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Abstract

In a multivariate normal production process J\/;(H,E), a chart combining three EWMA charts
with accumulate-combine method for p, variance components of ¥, and off-diagonal elements of
Y, into a EWMA (exponentially weighted moving average) chart is considered, which is called a
combined EWMA chart. Through simulation work, the proposed combined EWMA chart’s numerical
performance and properties are examined. The simulation results show that the proposed combined
EWMA chart, which is simultaneously monitoring all the process parameters of multivariate normal
production process, works effectively in the perspective of means, variances and correlation
coefficients. In addition, the combined EWMA chart is extended to VSI chart.

Keyword: accumulate-combine method, ANSW, ATS, LRT, smoothing constant

(Recceived February 21, 2022; Revised March 8, 2022; Accepted March 18, 2022)

1. Introduction

Control chart is usually used for monitoring
the production process to detect quickly the
shifts that may cause the quality of products
to be deteriorated. Usually the quality of
product is determined by some related
several quality variables not a single variable.
And statistical quality control procedure is
one of the most powerful and effective tools
deployed to improve the definite level of
quality of products or services.

Traditional practice to control chart
procedure is taking samples from the process

with FSI (fixed sampling interval), in which
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the sampling interval between two sampling
time point ¢ and ¢_,, ¢ -

i

t,_,, 1s fixed for
any sampling time point i (i= 1,2, --).
However, recent years it is more common
to apply VSI
procedure instead of FSI procedure. In VSI
procedure, the sampling time is a random

(variable sampling interval)

variable and the sampling interval ¢ —t¢,_,
depends on the past sample information.
Process engineers generally want to detect
any process changes as quick as possible.
So, when the control statistics’ values are
near at the control limits, even though the
values are not off the control limits, process
engineers will try to take samples rapidly by
judging there are

any process changes
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happened. The basic idea of VSI chart is that
it is reasonable to take long sampling interval
to the next sample point if there are no sign
of process changes. So the concept of VSI
control chart can be considered as very
intuitive and reasonable.

Multivariate CUSUM chart monitoring mean
vector p using accumulate-combine (A-C)

11 and

method was proposed by Crosier
multivariate EWMA chart about p of multivariate
normal process using the A-C method was
proposed by Lowry et. al.’”! In VSI procedures
the sampling intervals are variable and
samples are not taken with the fixed time
interval. This irregular pattern may seem to
complicate the process operation to engineers
who have to control the production process.

Frequent switching is an uneasy part in
application of VSI control procedure. Therefore,
It needs to consider a quantity measuring the
frequency of switches among several sampling
intervals in VSI structure.

ANSS/ARL and ATS do not provide any
information about how many switches are
made, and so some quantities measuring the
frequency of switching are necessary for VSI
procedures.

Amin and Letsinger®® proposed general VSI
procedures and showed that ANSW (average
number of switches) of CUSUM chart or
EWMA chart are smaller than Shewhart chart.
Amin and Hemasinha” and Shamma et. al.”
studied on switching properties of VSI chart.

Reynolds and Arnold® investigated two
sampling intervals, d, and d, (4, <d,), in
Shewhart VSI charts in detail and showed
that the use of large sampling intervals d, —d,
is optimal.

To estimate the efficiency of VSI procedures,
it is necessary to know the ANSW, the ANSW
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made from the beginning of the chart process
until the chart signals. The ANSW can be
obtained as follows

ANSW= (ANSS—1) - P(sw).

And, the switching probability P(sw) of two
sampling intervals ¢, d, (4, <d,) in VSI chart
is given by

P(sw) = P(d,) - P(d,]d,) + P(dy) - P(d|d,).

EWMA chart detects any process changes
by giving large weights, smoothing constant A
(0<Xx<1), to recent sample information and
giving small weights to past sample information.
When the smoothing constant A=1 in EWMA
chart, EWMA chart is equal to basic Shewhart
chart.

When VSI chart is designed, an initial
value d, has to be determined from between
the time 0 and the time point when the first
sample is selected. Some charts design to
d,=d, in order to select the first sample at
the time point the process control started.

2. Control Statistic for Multivariate Normal
Process with Accumulate-Combine Method

In this work, we assume that the product
process has p quality variables x'=(x. x, -.x)
and X has a multivariate normal distribution,
N, (s, %). The distribution of X has a set of
process parameters 4= (y, ~) and u is the
mean vector and ¥ is the dispersion matrix
of x. We also assume that 6,= (x,,%,) is a
known targe value for ¢ where

o= (g fags =5 fg)
and
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and the known target covariance of quality
characteristics X, and X, IS o,,,=p,,0.,0,
(r,s=1,2,-,p). At the sampling time point
(i=1,2, ), we obtain a successive random

vectors x,. x, x, - where x',=(x /' x/  -x) IS a

sample of observations and x, = (x,.x, —~.x,).
Thus, random vector X, is an npx1 vector.

