take A, A’ € [0,00) and let © > 0
be given. Setting M, := sup{||Vg(z)| : ||z|]| < r, x € C} and noting that P is
nonexpansive, we get

IA(N) = A = [|Pe(I = AVg)x — Po(I — N'Vg)a|
< A= N[[Vg(a)| < MiJr - X

O

Lemma 3.2. ([27, Lemma 3.1]) Suppose F : C — H is a-Lipschitz and n-strongly
monotone and let 0 < p < % Then, for v € (0,1), the mapping UY defined by

(3.1) U =2 —wkz, ze€C
is a (1 — &v)-contraction from C into H, with £ := 1 — /1 — p(2n — pa?) € (0,1].
The following is the main result of this paper.

Theorem 3.3. Assume the bifunction ¢ : C x C' = R satisfies the standard con-
ditions (A1)-(Ay), and the objective function g : C — R is continuously differen-
tiable and convex such that the gradient Vg is L-Lipschitz with L > 0. Assume
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UNEP(p) # 0. Let Q, be defined by (2.1) for r > 0. Let f be a k-contraction
of C with k € [0,1) and F : C — H an «-Lipschitz and n-strongly monotone
operator on C with « > 0 and n > 0. Assume 0 < p < % and 0 < v < E

with € =1 — /1 — p(2n — pa?). Suppose {an}, {Bn} and {r,} are real sequences

satisfying the following conditions:
(B1) {a,} C[0,1], lim,, oo @, =0 and 220:1 Q, = 00;
(BZ) {Bn} C [07 1]; lim,, o0 Brn = 0 and ZZO=1 ‘5n+1 - 6n| < 00;

(Bs) {rn} C (0,00), liminf, o ry >0 and Y o7 |rng1 — 7n| < 00;

(34) Zzozl |an+1 - Ozn| < oo or lim,, e aiil =1.

Let {x,} be a sequence generated by the iteration process:

Up = Qr”xnv
(32) Yn = PC(an'Yf(xn) + (I - anuF)Tnun)v
LTn+1 = (1 - /Bn)yn + BnTnyn, n>1,

where the initial point z; € C is selected arbitrarily, {\,} C (0,2), and T, is
determined by the relation Po(I — A\yVg) = spl + (1 — 8,)Ty, with s, = # (cf.
Lemma 8.1(i)). Namely,

1
( ) 1 — Sy,

(Pe(I = AuVg) — sn1).

Suppose {\,} satisfies the condition
(Bs) 0< A<\, < % for alln, and 307 | [Ans1 — An| < 0.
Then, the sequences {x,} and {u,} defined by (3.2) converge strongly to a point
q € UNEP(¢), where ¢ = Pyngpe)(I — uF +7vf)(q) is the unique solution to the
following variational inequality:
(WF =~f)g.q —x) <0, x€UNEP(¢).
To prove Theorem 3.3 we first establish some lemmas.
Lemma 3.4. Let T, be defined by (3.3). Let r > 0 and set
M(r) == sup{4||Vg(y)|| + LI Pcy —yl : [yl <7,y € C} < oo.

Then, for y € C such that ||y|| < r, we have

1Tnt1y = Toyll < M(r)[Anta = Anl.
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Proof. By definition of T;,, we have for y € C

1 Sn
Ty — Thy = 17130(2/ —An1Vy(y)) — 17“1/
— Spa+1 — Sn+41
L by — MVgy) + -
5 Pely = MVew) + -y
1
= 17[130(@/ —M1V9(®) — Po(y — M\ V()]
— Sn+1
(e ) Poly MVl + (o e
1—5sp41 1—s, oy n VI 1—5, 1—sp41 y

[Po(y — An+1Vg(y)) — Po(y — M Va(y))]

Sn+1 — Sn
(1= 5,)(1 = sny1)

1- Sp41

+

(Pc(y — M Vyg(y)) —v).

Since Pc is nonexpansive and s, = (2 — \,L)/4 (thus 1 — s, = 2t2= > 1) it turns
out that (noting A\, L < 2)

1Tns1y — Toyll < 2(IVg@)[[[Ant1 — Anl
+ LAns1 = Ml (1P (y = AV (y) — Peyll + [|1Pey — yll)
< 2[[Vg@)ll[An+1 = Anl
+ LAns1 = A (Al [VgW) | + 1Py — yl)
< @IVaWIl + LiPey — ylD[Ans1 — Anl.

