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WARPED PRODUCT SKEW SEMI-INVARIANT
SUBMANIFOLDS OF LOCALLY GOLDEN RIEMANNIAN
MANIFOLDS

MOBIN AHMAD* AND MOHAMMAD AAMIR QAYYOOM

Abstract. In this paper, we define and study warped product skew semi-
invariant submanifolds of a locally golden Riemannian manifold. We in-
vestigate a necessary and sufficient condition for a skew semi-invariant
submanifold of a locally golden Riemannian manifold to be a locally
warped product. An equality between warping function and the squared
normed second fundamental form of such submanifolds is established.
We also construct an example of warped product skew semi-invariant
submanifolds.

1. Introduction

Semi-invariant submanifolds were defined by A. Bejancu and N. Papaghuic
[10] as an analogous to that of CR-submanifolds in an almost complex manifolds
[9]. Semi-invariant submanifolds are generalization of holomorphic (invariant)
and totally real (anti-invariant) submanifolds. A semi-invariant submanifold is
called proper if it is neither holomorphic nor totally real submanifold.

In holomorphic submanifolds, the tangent space of the submanifolds is in-
variant under the action of the almost contact structure. On the other hand,
in totally real submanifolds, the tangent space is anti-invariant, that is, it is
mapped into the normal space. The geometry of semi-invariant submanifolds
has been studied in several papers (see, [1], [2], [3], [4], [19], [34]).

Another generalization of holomorphic and totally real submanifolds is a
slant submanifold. Slant submanifold were defined by Chen [15]. Since, then
such submanifolds were investigated by many geometers ([8], [13], [16], [27]). If
a slant submanifold is neither holomorphic nor totally real submanifolds, then
it is said to be proper. We also notice that a proper semi-invariant submanifolds
is never a slant submanifold. N. Papaghuic [29] defined semi-slant submanifolds
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as generalization of slant and CR-submanifolds. Carriazo [14] introduced bi-
slant submanifolds as generalization of semi-slant submanifolds. Sahin [33]
called these submanifolds as hemi-slant submanifolds.

Ronsse [31] introduced the notion of skew CR-submanifolds of Kaehler man-
ifolds. Such submanifolds are generalization of bi-slant submanifolds. In fact,
invariant, anti-invariant, CR, slant, semi-slant and hemi-slant submanifold are
particular cases of skew CR-submanifolds. Skew CR-submanifolds are studied
in [28]. We observe that skew CR-submanifolds in Kaehler manifolds corre-
sponds to skew semi-invariant subamifolds in locally product golden Riemann-
ian manifolds. Skew semi-invariant submanifolds are studied in [7], [35], [38].

Bishop and O’ Neill [11] defined warped product. Let M; and Ms be two
Riemannian manifolds with Riemannian metric g; and go, respectively. Let f
be a positive differentiable function on M;. The warped product M = M; x f Mo
of My and M, is the Riemannian manifold M, where

g9=g1+ fg.
Thus, if U € T, M, then
U7 = [ldm (U)|I” + (f20m1)[|dma||?,

where 7, and 7o are the canonical projections of My x My onto My and Ms,
respectively. The function f is called the warping function of the warped
product. If f is constant then M is said to be trivial. It is well known that
M is totally geodesic and Ms is totally umbilical [12]. If U is a vector field on
My and V is a vector field on My, then it follows from [11, Lemma 7.3] that
we have

(1) VoV = VyU = U(nf)V,

where V is the Levi-Civita connection on M; x ¢ Ms. Warped product sub-
manifolds of several kind of structures have been studied in [26], [32], [36],
[37].

Recently, C. E. Hretcanu and M. Crasmereanu [17] introduced and studied
a golden Riemannian manifold by using the golden ratio. They also stud-
ied invariant submanifolds [18] in Riemannian manifold with golden structure.
Gezer. A. et al [22] discussed the integrability conditions of golden Riemannian
manifolds. Some properties of golden Riemannian manifolds have been studied
n [5], [21], [23], [30]. M. Ahmad and M. A. Qayyoom [6], Hretcanu C.E. [25]
studied submanifolds in Riemannian manifolds with golden structure. Semi-
invariant submanifolds of golden Riemannian manifolds have been studied in
[20], [24].