Chang and Shin!” showed that multivariate
chart with combine-accumulate (C-A) method
based on LRT (likelihood ratio test) statistic
TV, (=tr(4,5,")—nlnlAl+nln|Z,|+nplon—np) for
testing H,: X =%, vs H :YX¥=% IS not
effective for detecting dispersion matrix » .

And they also found that when the
correlation coefficient components have been
changed, the control statistic 7V, based on
C-A approach has larger ANSS even though
there are some process changes happened
than in-control state, and so that the control
statistic 7v, is improper in terms of
controlling ».

To overcome the weakness, we proposed
the combined three accumulate-combined
multivariate EWMA chart which
three EWMA procedure each controlling only

one distribution parameter, means, covariances,

combine

and correlation coefficients, respectively. And
we found that the combined chart overcomes
the shortcoming.

Chang and Heo® found that multivariate
control chart applying to C-A method based
on LRT statistic of variance-covariance matrix
L., s

changes in variance components of ¥ . but

effective when there are some

not so effective when there are some changes

in components of correlation coefficients.
And Chang” also proposed a MEWMA chart
to control the components of correlation

coefficients of =~ and showed the

PXp>
efficiency and performances of the proposed
multivariate chart through simulation results.

The control statistics of three multivariate
EWMA chart which monitor separately the
mean vector u, the variance and correlation
coefficient components of dispersion matrix

X are as follows.

2.1 Control Statistic for

For monitoring mean vector p, the vectors
of EWMA's v, (i=1,2,3, ---) are defined as

Y, = (]_A)Xi,—1 +Az('

i

2.1
where Y,=y, the components of sample
mean vector X, are p sample means at the
sampling time point ¢, and A = diag (X, -, \,) IS
smoothing matrix (0<A; <1: ;=12 --,p).
When » is known the vector VY, of
variance-covaiance matrix Zy is as follows

Xy = En (A=A *2—-A) A (2.2)
k=1

The MEWMA chart for monitoring the
mean vector p gives a signal when

ﬂ%z:(y

—i

n)E () > (23)

X =i

Since the mathematical distribution of

control statistic 77, is unknown, the upper
control limit (UCL) »a, (>0) can be obtained
asymptotically through simulation work with

a specified in-control state ANSS/ATS.
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2.2 Control Statistic for Variances in *

For monitoring variance components in
dispersion matrix ¥, the vectors of

EWMA's v, (i=1,2,3, -) is defined as

i

Z,= E {(Xz‘ﬂ*/‘oz)/%l}z -n (=12 -p), and
=1

smoothing matrix A= diag (A, Ay, -5 A,)
(o< =1, j=1,2 --p). When the process is
in-control and Y, =0, variance-covariance

matrix of v,, ¥,, is given by

I, = i}A([*A)i’kEg (I—A) A (2.5)

k=1

where the variance-covariance matrix of Zz,
¥,=2mr® and R® is a symmetric matrix
whose (i,j)th element is the 2" power of the
(i,7)th component of R, the correlation matrix
of X=(X,X, - X,).

The multivariate EWMA chart 77, applying
for accumulate-combine method to control
variance components signals whenever

T, =Y/, Y > h, (2.6)

Since the exact distribution of control
statistic 7, is unknown, upper control limit
(UCL) h,(>0) can be obtained to achieve a
in-control ~ ANSS/ATS

specified through

simulation work.

2.3 Control Statistic for Correlation
Coefficients in

For monitoring correlation coefficients in

matrix » the multivariate

pxp’

dispersion
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EWMA vector Y, is given by
Y, = 2A(17A)f**‘gk+(17/1)"10 (2.7)
E=1

The vectors of EWMA's z = (4, %,, - 4,)
is defined such as

Zk = (ZIcIZ’Zle’ "'7Zk~1p72k23’ ""Z/czp7 "':Zk,p—l,p),'
where the smoothing matrix
A= diag ()\1,)\2, "'7/\5)
s=plp—1)/2,

O<X)<1,j=12 s),

n

kau = Z (ijm - MmO ) (‘X'kju, - lu’u,() ) / [’n‘o-mo 0-11,0] = P w0
1

J=

(m#=u).