This finishes the proof. O

Lemma 3.5. For z,2' € C and r,r’ > 0, we have

,
(3.4) 1@ = Quall < [1 = Z|[Qua —al
and
,
(35) Q= Qui'll < Jlo = @'l + [1 = 5] @ — .

Proof. Set u = Q,z and v’ = Q,-x. By definition, we have
1
o(u,y) + ;(y —u,u—zx) >0, forall yedC.
In particular,

d(u,u') + %(u’ —u,u—x) > 0.
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Similarly, we have

1

d(u',u) + ;(u —u',u' —x) > 0.

Adding up the last two relations and using the monotonicity ¢(u, u') + ¢(u',u) <0,
we obtain

1 1

! !
(u —u,;(u—m)—;(u —x)) > 0.
This can be rewritten as
1 1 1
;||u’ —ul]? < (r — r’) (' —u,u’ — x)
1 1

lu = ullf]u’ — x|

r

7,,/

and (3.4) follows immediately.
Next using the nonexpansivity of Q,/, we get

HQTJ; - Qr’x/H S ||Qr’x/ - Qr’xH + ||Q7‘x - QT’-TH

j
<fo =+ |1 = 2| 1@z - 2.

The proof of the lemma is complete. O

Proof of Theorem 3.3. First we make a convention: For the sake of convenience,
we will use M > 0 to stand for an appropriate constant for several estimates from
various places throughout the proof which is divided into five steps.

Step 1. The sequences {z,} and {u,} are bounded. To see this, we take a point
p € UNEP(¢) to derive from (3.2) that (noting Q,p = p and T,,p = p for all » > 0
and n > 1, and P is nonexpansive)

[Zn+1 = pll < (1 = Bullyn = pll + BallTnyn — pll < [lyn — pl|
< Mlanyf(2n) + (I — anpl ) Thu, — pl|
= lan[f(zn) — fF(P)] + an[vf(p) — nF(p)]
+ (I — anpuF ) Thun — (I — anpuF ) (p)|.

Now since f is k-contraction, (I — a,uF) is (1 — o, &)-contraction, 7;, is nonex-
pansive, and |lu, — p|| = ||Qr,2n — p|| < ||zn — ||, it follows from the last relation
that

[2n41 = pll < (1= an(§ = vE)llzn — pll + anllvf(p) — nF (p)||
I Ivf(p) —MF(P)H}.

< maxe{ |, — pl|. EE L
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As a result, we get, by induction,

| Ivf(p) — MF(p)H}
’ §—k

[n — pl| < max{flz; — p|

for all n > 1. Hence, {z,} is bounded, which implies that {u,}, {yn}, {f(zn)},
{uF(Thun)} and {T,y,} are all bounded.

Step 2. Asymptotic regularity of {x,}: lim, oo [|€nt1 — Zn|| = 0. To see this we
use the definition of the algorithm (3.2) to derive that, after some manipulations,

Tnt+2 — Tntl = (1 - ﬂnJrl)ynJrl + /8n+1Tn+lyn+l - (1 - Bn)yn - BnTnyn
= (1= Bn+1)Wn+1 — Yn) + Bns1(Tns1Yynt1 — Tny1yn)
(36) + (Bn - 5n+1)(yn - n+1yn) + /Bn(Tn+1yn - Tnyn)

Since T),+1 is nonexpansive and (y,) is bounded, and by Lemma 3.4, we obtain
from (3.6),

(3.7) Zns2 = Tngtll S NYnsr = Unll + (1Bng1 — Bagil + BulAny1 — M) M,

where M > 0 is a big enough constant.

To estimate ||yn+1 — ynl|, Wwe again use (3.2) and the nonexpansiveness of Po to
get

[yn+1 = Ynll < lans1vf (@nt1) + (I — apprpplF ) D1t
—apyf(zn) — (I — anpuF)Thug||
= [[(n+1 — an) [V f (@n+1) — pF (Togr1unsa)]
+ any[f(@nt1) — flzn)]
(3.8) + (I — anpF)Thi1tunt1 — (I — anpuF)Thug||.