In this paper, we define and study warped product skew semi-invariant
submanifolds of a locally golden Riemannian manifold.
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2. Definition and preliminaries

Let M be an n-dimensional manifold endowed with a tensor field J of type
(1,1) such that
(2) J?=J+1,
where I is the identity transformation on I'(TM). Then the structure J is
called a golden structure. We say that the metric g is J-compatible if
(3) 9(JX,Y) = g(X,JY)
for all X,Y vector fields on T'(T'M), and (M, g,.J) is called golden Riemannian
manifold. If we substitute JX into X in (3), then from (2) we have
(4) g(JX,JY) = g(JX,Y) 4+ g(X,Y).
for any X,Y € I'(TM).

Proposition 2.1 ([17]). (i) The eigenvalues of a golden structure J are

the golden ratio ¢ and 1 — ¢. o
(ii) A golden structure J is an isomorphism on the tangent space T, M of

the manifold M for every x € M.
(iii) It follows that J is invertible and its inverse J = J ! satisfies

P =—p+1.

3. Skew semi-invariant submanifold

A submanifold M of a golden Riemannian manifold M is called a skew
semi-invariant submanifold if there exist an integer k and constant functions
a;, 1 <1i <k, defined on M with values in (0, 1) such that

(i) each a;, 1 < i <k, is a distinct eigenvalue of P? with

i = D DDy @) D Dy
for p e M, and
(ii) the dimensions of DY), D} and Dj, 1 <i < k, are independent of p € M.

Remark 3.1. The above definition implies D), D}, and D%, 1 < i < k,
defined P invariant, mutually orthogonal distribution which we denote by Dg,
D}), and Dpyi, 1 < i < k, respectively. The tangent bundle of M has the
following decomposition

TM:DO@Dl@Dal@--~@Dak.

If k = 0, then M is a semi-invariant submanifold. Also, if k = 0 and DY(D})
is trivial, then M is an invariant (anti-invariant) submanifold of M.
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We denote by V the Levi-Civita connection on M with respect to g. Let
M be a Riemannian manifold isometrically immersed in M and let g be the
Riemannian metric induced on M for p € M and tangent vector X, € T,M.
Then we write

(5) JX, =TX,+ NX,,

where T'X,, € T,M is tangent to M and NX,, € TPLM is normal to M.
For any two vectors X,,,Y, € T,M, we have

g(Jin Yp) = g(TXp, Yp)a

which implies that

9(J Xy, Yp) = g(Xp, TY)).
So, T and T? are all symmetric operators on the tangent space T, M. Assume
that a(p) is the eigenvalue of T2 at p € M. Since T? is a composition of an
isometry and a projection, we have a(p) € [0, 1].

For each p € M, we set DY = ker(T? — «(p)I), where I is the identity
transformation on 7, M, and «a(p) is an eigenvalue of T2 at p € M. Obviously,
we have

D) =kerT, D, =ker N.
D} is the maximal J invariant subspace of T,M and DY is the maximal .J
anti-invariant subspace of T, M.

If ai(p), ..., ax(p) are all eigenvalues of T2 at p, then T, M can be decom-

posed as the direct sum of the mutually orthogonal eigenspaces, that is

T = 05 Doy @@ vy
For N € T+ M, we write
(6) JN =tN + wN,

where tN € TM, and fN € T+M.
If M is a submanifold in a golden Riemannian manifold (M, g, J), then it
follows from [26] that for any X € I'(T'M) we get

(7) (1) T?°X =TX + X —tNX (i) NX = NTX + wNX,
and for any V € I'(T+ M),
(8) (i) w?V =wV +V — NtV (i) tT = TtV + twV.

We denote by V the induced connection in M. Then we have formulas by
Gauss and Weingarten

(9) VY = VxY +h(X,Y),

(10) VxN =—-AnX + VxN
for all vectors X,Y € TM and N € T+M. Also, we have
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If (M, g,J) is a golden Riemannian manifold and J is parallel with respect to
Levi-Civita connection V on M (i.e. V.J = 0), then (M, g, J) is called a locally
golden Riemannian manifold.

Definition 3.2. A submanifold M of a locally golden Riemannian manifold
M is called a skew semi-invariant submanifold of order 1 if M is a skew semi-
invariant submanifold with k = 1.