EWMA chart which
controls the vector s = (o pu - pippuss =200 =20, 1)

The multivariate

simultaneously, applying to accumulate-combine
method, signals as soon as

T2

3,0 :X/Z‘X’ﬂlﬁ > hy, (2.8)

where ¥, is a sXs variance-covariance

matrix of multivariate EWMA vector Y, in
(2.7) and can refer to Chang® for details,
and UCL &, in equation (2.8) is obtained
through simulation.

3. Combined Control Chart
and Types of Shifts

The combined EWMA chart with A-C
method for simultaneously monitoring means,
variance components and correlation coefficients
signals whenever 77, >h or 77, >h, Or
Ty, > hy. And for the combined VSI scheme

in this structure, we assume that the two
sampling interval d,, d, (d, < d,) ;
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d, is used when 77, € (¢,,h,] or

73, € (g hy) OF T3, € (g1, ], (3.1)
d, is used when 77, € (0,¢,] and

73, € (0, g,] and 77, € (0, gg].

The in-control ANSS, ATS and parameters
h, and g¢,(i=1,2,3) can be obtained through
simulation.

Since the exact joint probability distribution
of control statistic 77,, 7y, and 7;, is not

easy, the process parameters h,, h, and h,

and the performances of the proposed
combined charts in (3.1) was evaluated
through  simulation work either when

in-control state or when out-of-control state.
When the probabilities
in-control state of the proposed combined
chart based on three

of false alarm
control  statistics
(77,, 13, T;;) are o, oy, o, respectively, the
over all false alarm rate is 1—(1—e)(1—a,)(1—ay).

Since it is very complicate to investigate all
the possible out-of-control states at the same
time, which is causing by the changes of

mean vector x and X, of p quality variable,

xp
we examined the numerical performances of
the proposed control chart based on the
most simple and ideal out-of-control state.
We examined the performances of the
proposed combined control chart when the
changes of », in p=(u, py, - p,), o among
(0,00 -0,) and p, (and p,)

(Pro P13 == p,—1,) IN X cause the process to be
out-of-control state.

among

1) Shift in mean 24, (7
from 0 to = where non-centrality

" p, In p increases

parameter 7 (=n(u—p )2 (u—p ).
2) Shift in variance v,,(¢,) : component o,

in » increases from 1.0 to ¢,.

3) Shift in correlation coefficients ¢ ,,(t,) -
components p,, (and p,,) in symmetric
matrix £ changes from 0.30 to ¢,.

4. Numerical Performances and
Concluding Remarks

For evaluation of the combined EWMA chart’s
performances in (3.1), we assumed that the
on-target ANSS and ATS is approximately
equal to 200.0 and the sample size of each
variable was n=5 for p=6, and we used
dy=10,d,=0.1,d,=19. For
assume that target p,=0, and all diagonal

convenience we

elements of %, is 1.0 and off-diagonal elements
of %, is 0.3. The ANSS, ATS, ANSW and the
probability of switches P(sw) between two
sampling intervals of combined EWMA chart
are obtained by simulation with 10,000 runs.
Numerical results in Table 1. through Table
3. show that the VSI chart is more efficient
than the corresponding FSI chart. The ANSW
is evaluated by ANSW= (ANSS—1) - Pr(sw).
Table 1. through Table 3. show that the
combined chart based on accumulate-combine
approach is effective for all types of shifts
for both small and moderate shifts among all
the considered charts for monitoring simultaneously
both mean p and variance-covariance matrix
Y .. And the VSI chart

pXp

accumulate-combine chart has efficient ARL

based on

performances than the corresponding FSI chart.

Hence, we conclude that the combined
EWMA chart based on accumulate-combine
method is effective when means p, variances
and correlation coefficients in ¥ of the
multivariate normal process are simultaneously
monitored. And we also recommend that
smaller values of smoothing constant and VSI
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procedure are more efficient in the perspective
of ANSS, ATS and ANSW.

Chang!'” studied an optimal value of design
parameter for both multivariate EWMA and
CUSUM charts to monitor the dispersion
matrix ¥. In practice, when we apply EWMA

chart, the selection of optimal smoothing constant
A depends on the amount of process shift
which needs to be detect quickly. Therefore,
with
various p we recommend a chart with small
A when the amount of shift is not that big.

through numerical analysis results

Table 1. Numerical performances of multivariate EWMA chart based accumulate-combine method (p=6)

it EWMA(x = 0.1) EWMA(x = 0.2) EWMA(x = 0.3)

