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FIXED POINT THEOREM VIA MEIR-KEELER CONTRACTION IN

RECTANGULAR Mb-METRIC SPACE

Mohammad Asim∗ and Meenu

Abstract. In this paper, we present a fixed point theorem for Meir-Keeler contrac-
tion in the framework of Rectangular Mb-metric Space. Our main result improves
some existing results in literature. An example is also adopted to exhibit the utility
of our main result.

1. Introduction

Fixed point theory is one of the most powerful tools of modern mathematics and is
considered a core subject of non-linear analysis. Fixed point theory is applied to many
areas of current interest such as Functional Analysis, Operator Theory, Approximation
Theory, succession approximation, integrative equations, variational inequalities, and
several others, with topological considerations playing a crucial role. The strength of
fixed point theory lies in its applications scattered throughout the existing literature,
even in diverse fields such as Biology, Chemistry, Physics, Engineering, Game theory,
Economics. Moreover, the metric fixed point theory has been a flourishing area of
research for many mathematicians. In 1922, the Polish mathematician Stefan Banach
established a remarkable fixed point theorem known as the “Banach Contraction
Principle” [9] which is one of the most crucial and fruitful results of analysis and is
considered as the main source of metric fixed point theory. Since then, this pioneering
work has been studied and generalized in many different directions (see [1,4,6,12–17,
21,23–25,30,36]).

One of them was put forwarded by Meir and Keeler in 1969, in which they restricted
the theorem to weakly uniformly strict contraction and proved Banach’s theorem, i.e.,

Theorem 1.1. [29] Let (X, d) be a complete metric space. Define a mapping
T : X → X such that for given ε > 0, there exists δ > 0, T satisfy the following
condition:

ε ≤ d(x, y) < ε+ δ =⇒ d(Tx, Ty) < ε.

Then T has a unique fixed point.

Later on, the above Theorem 1.1 has been generalized by several authors in all
possible ways. One may refer to [20], [31], [7], [27], [22], [32]. On the other hand,
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various types of generalized metric spaces are proposed, i.e., partial metric space
[28], b-metric space [11], partial b-metric space [37], rectangular metric space [10],
rectangular b-metric space [19], M-metric space [3], Mb-metric space [33], rectangular
M -metric space [34], and much more.

Now, we recall the definition of partial metric space as follows:

Definition 1.2. [28] Let X be a non-empty set. A mapping p : X ×X → R+ is
said to be a partial metric on X if (for all x, y, z ∈ X):

1. x = y ⇔ p(x, x) = p(x, y) = p(y, y),
2. p(x, x) ≤ p(x, y),
3. p(x, y) = p(y, x),
4. p(x, z) ≤ p(x, y) + p(y, z)− p(y, y).

The pair (X, p) is said to be a partial metric space.

In 2000, Branciari [10] generalized the idea of metric space by replacing the triangu-
lar inequality with more general inequality, namely, quadrilateral inequality (namely,
involving four points instead of three) for introducing the notion of rectangular metric
spaces as follows:

Definition 1.3. [10] Let X be a non-empty set. A mapping r : X ×X → R+ is
said to be a rectangular metric on X if, r satisfies the following (for all x, y ∈ X and
all distinct u, v ∈ X \ {x, y},):

1. r(x, y) = 0 if and only if x = y,
2. r(x, y) = r(y, x),
3. r(x, y) ≤ r(x, u) + r(u, v) + r(v, y).

Then the pair (X, r) is said to be a rectangular metric space.

In 2014, Shukla [38] introduced partial rectangular metric spaces as generalization
of rectangular metric spaces as follows:

Definition 1.4. [38] Let X be a non-empty set. A mapping pr : X × X → R+

is said to be a partial rectangular metric on X if, for all x, y ∈ X and all distinct
u, v ∈ X \ {x, y}, it satisfies the following axioms:

(1pr) x = y ⇔ pr(x, x) = pr(x, y) = pr(y, y),
(2pr) pr(x, x) ≤ pr(x, y),
(3pr) pr(x, y) = pr(y, x),
(4pr) pr(x, y) ≤ pr(x, u) + pr(u, v) + pr(v, y)− pr(u, u)− pr(v, v).