In this case, we have
T™ =D P D" P D’
where DY = D* and o is constant. A skew semi-invariant submanifold of
order 1 is proper if D+ # 0 and DT # 0.

A slant submanifold M of a locally golden Riemannian manifold M is char-
acterized by

(12) T°X =a(T+1)

such that a € [0, 1], where X € TM. Moreover, if 6 is the slant angle of M,
then we have o = cos? 6.

Lemma 3.3. Let M be a proper skew semi-invariant submanifold of a
locally golden Riemannian manifold M. Then we have

(13) g(J(Vy W), X) +g(VyW, X) = —g(A;wV, JX),
(14)  g(VvTZ,X)+g(VvZ,X) = csc? 0[g(AnzV, JX) — g(AnT2V, X)),

(15) g(J(VzV), X)+9g(VzV,X) = —g(Av Z, JX).
Proof. For V,W € D+, Z € DY and X € DT
g(VIW,JX) = g(VyJW + h(V,JW), JX),

g(VIW, JX) = g(VvIW, JX) + g(h(V, JW), JX),
(16) g(VIW, JX) = g(J(VyW), JX).
Using (4) and (10), we have

g(=AywV + Vi JW, JX) = g(J(Vv W), X) + (Vv W, X),

g(J(Vy W), X) + g(Vy W, X) = g(-A;wV, JX),

which is (13).

Now,
g(VvJZ,JX)=g(VyJZ+h(V,JZ),]X),
oYy IZ,JX) = g(J(Vv Z), I X).
Using (4), we get
g(VvJZ,JX)=g(J(VvZ),X)+g(VvZ,X).
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Using (5), we have
9(J(VvZ),X) +9(VvZ,X) = g(Vv(TZ + NZ),JX),
g(J(VvZ),X)+9(VvZ,X)=9(VvTZ,JX)+g(VyNZ,JX),
9g(J(VvZ),X)+9(VvZ,X)=g(VyJTZ,X)+ g(VyNZ,JX),
g(J(VvZ), X)+9(VvZ,X) = g(VvT?*Z, X)+g(NvNTZ,X)+9(VvQZ, JX).
Using (10), we have
9(J(VvZ),X)+9(VvZ,X)
=g(VvT?Z,X)+ g(VyNTZ,X) — g(AnzV,JX) + g(VENZ, T X).
Using (12), (9), and (10), we get
9(VvJZ),X)+g(VvZ,X)
=ag(WTlZ,X)+ag(VvZ,X) — g(AnrzV, X) + g(AnzV, J X).
Using (5), we have
9(VvTZ),X) +g(VvZ,X)
=ag(VvTZ, X) +ag(VvZ, X) — g(Anr2zV, X) + g(AnzV, J X)),
(1 —cos®0)g((VvTZ), X) + g(VvZ, X) = —g(AnTzV, X) + g(An 2V, T X),
Since a = cos? §, we have
9(VvTZ2), X) +9(VvZ,X) = csc® 0(9(AnzV, JX) — g(AnT2V, X))

which is (14).
Using (4) and (16), we get

9(J(VzV. X) +9(VzV.X) = g(Vz IV, JX).
Using (10) in above equation we can obtain (15). O

Lemma 3.4. Let M be a proper skew semi-invariant submanifold of a
locally golden Riemannian manifold M. Then we have

(17)  9(VuTZ X) +9(VuZ,X) = —esc®[g(AnTzU, X) + g(AnTU, T X),
(18) 9(VxY,TZ)+g(VxY,Z) = esc®[g(h(X,Y),NTZ) + g(h(X, JY),NZ)],

Proof. For VW € D+, Z € D? and X € DT, by using (4), (5), and (16),
we get

9(J(VuZ),X) +9(VvZ,X) = g(VITZ,X) + g(VuNZ,JX).
Using (10) and (5), we obtain
9g(VuTZ),X)+g(VuZ,X) = g(vUTQZ,X)—i—g(ﬁUNTZ, X)—g(AnzU,JX).



