Korean J. Math. 30 (2022), No. 1, pp. 121-130
http:/ /dx.doi.org/10.11568/kjm.2022.30.1.121

SEMI-CONFORMAL L-HARMONIC MAPS
AND LIOUVILLE TYPE THEOREM

EMBARKA REMLIT AND AHMED MOHAMMED CHERIF*

ABSTRACT. In this paper, we prove that every semi-conformal harmonic map be-
tween Riemannian manifolds is L-harmonic map. We also prove a Liouville type
theorem for L-harmonic maps.

1. Introduction

Consider a smooth map ¢ : (M™,g) — (N™, h) between Riemannian manifolds
and a smooth positive function L : M™ x N" xR, — (0,00), (x,y,r) —> L(x,y,7).
Then for any compact domain D of M™, the L-energy functional of ¢ is defined by

1) zMwmzzg@wmﬂwwma

where e(y) is the energy density of ¢ defined by

@) 9) = 3 3 hldo(er), do(e:)

and v9 is the volume element. Here {eq, ..., e} is an orthonormal frame on (M™, g).
A map is called L-harmonic if it is a critical point of the L-energy functional over any
compact subset D of M™. We denote by 0, = d/0r, L' = 0,(L) and

(3) L, (x) =1 (z,¢(z),e(p) (), VoeM™

THEOREM 1.1 (The first variation of Ey, [9]). Let ¢ : (M™,g) — (N",h) be a
smooth map and let {got}te(,w) be a smooth variation of ¢ supported in D. Then

d
(@) GEeD)| == [ hrule)v)er
t t=0 D
where v = % denotes the variation vector field of ¢,
=0
(5) 71(p) = L, 7(p) + dip(grad™™ L;,) — (grad™" L) o o,
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and 7(y) is the tension field of ¢ given by
(6) 7(p) = trace, Vde.

From the first variation formula (4), a map ¢ : (M™, g) — (N™, h) is L-harmonic
if and only if 77,(¢) = 0.
Let ¢ : (M™,g9) — (N",h) be a smooth map between Riemannian manifolds. Let
x € M™ the tangent space at x splits T,M™ = H, & V,, where V, = Kerd,p and
H, = V= is the orthogonal complement of the vertical space V,. The map ¢ is called
semi-conformal if for each x € M™ with d,p # 0, the restriction dy¢ : H, — Ty, N
is conformal and surjective. Setting A(z) = 0 at points = with d,¢ = 0, we obtain a
continuous function A : M™ — R, such that for any X,Y € H,

Mdop(X), doo(Y)) = XN (2)g(X,Y).

The function A is called the dilation of . Note that the generalized conformal maps
are discussed in [10]

The purpose of this paper is to provide a proof of the Liouville type theorem for L-
harmonic maps from complete noncompact Riemannian manifold (M™, g) with pos-
itive Ricci curvature into a Riemannian manifold (N, h) with non-positive sectional
curvature, where L € C°(M™ x N" xR, ) is a smooth positive function which satisfies
some suitable conditions.

2. Semi-conformal L-harmonic maps

Let (M™, g) be a Riemannian manifold and let N™ the Euclidian space R™ equipped
with the Riemannian metric h = dy? + ... + dy?. We have the following results.

THEOREM 2.1. Any semi-conformal harmonic map ¢ : M™ — R" is L-harmonic
with L(z,y,7) = F(2y + (n — 2) o(z))r, for all (z,y,r) € M™ x R" x R, where
F € C*(R"™) is a smooth positive function.

Proof. A semi-conformal harmonic map ¢ is L-harmonic if and only if

de(grad™” L) — (grad® L)oo =0,
where L{, : M™ — (0, +00) is a smooth positive function given by
L, (x) = F(ne(x)).
Let us choose {ey, ..., e} to be an orthonormal frame on a domain of M™ such that

the vectors {ey,...,e,} are horizontal and the vectors {e,1,...,€e,} are vertical, so
that dp(e;) = A (€; 0 ) for i = 1,...,n, where {€y,...,€,} is an orthonormal frame on
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a domain of R"™. Then, we get

dp(grad™” L) = Zez (L.,) dp(e;)
=1

=n z”: dp(e;)(F) do(e;)
i=1

n

= nAQZ(gi o p)(F) (€ o)

=1

(7) = n A (grad®™ F) o ¢,

and the term (grad®" L) o ¢ is given by

(graanL)o¢:Z[aL 0 } o
1

i dy; Ay
~ [0F
= 2e(p { } oY
() ; dy; Oy;
(8) = 2¢(yp) (grad™ F) o o,
since e(p) = 222, we get (grad” L) o p = nA*(grad™ F)o¢. O

Using Theorem 2.1, we can construct many examples for semi conformal L-harmonic
maps.