The pair (X, pr) is said to be a partial rectangular metric space.

In 2014, Asadi et at [3] enlarged the class of partial metric space by introducing
M -metric spaces i.e.,

Notation 1. [3] consider these notations:

1. mx,y = min{m(x, x),m(y, y)},
2. Mx,y = max{m(x, x),m(y, y)}.

Definition 1.5. [3] Let X be a non-empty set and m : X × X → [0,∞) be a
mapping then m is a m-metric if it satisfies the following conditions:

1. m(x, x) = m(y, y) = m(x, y)⇔ x = y,
2. mxy ≤ m(x, y),
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3. m(x, y) = m(y, x),
4. (m(x, y)−mx,y) ≤ (m(x, z)−mx,z) + (m(z, y)−mz,y)

for all x, y, z ∈ X. The pair (X,m) is known as M -metric space.

In 2016, Nabil Mlaiki et al. [33] proposed the generalization of M -metric Space,
i.e. Mb metric space and proved some fixed point results which helps to great deal for
ensuring the secured communication in computer i.e.,

Notation 2. [33] Consider the following notation

1. mbx,y = min{mb(x, x),mb(y, y)},
2. Mbx,y = max{mb(x, x),mb(y, y)}.

Definition 1.6. [33] Let X be a non-empty set and mb : X × X → [0,∞) be a
mapping. Then mb is a Mb-metric if it satisfies the following conditions:

1. mb(x, x) = mb(y, y) = mb(x, y)⇔ x = y,
2. mbx,y ≤ mb(x, y),
3. mb(x, y) = mb(y, x),
4. There exists a real number s ≥ 1 such that
mb(x, y)−mbx,y ≤ s[(mb(x, z)−mbx,z) + (mb(z, y)−mbz,y)]−mb(z, z)

for all x, y, z ∈ X. Then s is called the coefficient of the Mb -metric space (X,mb).

In 2019, M. Asim et al. [5] introduced Rectangular Mb-metric space and proved an
analogue of Banach contraction principle i.e.,

Notation 3. [5] Following notations are useful:

1. rmbx,y = min{rmb(x, x), rmb(y, y)},
2. Rmbx,y = max{rmb(x, x), rmb(y, y)}.

Definition 1.7. [5] Let X be a non-empty set and rmb : X × X → [0,∞) be a
mapping then rmb is a rectangular Mb-metric if it satisfies the following conditions:

1. rmb(x, x) = rmb(x, y) = rmb(y, y) if and only if x = y,
2. rmbx,y ≤ rmb(x, y),
3. rmb(x, y) = rmb(y, x),
4. there exists a real number s ≥ 1 such that

rmb(x, y)− rmbx,y ≤ s[(rmb(x, u)− rmbx,u) + (rmb(u, v)− rmbu,v)
+(rmb(v, y)− rmbv,y)]− rmb(u, u)− rmb(v, v)

for all x, y ∈ X and all distinct u, v ∈ X\{x, y}. The pair (X, rmb) is called rectangular
Mb-metric space.

Let us recall the fixed point theorem proved in [5]:

Theorem 1.8. [5] Let (X, rmb) be a rectangular Mb-metric space with coefficient
s ≥ 1. Define a mapping T : X → X such that it satisfies the following conditions:

1. rmb(Tx, Ty) ≤ krmb(x, y) for all x, y ∈ X, where k ∈ [0, 1
s
)

2. (X, rmb) is rmb-complete.

Then T has a unique fixed point ξ such that rmb(ξ, ξ) = 0.

Now, let us recall some important definitions for further discussion.
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Definition 1.9. [32] Let τrmb be the topology generated on X by rmb-metric. A
open-rmb ball in (X, τrmb) be defined as

Brmb(x, ε) = {y ∈ X | rmb(x, y)− rmbx,y < ρ}.