Warped product skew semi-invariant submanifolds 7

Using (9), (10), and (12), we get
9((VuTZ),X) +9(VuZ,X)
=ag(VuTZ, X))+ ag(VuZ,X) — g(AnT2U, X) — g(An7U, JX).
Thus we get
g(VuTZ),X) +9(VuZ,X) = —csc?[g(AnrzU, X) + g(AnTU, JX)],

which is (17).
Using (5), (9), and (16), we can obtain

g(J(VxY),Z)+g(VxY,Z) = g(VxY,JTZ) + g(h(X,JY),NZ).
Using (5), (9), and (12), we get
9(VxY),TZ) +9g(VxY, Z)
=ag(VxY,TZ) + ag(VxY,Z) + g(h(X,Y),NTZ)
+g9(h(X,JY),NZ).
Since a = cos? , we have
g(VxY), TZ) + g(VxY, Z) = csc’[g(MX,Y),NTZ) + g(h(X,JY), NZ)],

which is (18).
From (16) and (9), we get

9(J(VxY), V) +9(VxY,V) = g(J(VxY), JV) + g(h(X, JY), JV).
Using (4) and (11) together with the above equation, we obtain (19). O

Lemma 3.5. Let M be a proper skew semi-invariant submanifold of a
golden Riemannian manifold M. Then we have

9(VuZ, V) +g(J(VuZ),V) = sec®0[g(A;vU,TZ) —

(20) 9(AnzU, V) + g(AnT2U, V)],
9(VxV.TZ) +g(VxV,Z) = sec?0[—g(A;vX,TZ)+

(21) 9(AnzX, V) — g(ANT2 X, V)]

Proof. For any U, Z € DY and V € D+
9g(J(VuZ2),JV)=g(VuJZ,JV).
Using (4), (5), and (9), we obtain
g(J(VuZ),V)+g(VuZ,V)=gh(U,TZ),JV)+g(VNyNZ,JV).
From (11) and (6), we get
9(J(Vu2),V)+9(VuZ.V)
= g(Apy U, TZ) + g(VutNZ, V) + g(VywNZ,V).
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Using (7), (8), and (12), we obtain
9(I(NVuZ),V)+9(Vu2Z, V) = g(AwUTZ)+sin*0g(Vy(T +1)Z,V)
+9(VuNZ, V) — g(VuNTZ,V).
Using (5), (9), and (10) together with the above equation, we get
9(VuZz,V)+g(T(VuZ),V)
=sec” Olg(A v U, TZ) = g(AnzU, V) + g(AnT2U, V),
which is (20).
Forany X € DT, Z € D, and V € D, we get
9(VxJV,JZ) = g(J(VxV), Z) + g(VxV, Z).
From (5), (9) and (6), we get
g(VxV,TZ)+g(VxV,Z) = —g(A;jv X, TZ) + g(h(X,V),tNZ + wNZ).
By using (7), (8), and (11), we can obtain
9(VxV,TZ) +9(VxV, Z)
= sec® 0[—g(Ajv X, TZ) + g(Anz X, V) — g(AnT2 X, V)],
which is (21). O

4. Warped product skew semi-invariant submanifolds of a locally
golden Riemannian manifold

We consider a warped product submanifold of type M = M; x7 M7 in a
locally golden Riemannian manifold M, where M, is a hemi-slant submanifold
and My is an invariant submanifold. Then it is clear that M is a proper skew
semi-invariant submanifold of M. Thus, by definition of hemi-slant submanifold
and skew semi-invariant submanifold, we have

(22) ™™ =D'@ D PD".

In particular, if D? = 0, then M is a warped product semi-invariant submani-
fold. If DT =0, then M is a warped product semi-slant submanifold.

Since M; is a hemi-slant submanifold, then normal bundle of T M; of M;
is decomposed as

M, = J(DH) P ND*) P .
Thus, we have

T+M = J(D") P ND)Pp.

Since DT is an invariant distribution, where y is the orthogonal complementary
distribution of J(D*) @ N(D%) in T+ M, it is an invariant subbundle of T+ M
with respect of J.
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Proposition 4.1. Let M = My x; My be a (DY, DT)-mixed totally geo-
desic proper skew semi-invariant submanifold with integrable distribution D+
of a locally golden Riemannian manifold M. Then M is a locally warped prod-
uct submanifold if

(23) A JX = —V(inf)(TX — X),

(24)  g(AnTzX.Y) + g(AnzX, JZ) = sin®0X (Inf)lg(Y, Z) + g(Y, T Z)].

Proof. Suppose that M = M; x ¢ My is a (D%, DT)-mixed totally geodesic
warped product proper skew semi-invariant submanifold with integrable distri-
bution DT of a locally golden Riemannian manifold M.