EXAMPLE 2.2. The Hopf construction map ¢ : R* — R3, defined by
o(x) = (23 + 23 — 25 — 23, 22103 + 22974, 2 o3 — 22174,

is a semi conformal harmonic map with dilation
A(‘T) = 2|I|7 VI - (x17x27x37'r4) S R4;

see [3]. According to Theorem 2.1 the map ¢ is L-harmonic, where L is the form

F(a}+a5— 25— 2+ 291, 23123 + 20204 + 20, 20003 — 22124 + 2y3) 1,
for all (x,y,7) € R* x R* x Ry, where F' € C*°(R?) is a smooth positive function.

If n = 1, we have the following corollary.

COROLLARY 2.3. A smooth function ¢ € C*°(M™) is harmonic if and only if it is
L-harmonic for L(z,y,r) = F(2y — ¢(x))r, for all (z,y,r) € M™ x R x R, where
F € C*(R) is a smooth positive function.

Proof. First note that, the function ¢ is L-harmonic if and only if

(9) 7L(p) = L,7(p) + dp(grad™™ L) — (grad™ L) o ¢ = 0,
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where L (x) = F(p(z)) for all x € M™. We compute

dip(grad™ L, = Zei(L:&)dgo(ei)
i=1
= > a(Fopei)
i=1
= ) e(@)(F op)eip)
i=1
(10) = (F'oyp)|grad™” of.
Here {ey,...,e,} is an orthonormal frame in M™ and e;(¢) = dp(e;). The term

—(grad® L) o ¢ of (9) is given by

1 m
—(grad®L)op = —2 ) ei(@)’[2(F 0 9)
i=1
(11) = —[grad™” p|*(F" 0 ).
Then the proof follows from (9), (10) and (11). O

EXAMPLE 2.4. The harmonic function
T

-RA\{0} — R —_
2 \{ } ) (1'1,1'2) $%+£L’%’

is L-harmonic with

A
2 2
v

L(ml,xQ,y,T):F(Qy— >7”= V(1 22,,7) € R* X R x Ry,

where F' € C*°(R) is a smooth positive function.
For n = 2, we have the following result.

THEOREM 2.5. A semi-conformal map ¢ : M™ — N? from a Riemannian mani-
fold to a Riemannian 2-manifold is L-harmonic with

L(x,y,7) = re®@PW  V(z,y r) e M™ x N? x Ry,
where a € C*°(M™) and 3 € C*(N?) if and only if
7(p) + (B 0 p) dip(grad™ a) = 0.
Proof. First, note that the function L{, is given by
L:D(x) = 2@ Be@) e M™.

Let us choose {ey, ..., e} to be an orthonormal frame on a domain of M™ such that
the vectors {e;,es} are horizontal and the vectors {es,...,e,} are vertical, so that
dp(e;) = A(e; 0 ) for i = 1,2, where {€1,¢é5} is an orthonormal frame on a domain
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of N2. Then we get

dep(grad™” L)

> (L) dp(e:)

i=1

) e; (B o)) dip(es)

M-

=1
= e*P2 (B o ) dp(grad™” a) + adp(grad™” (B o ) }.

The term dp(grad™”™ (5 o ¢)) is given by

m

dep(grad™” (Bo @) = ei(B o) dp(e:)

=1

_ Z do(e;)(B) dp(e;)

M RCREIOICE

= \? (grad™" 8) o .
Hence we conclude that
dgp(grade L:O) = e“(ﬁow){(ﬁ o) dgp(grade a) +a N’ (graudN2 B) o gp}.