Let B = {Brmb(x, ρ) | x ∈ X, ρ > 0} be the family of open rmb-balls describing the
base of topology.

Definition 1.10. [32] Let X be a non-empty set and define a self-mapping T :
X → X and a mapping α : X ×X → [0,∞) such that

α(x, y) ≥ 1 =⇒ α(Tx, Ty) ≥ 1

for all x, y ∈ X. Then T is said to be α-admissible.

Definition 1.11. [32] Let T : X → X be an α-admissible mapping α : X ×X →
[0,∞) such that

α(x, y) ≥ 1 and α(y, z) ≥ 1 then α(x, z) ≥ 1

for all x, y, z ∈ X. Then T is said to be triangular α-admissible

Definition 1.12. [32] Let (X,mb) is a Mb-metric space with coefficient s ≥ 1.
Define an α-admissible mapping T : X → X such that for every ε > 0 there exists
δ > 0, we have

ε ≤ β(mb(x, y))M(x, y) < ε+ δ

this implies that α(x, y)mb(Tx, Ty) < ε, where

M(x, y) = max(mb(x, y),mb(Tx, x),mb(Ty, y)) for all x, y ∈ N

and β : [0,∞) → [0, 1
s
) is the given mapping. Then T is known as generalized Meir-

Keeler contraction of Type(I).

Definition 1.13. [32] Let (X,mb) is a Mb-metric space with coefficient s ≥ 1.
Define a α-admissible mapping T : X → X such that for every ε > 0 there exist
δ > 0, we have

ε ≤ β(mb(x, y))N(x, y) < ε+ δ

this implies that α(x, y)mb(Tx, Ty) < ε, where

N(x, y) = max

(
mb(x, y),

1

2
[mb(Tx, x) +mb(Ty, y)]

)
for all x, y ∈ N

and β : [0,∞) → [0, 1
s
) is the given mapping. Then T is known as generalized Meir-

Keeler contraction of Type(II).

Remark 1.14. 1. Let T be a generalized Meir-Keeler contraction of type(I) then

α(x, y)mb(Tx, Ty) < β(mb(x, y))M(x, y)

for all x, y ∈ X and M(x, y) > 0.
2. N(x, y) ≤M(x, y) for all x, y ∈ X.

In this paper, we establish some of the fixed point theorem for a Meir-Keeler type
contraction in rectangular Mb-metric spaces. Also, we extend and improve some
existing results in the literature of fixed point theory.
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2. Main Result

Now, we prove fixed point theorem for Meir-Keeler type contraction in Rectangular
Mb-metric space.

Theorem 2.1. Let (X, rmb) is a rectangular Mb-metric space with coefficient s.
Define a triangular α-admissible mapping T : X → X such that it satisfies the
following conditions:

1. there exists x0 ∈ X for which α(x0, Tx0) ≥ 1 and α(Tx0, x0) ≥ 1.
2. Let xn be a rmb convergent sequence in X, i.e., {xn} → z as n→∞. Also,
α(xn, xm) ≥ 1 and α(xn, x) ≥ 1 for all n,m ∈ N .

3. for every ε > 0 there exists δ > 0 such that the following condition hold:

2sε ≤ rmb(y, Ty)
1 + rmb(x, Tx)

1 +M(x, y)
+N(x, y) < s(2ε+ δ)

then α(x, y)rmb(Tx, Ty) < ε.

Then T has a unique fixed point ξ in X.

Proof. Let x0 be any arbitrary point in X satisfying the first condition and define
a sequence {xn} as :

x1 = Tx0, x2 = T 2x0, x3 = T 3x0, · · · , xn = T nx0, · · ·

Without loss of generality, let us suppose that for all n ∈ N , we have xn+1 6= xn.
T being α-admissible, therefore α(x0, x1) = α(x0, Tx0) ≥ 1. Also α(Tx0, Tx1) =
α(x1, x2) ≥ 1. Proceeding in the same way, we get α(xn, xn+1) ≥ 1. We claim that
lim
n→∞

rmb(xn, xn+1) = 0.

rmb(xn, xn+1) = rmb(Txn−1, Txn)

≤ α(xn−1, xn)rmb(Txn−1, Txn)

<
1

2s
rmb(xn, xn+1)

1 + rmb(xn−1, xn)

1 +M(xn−1, xn)
+N(xn−1, xn)

where

M(xn−1, xn) = max{rmb(xn−1, xn), rmb(xn, xn+1)}.