Observe by Lemmas 3.4 and 3.5

||Tn+1un+1 - Tnun” < ||Tn+1un+1 - TnJrlun” + HTn+lun - TnunH
< ungr — unll + (| Trng1un — T ||
= ||Q7'n+1mn+1 - QTnan + ||Tn+1un - Tnun”

Tn
< Znt1 — zal + 1 = |||an+1$n_$nH+M|>‘n+1_)‘n|
Tn+41
Tn
(39) < ow = all+ (1L 2 P = Ml .
Tn+1

Now since f is k-contraction and I — o, uF is (1 —E&ay, )-contraction, also using (3.9),
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we get from (3.8)

IYnt1 — Ynll £ Mlang1 — an| + kyan||en 1 — 20|

T
+ (1= Lan)lllzntr —wnll + (1 = —

I + |/\n+1 - )‘n|)M]
n+1

=[1 = (€= m)an][[tnts =z

n
(3.10) + (Jant1 — an| + |1 — | 4+ [Ans1 — An|) M.
TnJrl
Substituting (3.10)) into (3.7) yields
(3.11) [znt2 = Zptall < (1= u)l|2nt1 — znll + Vo + 6n,

where &, = (§ — ky)an, Vp = M|an41 — a,| and

T'n

On = (|Bn+1 7ﬁn‘ + |1 -

| + (1 + Bn)p‘n-&-l - )‘n|)M
Tn+1

By condition (B;), we have ), &, = co. By conditions (Bz)-(B5), we always have
> 0n < 00, and moreover, Y v, < 00 if Y |1 — | < o0 or limy, (v/dy,) =0
if lim,, (o, /an+1) = 1. So Lemma 2.7 is applicable to (3.11), which yields ||zp+1 —
Zn|l — 0, as claimed.
Step 3. We claim that

(3a) [[zn — ynll =0,

(3b) lzn — unll = 0,

(3¢) [|[Pc(I — AV g)xy — xp| — 0.

Indeed, since

#n = ynll < ll2n — ngall + [Tne1 = yall
=||zn — zpsal| + MB, — 0 (as 5, — 0)

and (3a) follows. To show (3b), we first observe that the firm nonexpansivity of
Q,, implies that (noting u, = Q,,x, and Fiz(Q,, ) = EP(9))

[un = pl* < lan = plI* = llun —2al®,  p € EP(¢).

For the sake of brevity, we shall use the O(«,) notation in our argument below. For
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p € UN EP(¢), we have (noting again that Pc is nonexpansive)

|Znt1 = plI* = 111 = Bn) (Yo = p) + Bu(Toyn — DI < llyn — p]?
< lanyf(xn) + (I = anpF)Tyuy — pl|?
= ln (1 (@) — KF(9)) + (I — aptF)Tytin — (I — i )p?
= apllvf(@n) = nF I + (I = anpF)Tyup — (I = cnuF)p]|?
+ 20 (v f (2n) = pF(p), (I = cnpF)Tyun — (I = anpF)p)
< oM+ (1= &an)?lup — plf* + 20 M(1 — Ean) un — |
< lun = plI* + O(an)
< llzn = plI? = lun — 24 + O(an).
It turns out that
lzn = unll? < llzn = pl* = llznsr = plI* + Oan)
= O(||zn+1 — znll) + O(an) — 0.
This proves (3b). To verify (3c), it suffices to verify that || Po(I—\, Vg)un—un|| — 0.
Since Po(I — A\, Vg) = sp + (1 — 8,,) T, it follows that
|Po(T = A g)tn — tnll = (1 = 50) [Tttt
S Totn = ynll + [[yn — unl|
< an v f(en) = pF(Tazn)|| + [[yn — unl|
= O(an) + [[yn — unll = 0.

Step 4. We have the following asymptotic variational inequality:

(3.12) limsup(yf(q) — 1F(q), yn —q) <0,

n— 00

where ¢ is the unique fixed point of the contraction Pyngp(e) (I — uF +7f); namely,
q =vnep(e) (I —pF+7f)q. Alternatively, ¢ is the unique solution of the variational
inequality

(3.13) (vflq) —pF(q),y—q) <0, yeUNEP(¢).