ANSS  ATS  ANSW  P(sw) | ANSS  ATS ANSW PGsw) | ANSS  ATS  ANSW  P(sw)
in-control | 2000 2000 468 024 | 2000 2003 6.4 031 | 2002 1999 716  0.36
Mpo(05) | 1875 1843 439 024 | 1918 1904 588 031 | 1943 1929 695 036
My,(1.0) | 1516 1416 354 024 | 160.2 1635 518 031 | 1792 1749 640  0.36
My,(15) | 1081 930 249 023 | 1375 1269 417 031 | 1553 1470 552 0.36
Myy(20) | 735 574 166 023 | 1056 916  3L6 030 | 1266 1147 445 035
Myy(25) | 500 350 109 022 | 774 622 226 030 | 984 846 341 035
Myy(3.0) | 354 226 76 02 | 550 405 156 029 | 751 605 254  0.34
My(35) | 259 155 55 022 | 399 29 109 028 | 558  41L7 183 033
My,(4.0) | 198 112 42 023 | 294 182 78 027 | 416 288 132 0.32
Myy(45) | 157 86 35 024 | 221 128 57 027 | 313 200 95 032
Myy(5.0) | 129 7.0 29 025 | 173 94 44 027 | 239 142 70 031
v.,(l1) | 746 607 174 024 | 940 806 282 030 | 1065 936 373  0.35
vi,(1.2) | 238 153 55 024 | 335 228 94 029 | 416 300 136  0.33
Vio(1.3) | 112 66 28 028 | 147 86 40 029 | 183 111 55 032
v,(a) | 68 41 19 033 | 84 46 23 032 | 100 55 30 033
Vie(15) | 47 29 15 039 | 56 31 17 036 | 64 35 19 036
Vio(1.6) | 36 23 12 045 | 4l 2.4 13 042 | 46 26 15 040
vo(Lr) | 29 1.9 10 052 | 33 2.0 11 048 | 36 2.1 12 045
v,(18) | 24 17 08 057 | 27 17 09 053 | 29 18 10 050
V(L) | 21 15 07 063 | 23 16 08 059 | 25 16 08 056
Vio(2.0) | 19 14 06 067 | 20 14 07 064 | 22 14 07 061
Vio(21) | L7 13 05 071 | 18 13 06 067 | 19 14 0.6 065
Gs(0.35) | 1928 1909 451 024 | 1980 1981 607 031 | 1992 1993 713 0.36
Gy(0.40) | 1634 1551 381 024 | 1824 1797 558 031 | 1895 1885 676  0.36
G,(0.45) | 1189 1045 274 023 | 1548 1478 471 031 | 1704 1669 606  0.36
G,050) | 789 628 179 023 | 1215 1106 367 030 | 1454 1389 515  0.36
Ga0.55) | 521 371 14 022 | 94 775 269 030 | 1185 1094 416  0.35
G,0.60) | 357 233 76 022 | 658 522 191 030 | 9.7 8.2  3L9 035
G065 | 257 159 55 022 | 471 344 132 029 | 702 589 240 0.3
G,070) | 195 117 42 023 | 343 232 93 028 | 534 422 178 0.34
G,0.75) | 155 92 35 024 | 257 162 68 027 | 407 301 132 033
G,080) | 128 77 30 02 | 202 120 52 027 | 315 218 99 0.3

J. Chosun Natural Sci., Vol. 15, No. 1, 2022



Combined VSI EWMA Chart with Accumulate—Combine Method for Moderate or Small Shifts 7

Table 2. Numerical performances of EWMA chart based on accumulate-combine method
for small shifts of the variance components in X (p=6)

EWMA(X = 0.1) EWMA(X = 0.2) EWMA(X = 0.3)