Let if possible, M(xn−1, xn) = rmb(xn, xn+1) then,

rmb(xn, xn+1) = rmb(Txn−1, Txn) ≤ α(xn−1, xn)rmb(Txn−1, Txn)

<
1

2s
rmb(xn, xn+1)

1 + rmb(xn−1, xn)

1 + rmb(xn, xn+1)

+
1

2s
rmb(xn, xn+1)

<
1

2s
rmb(xn, xn+1) +

1

2s
rmb(xn, xn+1)

=
1

s
rmb(xn, xn+1) ≤ rmb(xn, xn+1),
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which is a contradiction. Therfore, by using M(xn−1, xn) = rmb(xn, xn+1) and
N(xn−1, xn) ≤M(xn−1, xn), we have

rmb(xn, xn+1) <
1

2s
rmb(xn, xn+1)

1 + rmb(xn−1, xn)

1 + rmb(xn−1, xn)
+

1

2s
rmb(xn−1, xn)

=
1

2s
rmb(xn, xn+1) +

1

2s
rmb(xn−1, xn)

≤ 1

2s
rmb(xn−1, xn) +

1

2s
rmb(xn−1, xn)

=
1

s
rmb(xn−1, xn)

≤ 1

s2
rmb(xn−2, xn−1)

...

≤ 1

sn
rmb(x0, x1),

taking limit n→∞, we get

lim
n→∞

rmb(xn, xn+1) = 0.

Similarly

rmb(xn, xn) = rmb(Txn−1, Txn−1) ≤
1

s
rmb(xn−1, xn−1) ≤ · · · ≤

1

sn
rmb(x0, x0).

Taking limit n→∞, we have

lim
n→∞

rmb(xn, xn) = 0.

Now, we will prove that if n 6= m then xn 6= xm. Let if possible, xn = xm for some
n > m, such that

xn+1 = Txn = Txm = xm+1.

Thus

rmb(xm, xm+1) = rmb(xn, xn+1) <
1

s
rmb(xn−1, xn) < · · · < 1

sn−m
rmb(xm, xm+1),

which is the contradiction. Hence xn 6= xm for all n 6= m.
Let ε > 0 and δ′ = min{δ, ε, 1}. As lim

n→∞
rmb(xn, xn+1) = 0 therefore, there exists

p ∈ N such that

rmb(xm, xm+1) <
δ′

4
for all m ≥ p.

Let ρ = s
(
2ε+ δ′

4

)
and define a set

Brmb [xp, ρ] = {xi | i ≥ p, rmb(xi, xp)− rmbxi,xp < ρ}.
Now, we have to show that T maps Brmb [xp, ρ] to itself. Let xl ∈ Brmb [xp, ρ] then,

rmb(xl, xp)− rmbxl,xp < ρ

If l = p, then Txl = Txp = xp+1 ∈ Brmb [xp, ρ]. Without loss of generality, consider
l > p.

Case1: Let 2sε ≤ rmb(xl, xp), such that

2sε < rmb(xl, xp)−mmbxl,xp
< ρ.
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Also, we know that rmb(xl, xp) ≤ N(xl, xp) and ε ≥ 1
2s
rmb(xl, xp). Hence

ε ≤ 1

2s
rmb(xp, xp+1)

1 + rmb(xl, xl+1)

1 +M(xl, xp)
+

1

2s
N(xl, xp).