To prove (3.12), take a subsequence (yp,,) of (y,) weakly convergent to a point
y € C' and such that

limsup(yf(q) = uF(q),yn — q) = lim (v (q) = uF (@), yn: — q)

= (vf(q) — nF(q),9 — q).

By virtue of VI (3.13), it suffices to show § € UNEP(¢). To see § € U, we use (3c)
to get (noticing ||z, — yn| — 0)

(3.14) 1Pc (I = A, V9)Yn, — Yl = 0.
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We may assume \,, — A; note that A € (0,2/L] due to condition (Bs). It is then
not hard (see Lemma 3.1(ii)) to find from (3.14) that

(3.15) 1Po(I = AV9)yn, = yn.|| = 0.

The demiclosedness principle of nonexpansive mappings then ensures that § €
Fix(Po(I — Avg) = U. It remains to show § € EP(¢). Since u, = Q,, Tn, it
follows from the definition of (), and the monotonicity of ¢ that

1

7<y = Up, Up = Tp) > =P(Un,Y) = Sy, un), y€C.

This results in limsup,,_, .o ¢(y, u,) < 0 for each y € C, due to the facts ||up, —2, || —
0 and inf,, r, > 0. As ¢(y,-) is Ls.c. and u,, — g, it turns out that ¢(y,§) < 0 for
each y € C. Now set y =ty + (1 —t)g € C with ¢t € (0,1). We then have by the
standard conditions (A;)-(A4)

0=0(ys, ty + (1 =1)9) <td(ye,y) + (1 = )d(ye, ) < td(ye, y)-

Hence, ¢(y:,y) > 0 and ¢(y,y:) < 0. Letting ¢t — 0 yields ¢(y,9) < 0 for each
y € C. This asserts § € EP(¢) and the proof of Step 4 is complete.

Step 5. Strong convergence of {x,}: x, — ¢ in norm, where ¢ satisfies (3.12).
Setting z,, 1= a,vf(xn) + (I — appuF )Ty u, (thus, y, = Poz,), we derive that
2041 = gql> = 1(1 = B) (Yn — @) + Ba(Tavn — D)I” < llyn — all
< ey f(xn) + (I = anpF)Tyuy — g
= [(I = anpF)Tyun — (I = anpF)g) + an(yf(zn) — nF(q))]?
<N = anpF)Tyuy — (I = anpF)g|?
+ 200 (7f(xn) = uF(q), 2n — @)
< (1= €an)? [ Taun — qll* + 2yan(f(2n) — f(@), 20 — )
+ 2yan(f(zn) = f(@); 20 — 2n) + 200 (v f (@) — nF (), 20 — @)
< (1 - €an)?lun — ql* + 2vkan ||z — ql®
+ 2vk0m |20 — qlllzn — 2|l + 200(v f(q) — 1E(q), 20 — q)
< (1= 2(¢ = yw)an) |z — ql* + i M?
+ 2ykom M|[zn — 2|l + 200 (vf (@) — pnF(q), 20 — q)-

Here M > ||z, — ¢|| for all n. We can rewrite the last relation as
(3.16) [2n41 = ql* < (1= an)llzn — gl + b,
where &, = 2({ — yk)a, and

5 - EMPan + 2yrM||zn — zall +2(vf(9) = pF(4), 20 — a)
" 2(6 — k) '
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Since y,, = Poz, and T,u, € C, we obtain

yn = znll = [[Pozn — 2zull < [Pozn — Toun|| + | Tntn — 2n||
< 2[|zn, — Thun |l = 20, ||V f(2n) — pF (Thun)|| — 0.

It turns out from (3a) of Step 3 and (3.12) that ||z, — x| — 0 and

(3.17) limsup(vf(q) — uF(q), 2n — q) <0,

n—oo

It is now immediately clear that > -, &, = oo and limsup,,_, . 6, < 0. This
enables us to apply Lemma 2.7 to the relation (3.16) to arrive at ||z, — ¢|| — 0,
that is, x,, — ¢ in norm. [

Remark 3.6. The choices of the parameters («,, ), (8,), (r,) are easy. For instance,
any decreasing null sequence (3,,) satisfies (By). More precisely, the choices:

1 1 1
O‘nzﬁaﬁn:m7rn:r+;a 7121’

where 0 < a <1 and b,¢,r > 0 satisfy (B1) — (By). Also, the choice A\, = A+ #,
where A > 0 and d > 0 satisfies (B5) for n big enough.