Since e(p) = \?, we get

2

(grad™ L) o p = Z('el 0 @)(L)(€ 0 ¢)

=223 (@ o p)(a ) e ) (& 0 p)

i=1
= ar? e (¥ (graudN2 B) o p.
Hence the L-tension field of ¢ is given by
71(p) = P 1(0) + (B o) dp(grad™” a)].
This completes the proof of Theorem 2.5. ]

EXAMPLE 2.6 (The foliation by the circles of Villarceau, [2]). Let M? be the man-
ifold R x R*\{0} and let ¢ : M3 — R? be defined by

(1 — @) Ty + V21173 (1 — @) T3 — V21120

Y

QD(.%l, X2, 1'3) =

2 2 2 2
T5 + 23 T35 + 13

Then ¢ is semi-conformal and its dilation is given by the function

_ 2
A(a:)—<1 )

(23 +22)2’ Vo = (21, 72,23) € M°.
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The tension field of ¢ is

o)) = (o ).

r5 +r3  T5+ 23

According to Theorem 2.5, with a(z) = ¢;In(2 + [z]?) + ¢, and B(y) = —i, where
c1 € R*, ¢co € R, the map ¢ is L-harmonic with

_c2
e ar

m, V(.Cﬁ,y,T) €M3XR2XR+.

L(z,y,r) =

3. A Liouville type theorem for L-harmonic maps

THEOREM 3.1. Let (M™, g) be a complete noncompact Riemannian manifold with
positive Ricci curvature Ricci™” > 0, (N",h) a Riemannian manifold with non-
positive sectional curvature Sect”™ < 0. Consider an L-harmonic map ¢ from (M™, g)
o (N™ h), where L € C*(M™ x N™ x R, ) is a smooth positive function. Suppose
that

L, >0, HessM"™ L, <0, HessV" L >0,
dip(grad™” L,)(L) <0, / . L, v? = oo, . Li|de]? v? < oo.
Then ¢ is constant.
We need the following Lemmas to prove Theorem 3.1.

LEMMA 3.2 ([6,11]). Let ¢ : (M™,g) — (N", h) be a smooth mapping between
Riemannian manifolds and let f € C*(M™). Then

{(dp, V¥edp(grad™” f >— (grade £ (Jde)?) + {dp, dp(VM" grad™™ f)).

Here {,) denotes the inner product on T*M™ @ o~ 'T'N™.

LEMMA 3.3. Let (M™,g) and (N", h) be two Riemannian manifolds, and L €
C®(M™ x N™ x Ry) a smooth positive function. Then an L-harmonic map ¢ :
(M™, g) — (N™, h) satisfies

1 m 1 m 1 -
§AM dol* = |Vd<P|2+F|dSO(gfadM L)) — 577 (grad™™ Li) (|del?)
¢ ¢
m 1 m
—L—/<dg0, dp(VM" grad™™ I/ )> T —dp(grad™ L,)(L)

P

+L—:0<d90, V#(grad™" L) o ©) + Z h(d RlCCl ) do(e;))

- Z h(RY" (dp(e;), dp(e;))do(e;), dp(e;)),

4,j=1

where {ey, ...,e,} be an orthonormal frame on (M™, g).
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Proof. We start recalling the standard Bochner formula for the smooth map ¢. Let
{e1,...,em} be an orthonormal frame on (M™, g). Then

I - m
§AM |do|? = |Vdp|* + (dp, V¥7(p)) + Z h(dp(Ricci™” ¢;), dp(e;))
i=1

m

(12) = h(RN"(dp(es), dle;)) dip(ey), dgles)),

3,j=1

where |Vdyp| and (dp, V#7(¢)) are defined by

(Vdp|? = Z h(Vdgp(ei,ej),Vdga(ei,ej))

ij=1

and

m

(dp,Vo7(0)) =Y h(dp(e:), VET(9)),

i=1
respectively. Since ¢ is L-harmonic, i.e.,
() = L, 7(p) + dp(grad™" L)) — (grad™" L) o o =0

and L], > 0 on M™, we obtain

1 m 1 n
(13) T(p) = —L—/dgo(gradM pr) + L—,(gradN L)o.
¥ @

Hence we get the following

1 m 1 m
(dp. Vo7(0)) = Fsldelgrad™ Ly)I* — 7-(dp, Vodip(grad™™ L)
© ©
1

;2
L,

h(dp(grad™” L), (grad™" L) o )
1 n

(14) —I—L—/<d<p, V?(grad™" L) o ),
%2}

by the Lemma 3.2. Since the second term on the left-hand side of (14) is

1 m m
—L—/<d<,0,V9"dap(gradM L:D)> = (gradM pr) (|dgo|2)
)

2L,

]. m m
(15) —L—Zp<dgp,d<p(VM grad™ L:D)>,

Lemma 3.3 follows by (12), (14) and (15). O
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Proof. of theorem 3.1. By Lemma 3.3, we get