Therefore,

1

2s
rmb(xp, xp+1)

1 + rmb(xl, xl+1)

1 +M(xl, xp)
+

1

2s
N(xl, xp) < ε+

δ′

4

as a result

2sε ≤ rmb(xp, xp+1)
1 + rmb(xl, xl+1)

1 +M(xl, xp)
+N(xl, xp) < s(2ε+ δ′).

Hence, by using (3) condition of the theorem, we have,

rmb(Txl, Txp) ≤ α(xl, xp)rmb(Txl, Txp) < ε.

Hence

rmb(Txl, xp)− rmbTxl,xp ≤ s[(rmb(Txl, xl)− rmbTxl,xl )
+(rmb(xl, xl−1)− rmbxl,xl−1

)

+(rmb(xl−1, xp)− rmbxl−1,xp
)]

≤ s[rmb(Txl, xl) + rmb(xl, xl−1) + rmb(xl−1, xp)]

≤ s[
δ′

8
+
δ′

8
+ ε]

< s

(
δ′

4
+ 2ε

)
< ρ.

Therefore, xl+1 ∈ Brmb [xp, ρ].

Case2: Let rmb(xl, xp) ≤ 2sε, such that

rmb(Txl, xp)− rmbTxl,xp
≤ s[(rmb(Txl, Txl−1)− rmbTxl,Txl−1

) + (rmb(Txl−1, Txl−2)

−rmbTxl−1,Txl−2
) + (rmb(Txl−2, xp)− rmbTxl−2,xp

)]

≤ s[rmb(Txl, Txl−1) + rmb(Txl−1, Txl−2) + rmb(Txl−2, xp)]

≤ s[α(xl, xl−1)rmb(Txl, Txl−1) + α(xl−1, xl−2)rmb(Txl−1, Txl−2)]

+s(rmb(Txl−2, xp))

< s

[
1

2s
rmb(xl−1, xl)

1 + rmb(xl, Txl)

1 +M(xl, xl−1)
+

1

2s
N(xl, xl−1)

]
+

s

[
1

2s
rmb(xl−2, xl−1)

1 + rmb(xl−1, Txl−1)

1 +M(xl−1, xl−2)
+

1

2s
N(xl−1, xl−2)

]
+s(rmb(Txl−2, xp))
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≤ 1

2
rmb(xl−1, xl) +

rmb(xl−1, xl)rmb(xl, xl+1)

2(1 + rmb(xl, xl−1))
+

1

2
N(xl, xl−1)

+
1

2
rmb(xl−2, xl−1) +

rmb(xl−2, xl−1)rmb(xl−1, xl)

2(1 + rmb(xl−1, xl−2))

+
1

2
N(xl−1, xl−2) + s

δ′

8

≤ δ′

8
+
rmb(xl−1, xl)rmb(xl, xl+1)

2(1 + rmb(xl, xl−1))
+

1

2
N(xl, xl−1)

+
rmb(xl−2, xl−1)rmb(xl−1, xl)

2(1 + rmb(xl−1, xl−2))
+

1

2
N(xl−1, xl−2) + s

δ′

8

also, by using
rmb(xl−1, xl)

1 + rmb(xl, xl−1)
≤ rmb(xl−1, xl) <

δ′

8
< 1.

Therefore,

rmb(Txl, xp)− rmbTxl,xp ≤
δ′

8
+

1

2
rmb(xl−1, xl) +

1

2
N(xl, xl−1) +

1

2
rmb(xl−2, xl−1) +

1

2
N(xl−1, xl−2) + s

δ′

8

<

[
δ′

8
+
δ′

8
+ sε

]
+ s

δ′

8

≤ s

(
δ′

4
+ 2ε

)
.

This implies that for all r > p, we get

rmb(xr, xp)− rmbxr,xp < s

(
δ′

4
+ 2ε

)
.

Let r > t > s > p, for r, s ∈ N , we have

rmb(xr, xs)− rmbxr,xs ≤ s[(rmb(xr, xt)− rmbxr,xt ) + (rmb(xr, xp)− rmbxr,xp )

+(rmb(xp, xs)− rmbxp,xs )]
≤ s[rmb(xr, xt)) + rmb(xr, xp) + rmb(xp, xs)]

< s

[
s

(
δ′

4
+ 2ε

)
+ s

(
δ′

4
+ 2ε

)
+ s

(
δ′

4
+ 2ε

)]
.