SIS | ANSS  ATS  ANSW  Psw) | ANSS  ATS  ANSW  Psw) | ANSS  ATS  ANSW  P(sw)
incontrol | 2000 2000 468 024 | 2000 2003  6L4 031 | 2002 1999 716 036
V.o(05) | 1375 1275 322 024 | 1501 1417 459 031 | 1560 1479 55  0.36
v.,(110) | 746 607 174 024 | 940 806 282 030 | 1065 936 373 0.3
vo(is) | 307 279 90 023 | 561 429 163 030 | 668 534 227 0.3
vo(i200 | 238 153 55 024 | 335 228 94 029 | 416 300 136  0.33
v,(25) | 156 95 37 025 | 215 134 59 029 | 270 177 85  0.33
vo(30) | 112 66 28 028 | 147 86 40 029 | 183 11 55 0.3
vo35) | 85 51 23 030 | 107 60 30 031 | 132 75 39 0.3
v(40)| 68 41 19 033 | 84 46 23 032 | 100 55 30  0.33
vo.as) | 56 34 17 03 | 68 38 20 034 | 79 43 24 034
vo.s0) | 47 29 15 039 | 56 31 17 03 | 64 35 19 036
vo55) | 41 26 13 043 | 47 27 15 039 | 54 29 17 038
vo.(60) | 36 23 12 045 | 41 24 13 042 | 46 26 15 040
voes) | 32 21 11 049 | 37 22 12 045 | 40 23 13 043
vt | 29 19 10 052 | 33 20 L1 048 | 36 21 12 045
v, | 26 18 09 054 | 29 19 10 050 | 32 19 11 048
vo(is0) | 24 17 08 057 | 27 17 09 05 | 29 18 10 050
v,(ss) | 22 16 07 06l | 25 16 08 05 | 27 17 09 053
voe0)| 21 15 07 06 | 23 16 08 05 | 25 16 08 0.6
voos) | 20 15 06 06 | 21 15 07 061 | 23 15 08 058
V200 | 19 14 06 067 | 20 14 07 064 | 22 14 07 06l
Vo205 | 18 14 05 06 | 19 14 06 066 | 20 14 06 0.3
Vo210 | 17 13 05 071 | 18 13 06 067 | 19 14 06 065

Table 3. Numerical performances of EWMA chart based on accumulate-combine method
for small shifts of the correlation coefficient components in X (p=6)

EWMA(A = 0.1) EWMA(X = 0.2) EWMA(X = 0.3)

SIS | ANSS  ATS  ANSW  PGw) | ANSS  ATS  ANSW  PGw) | ANSS  ATS  ANSW  Plsw)

0.30) | 86 4.9 2.2 0.29 12.2 6.1 2.9 0.26 18.0 9.7 4.9 0.29
0.25) | 10.0 5.6 2.4 0.26 14.7 7.6 3.5 0.25 22.5 12.8 6.3 0.29
0.20) | 118 6.6 2.7 0.25 18.4 9.8 44 0.25 28.5 174 8.3 0.30
0.15) | 144 8.0 3.1 0.23 23.8 13.4 5.8 0.26 36.6 24.1 11.2 0.32
0.10) | 181 10.1 3.8 0.22 31.8 19.1 8.1 0.26 48.2 34.3 15.5 0.33
Cy3(—0.05) | 239 13.5 4.9 0.21 43.1 28.5 11.6 0.28 63.3 48.4 21.0 0.34
C5(0.0) 33.0 19.9 6.8 0.21 59.6 434 16.8 0.29 82.8 67.7 28.3 0.35

C[) 3
CU 3
CU 3
CU 3

03

(=
(=
(=
(=
Gos(=
Gos(=

G005 | 483 320 103 022 | 8.7 651 239 030 | 1071 928 373 035
G,0.10) | 732 546 162 023 | 1123 968 336 030 | 1338 1215 472 0.3
Ga015) | 1121 941 257 023 | 1442 1324 439 031 | 1584 1495 564  0.36
Ga(0.20) | 1536 1418 359 024 | 1716 1648 526 031 | 1793 1740 641  0.36

Ga(0.25) | 1869 1826 438 024 | 1920 1897 500 031 | 1940 1919 694  0.36

in-control | 200.0  200.0 4638 0.24 200.0  200.3 61.4 0.31 2002 199.9 716 0.36

Cos(0.35) | 1928  190.9 45.1 0.24 198.0  198.1 60.7 0.31 199.2 1993 713 0.36

Cy5(0.40) | 1634 1551 38.1 0.24 1824 179.7 55.8 0.31 189.5 1885 67.6 0.36
Cy5(0.45) | 1189 1045 274 0.23 1548 1478 471 0.31 1704 166.9 60.6 0.36
G5(0.50) 78.9 62.8 17.9 0.23 1215 110.6 36.7 0.30 1454 1389 515 0.36
Cy5(0.55) 52.1 371 114 0.22 90.4 715 26.9 0.30 1185  109.4 41.6 0.35
C3(0.60) 35.7 23.3 7.6 0.22 65.8 52.2 19.1 0.30 91.7 81.2 319 0.35
C5(0.65) 25.7 15.9 5.5 0.22 471 34.4 13.2 0.29 70.2 58.9 24.0 0.35
C3(0.70) 19.5 11.7 4.2 0.23 34.3 23.2 9.3 0.28 53.4 42.2 17.8 0.34
C5(0.75) 15.5 9.2 3.5 0.24 25.7 16.2 6.8 0.27 40.7 30.1 13.2 0.33
Cy3(0-80) 12.8 1.7 3.0 0.25 20.2 12.0 5.2 0.27 315 21.8 9.9 0.32
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