1 m 1 m 1 m
éL;AM ldp? = L;,|Vdgp|2 + L—/|dgp(gradM L:p)|2 — E(gradM L:O) (|del?)
%)

1

—(dg, dp(VM" grad™" L)) — —
©

dp(grad™” L;)(L)
+{dy, V?(grad™" L) o ©) + L, Z h(de( Ricci”™ ei),dp(e;))
i=1

—L, Y h(RN" (de(es), dip(eg)) dip(e;), dip(e)).

ij=1

If we denote A} p = LLAM" p+ (grad™” L) (p) for all p € C>(M™), then
1 m 1 m m m
SO el = Ly|Vdp|* + —-|dip(grad™™ LL)[* = (dip, dip(VM" grad™™ L))
%)

——dp(grad™” L)(L) + {dip, V¥(grad™" L) o p)

+L, Z h(de(Ricci™” e;), dp(e;))
—L, Z h(RY" (do(ei), dp(e;))dp(e;), do(e;)).

ij=1

Since Sect™" < 0, Ricei®™ > 0, Hess™" L > 0, HessM" L;, < 0and dgp(grade pr)(L) <
0 by (16), we obtain the following inequality

1 m
(16) SAN Vgl > L, [Vl

Since LAY |dp|? = |dp|AY" |dyg| + L, | grad™” |dg||?, by (16) and the Kato’s in-
equality [4], we get the following

17 do|AM™ |dp| > L (|Vdp|* — | grad™”
©

depl|*) > 0.
Let p: M™ — R be a smooth function with compact support. Then

Pl A7 |dp| = p?|dep| div™™ (L, grad™” |de|)
= div"" (p?|dp| L, grad™™ |dg|) — Li,p*| grad™" |de]|®
(18) — 2L pldelg(grad™” p, grad™™ |de]).

From (17), (18) and the Stokes theorem, we deduce
2 M 2
0<- /M L 7| grad™” |dg|v7

(19) —2 / L, pldplg(grad™” p, grad™™ |dg| 7.
M”’VL
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Using the Young inequality [14], we have

m m 1 m
~2g(|dip| grad™™ p, pgrad™™ |dg|) <—|dp|*| grad™™ p|?
(20) +ep?| grad™” |dy||?
for any € > 0. Substituting (20) in (19), we obtain

m 1 m
0<— / L:Op2] grad™” |dy|[*v? + —/ prldcpm grad™” p|*v9
Mm € M'm

e [ L gmad”
Mm,

that is,

1
2 M 2 2 Mm 2
(21) (1-— e)/ . L p*|grad™ " |dpl[*v? < E/ L |dp|*| grad™ " p|*v7.

Choose the smooth cut-off p = pri.e., p <1on M™ p=1on the ball B(0,R), p=0
on M™\B(0,2R) and |grad™” p| < Z. Let 0 < € < 1. Replacing p = pg in (21), we
obtain

m 4
@) 0=0-0 [ Lped" ol < o
m ® €R2 M

2
. L |dp|*v9.
Since [y, L), |dp|* v < oo, when R — 0o, we have

4 ! 2
e /Mm L |dol*v? — 0.

Thus, by (22), we have | grad™” |de|| = 0 i.e., |dp| = c constant. By the assumptions,
2

c
— L' v9 < oo and / L' 19 = 0.
Hence ¢ = 0, that is, ¢ is constant map. O

If L(xz,y,r) = r for all (z,y,r) € M™ x N™ x R, then we recover the following
classical result.

COROLLARY 3.4. [7] Let (M™, g) be a complete noncompact Riemannian manifold
of infinite volume with positive Ricci curvature and (N", h) a Riemannian manifold
with non-positive sectional curvature. Then a harmonic map ¢ : (M™, g) — (N", h)

with finite energy, i.e.,

1

Bo) = [ ldgPur <o

1s constant.

Let f: M™ — (0, 00) be a smooth function. If L(z,y,r) = f(x)r for all (z,y,r) €
M™ x N™ x R,.. We recover the following result.

COROLLARY 3.5. [11,13] Let (M™, g) be a complete noncompact Riemannian man-
ifold with positive Ricci curvature and (N",h) a Riemannian manifold with non-
positive sectional curvature. Let f be a smooth positive function on M™ with non-
positive Hessian Hess™" f < 0. If Vol;(M™) is infinite, then an f-harmonic map
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o : (M™, g) — (N™, h) with finite f-energy, i.e.,

1
Es(¢) = 5 ; fldo]? v? < oo,

1s constant.
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