=
3

4
s2(4ε+ δ′) ≤ 3s2ε.

Thus,
lim
r,s→∞

rmb(xr, xs)−mmbxr,xs

exists and is finite. Similarly,

lim
r,s→∞

rmb(xr, xs)−mmbxr,xs

exists and finite. Hence, {xn} is a rmb-Cauchy sequence. X being complete, {xn} is
convergent in X. Let {xn} converges to ξ ∈ X such that

lim
n→∞

rmb(xn, ξ)− rmbxn,ξ = 0.
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Now,we claim that ξ is the fixed point of T . For this, let

lim
n→∞

rmb(xn, ξ)− rmbxn,ξ = 0.

lim
n→∞

rmb(xn+1, ξ)− rmbxn+1,ξ
= 0.

lim
n→∞

rmb(Txn, ξ)− rmbTxn,ξ = 0.

rmb(Tξ, ξ)− rmbTξ,ξ = 0.

In the same manner, we can show that rmb(Tξ, ξ) = rmbTξ,ξ . Thus, ξ is the fixed point
of T . Now, we have to prove that ξ is the unique fixed point of T . For this, let T has
two fixed points ξ, χ ∈ X, i.e., Tξ = ξ and Tχ = χ. Thus

rmb(ξ, χ) = rmb(Tξ, Tχ)

< α(ξ, χ)rmb(Tξ, Tχ) < ε

= α(ξ, χ)rmb(ξ, χ) < ε

This implies that
rmb(ξ, χ) < ε

ε being arbitrary. Therefore, rmb(ξ, χ) = 0 and hence ξ = χ.

Example 2.2. Let X =
{

0, 1
3
, 2
3
, 1
}

and a rectangular Mb-metric is defined on X
by

rmb(x, y) =

(
x+ y

2

)2

.

Hence (X, rmb) is rectangular Mb-metric space with s = 3.
Define a mapping T : X → X is defined by

Tx =
x

3

and α : X ×X → [0,∞) by α(x, y) = max{x, y}. One can easily see that conditions
(1) and (2) of Theorem 2.1 are satisfied. Now for condition (3), we have the following
cases (for δ > 0):

Case 1: If x = 0 and y = 1, then we have

2sε ≤ rmb(y, Ty)
1 + rmb(x, Tx)

1 +M(x, y)
+N(x, y) < s(2ε+ δ)

2× 3ε ≤ rmb(1, T1)
1 + rmb(0, T0)

1 +M(0, 1)
+N(0, 1) < 3(2ε+ δ)

=⇒ ε ≤ 29

312
< ε+

δ

2

=⇒ 1

36
< ε =⇒ α(x, y)rmb(Tx, Ty) < ε.

Case 2: If x = 0 and y = 1
3
, then we have

6ε ≤ rmb

(
1

3
, T

1

3

)
1 + rmb(0, T0)

1 +M(0, 1
3
)

+N

(
0,

1

3

)
< 3(2ε+ δ)

=⇒ ε ≤ 229

18360
< ε+

δ

2

=⇒ 1

972
< ε =⇒ α(x, y)rmb(Tx, Ty) < ε.
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Case 3: If x = 0 and y = 2
3
, then we have

6ε ≤ rmb

(
2

3
, T

2

3

)
1 + rmb(0, T0)

1 +M(0, 2
3
)

+N

(
0,

2

3

)
< 3(2ε+ δ)

=⇒ ε ≤ 242

5238
< ε+

δ

2

=⇒ 2

243
< ε =⇒ α(x, y)rmb(Tx, Ty) < ε.