Remark 3.7. Theorem 3.3 is a generalization of [21, Theorem 3.2]. In addition,
we used the condition liminf, . A, > 0 for the stepsizes {\,}. However, [21,
Theorem 3.2] required that A, — %, which needs the exact value L of the Lipschitz
constant of the gradient Vg of the objective function g. In practical problems,
the exact value of L would be unavailable in many circumstances; consequently,
verification of the condition A,, — % turns out to be hard.

4. Numerical Test

In this section, we give a numerical example to illustrate the scheme (3.2) given
in Theorem 3.3.

Example 4.1. Let C = [-20,20] C R and define ¢(x,y) = —4x? + 32y + 3%, where
x,y € R. Tt can easily be verified that ¢ satisfies the conditions (A;) — (44). Let
us deduce a formula for @z, where r > 0 and z € R. For y € [—20, 20], we have

1
— Ty2 +(Br+1)z—a)y+xz— (4r+ 1)32 > 0.
Set

Gly) =ry> +((B3r+ 1)z — 2)y + x2 — (4r + 1)2°.
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Then G(y) is a quadratic function of y with coefficients
a=7r, b:=0@r+1)z—m ci=xz— (4r+1)2%

So its discriminant is A := b% —4ac = [(5r + 1)z — z]?. Since G(y) > 0 for all y € C,
it turns out that A < 0. That is, [(5r + 1)z — 2]> < 0. Therefore, z = £, which

yvields @, (z) = 5%

Table 1: The values of the sequences {x,} and {u,}

Numerical results for 1 = 12 and 1 = —18
n Ty Uy, n Ty U,
1 12 2 1 -18 -3
2 2.944 0.49067 2 -4.416 -0.736
3 3

0.42394 0.07065 -0.6359 -0.10598

15 2.2373¢7 1% 3.7289¢716 15 —3.356e 15  —5.593¢16
16  1.088¢716  1.8133¢ 17 16 —1.632¢16 —2.72¢=17
17 5.1872¢7 18 8.6453¢~ 19 17 —7.7808¢ 18 —1.2968¢ 18

28 6.1677e 33  1.028¢733 28 —9.251e 33  —1.5419¢33
20  2.5625¢ 3% 4.2709¢73° 29 —3.8438¢ 3% —6.4064e %
30 1.0574e~3° 0 30 —1.5862¢735 0

Thus, by Lemma 2.2, we get EP(¢) = {0}. Let v, = %, Bn = m%,)\n = %,rn =
1, foralln €N, F(z) = 1 (hence, o = 1 and n = ), f(z) = 3z, g(z) = 2% p=2
and v = 3. Hence U N EP(¢) = {0} and s, = 2_4"L = 2. Also, T, = 1, for all

x € [—20,20]. Indeed,

Ty_ T 3, 0,

Po(I =M Vg)x = Pl_g0,20) (7 — 5 5~ 3 3

for x € [—20,20]. Then, from Lemma 2.7, the sequences {x,} and {u,}, generated
by the algorithm

Up = anxn = %l’n,
o414

1 1 1
(4.1) Yn = gn + (1= 55)Tn(§an) = =55 —n,
100n2 + 692n — 5
I'n - ns
+ 300012

converge to 0 € U N EP(¢), and it is also evident that 0 = PUQEP(@(%I)(O).
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5 10 15 20 2% 30 0 5 10 15 20 2% 30
n n
(a)x‘:ﬂ (b)x,=-18

Figure 1: The convergence of {z,,} and {u,} with different initial values x;

Table 1 indicates the values of the sequences {z,} and {u,} generated by the
algorithm (4.1) with different initial values of 1 = 12 and 1 = —18, respectively,
and n = 30.

Figure 1 presents the behavior of the sequences {z, } and {u, } that corresponds
to Table 1 and shows that both sequences converge to 0 € U N EP(¢).
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