Case 4: If x = 1
3

and y = 2
3
, then we have

6ε ≤ rmb

(
2

3
, T

2

3

)
1 + rmb(

1
3
, T 1

3
)

1 +M(1
3
, 2
3
)

+N

(
1

3
,
2

3

)
< 3(2ε+ δ)

=⇒ ε ≤ 10913

157464
< ε+

δ

2

=⇒ 1

54
< ε =⇒ α(x, y)rmb(Tx, Ty) < ε.

Case 5: If x = 1
3

and y = 1, then we have

6ε ≤ rmb (1, T1)
1 + rmb(

1
3
, T 1

3
)

1 +M(1
3
, 1)

+N

(
1

3
, 1

)
< 3(2ε+ δ)

=⇒ ε ≤ 100

1053
< ε+

δ

2

=⇒ 4

81
< ε =⇒ α(x, y)rmb(Tx, Ty) < ε.

Case 6: If x = 2
3

and y = 1, then we have

6ε ≤ rmb (1, T1)
1 + rmb(

2
3
, T 2

3
)

1 +M(2
3
, 1)

+N

(
2

3
, 1

)
< 3(2ε+ δ)

=⇒ ε ≤ 19309

118584
< ε+

δ

2

=⇒ 25

324
< ε =⇒ α(x, y)rmb(Tx, Ty) < ε.

Therefore, the condition (3) is also satisfied for some δ > 0. Thus the example meets
all the hypothesis of Theorem 2.1. Hence ξ = 0 is a unique fixed point of the mapping
T .

If we replace rectangular Mb-metric space by Mb-metric space in Theorem 2.1 so we
obtain following corollary due to Mlaiki et al. [32].

Corollary 2.3. Let (X, rmb) is complete Mb-metric space with coefficient s. De-
fine a triangular α-admissible mapping T : X → X such that it satisfies the following
conditions:

1. there exists x0 ∈ X for which α(x0, Tx0) ≥ 1 and α(Tx0, x0) ≥ 1.
2. Let xn be a rmb convergent sequence in X, i.e., {xn} → z as n→∞. Also,
α(xn, xm) ≥ 1 and α(xn, x) ≥ 1 for all n,m ∈ N .

3. for every ε > 0 there exists δ > 0 such that the following condition hold:

2sε ≤ rmb(y, Ty)
1 + rmb(x, Tx)

1 +M(x, y)
+N(x, y) < s(2ε+ δ)
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then α(x, y)rmb(Tx, Ty) < ε.

Then T has a unique fixed point ξ in X.

The following corollary is a sharpened version of the main result of Samet et al. [35].

Corollary 2.4. Let (X, rmb) is complete rectangular Mb-metric space with coef-
ficient s. Define a triangular α-admissible mapping T : X → X such that it satisfies
the following conditions:

1. there exists x0 ∈ X for which α(x0, Tx0) ≥ 1 and α(Tx0, x0) ≥ 1.
2. Let xn be a rmb convergent sequence in X, i.e., {xn} → z as n→∞. Also,
α(xn, xm) ≥ 1 and α(xn, x) ≥ 1 for all n,m ∈ N .

3. for every ε > 0 there exists δ > 0 such that the following condition hold:

2sε ≤ rmb(y, Ty)
1 + rmb(x, Tx)

1 + rmb(x, y)
+ rmb(x, y) < s(2ε+ δ)

then α(x, y)rmb(Tx, Ty) < ε.

Then T has a unique fixed point ξ in X.

The following corollary is a sharpened version of the Corollary 3.3 of Samet et
al. [35].

Corollary 2.5. In Theorem 2.1, if we replace condition (3) by

1. Assume that for every ε > 0 there exists δ(ε) > 0 such that

2sε ≤
∫ rmb(y,Ty)

1+rmb(x,Tx)

1+M(x,y)
+N(x,y)

0

ψ(t)dt < s(2ε+ δ)

=⇒
∫ α(x,y)rmb(Tx,Ty)

0

ψ(t)dt < ε

where ψ : [0,∞)→ [0,∞) be a locally integrable function such that
∫ t
0
ψ(u)du >

0 for all t > 0.

Then T has a unique fixed point ξ in X.
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