Since M is a (D?, DT)— mixed totally geodesic, then h(Z, JX) = 0. From
(13) we get g(Ayw Z, JX) = 0. Similarly, g(h(Z, JX), JV) = 0, then from (15)
we get g(AyvZ,JX) =0 for any V,W € D+, Z € D? and X € DT. Since A is
self adjoint, then g(Z, A;yJX)=0 and g(W,A;yJX)=0. Hence A;yJX
has no component in T M;.

Using (4), (9), and (10), we obtain

9(AvJIX,Y) = —g(J(VyV)X) — g(VyV, X).
Using (5) and (1), we get
Ay JX = —V'(In f)(TX — X),
which is (23).

Since M is (D?, DT)— mixed totally geodesic for any Z € D and X € DT,

we have

Q(ANTZX, Z) = g(h(X, Z), NTZ)
Since h(X, Z) = 0, we have g(AyrzX,Z) = 0. Hence AnrzX has no compo-
nent in DY.

Using (1) and (21), we get

g(V(Inf)X,TZ) +g(V(Inf)X, Z)
= sec’0[—g(M(X,TZ),IV) + g(Anz X, V) = g(ANT2 X, V))].
Since M is (D?, DT)-mixed geodesic, we have
g(ANZX7 V) - g(ANTZX7 V) = 07
g(ANzX - ANTZXa V) =0.
Thus AyzX and Ay7rzX have no component in D+. From (22), we can obtain
AntzX € DT and AnzX € DT for X, Y € DT and Z € D°.
From (18) and (11), we obtain
9(ANTzX,Y) + g(Anz X, JZ) = sin® 0lg(Vx Y, TZ) + g(VxY, Z)].
Using (1), we get
9(AnTzX.Y) + g(Anz X, JZ) = sin® X (Inf)[g(Y. Z) + g(Y. T Z)],
which is (24). O
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Lemma 4.2. Let M = M; x; Mt be a warped product proper skew semi-
invariant submanifold of a locally golden Riemannian manifold. Then we have

(25) g(h(X, V), JW) =0,
(26) g(h(X,V),NZ) = 0.
Proof. For any V,W € D+ and X € DT, by using (9) we get
g(h(X, V), JW) = g(Vy X, JW),
g(h(X, V), JW) = g(VyJX, W),

g(h(X, V), JW) = g(V(Inf)JX, W),
g(h(X,V),JW) =0,
which is (25).
Similarly,
g(WX,V),NZ) = g(VvX,NZ),
g(WX,V),NZ) =V(inf)lg(JX,Z) - g(Vv X, TZ)],
g(h(X,V),NZ) =0,
which is (26). O
Lemma 4.3. Let M = M; x; Mt be a warped product proper skew semi-
invariant submanifold M of a locally golden Riemannian manifold. Then

(27) g(h(X,JY),JV) ==V (Inf)g(JY, X) + g(Y, X)].
Proof. From (9) and (4), we get
g(h(X,JY),JV) = g(VxJY,JV),
g(W(X,JY),JV) =g(VxJY,V) 4+ g(VxV,Y),
g(h(X,JY),JV)=—g(VxV,JY) — g(VxV,Y),
g(W(X,JY),JV) = =V(inf)[g(JY, X) + g(Y, X)),
which is (27). O
Theorem 4.4. Let M = My x; My be a (p + q + r)-dimensional warped

product proper skew semi-invariant of a (2p+2q+r)-dimensional locally golden
Riemannian manifold M. Then we have the following statements:

(1) The squared norm of the second fundamental form of M satisfies
(28) 1] = {2 V- (I f)I? + 2 cos® 0] V0 (inf) %},

where r = dim(My), and V*(Inf) and V?(Inf) are gradients of (Inf)
on D+ and D?, respectively.

(2) Assume that the equality sign holds identically. Then M, is a totally
geodesic submanifold of M and M is a mixed totally geodesic. Moreover,
My can never be a minimal submanifold of M.
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Proof. Let
— — ~ ~  x * / ’
P - S P O X Y N S TEERTT-

be an orthonormal frame of a locally golden Riemannian manifold M such

that {e1,...,e,} is an orthonormal basis of DT, {&1,...,€,} is an orthonormal
basis of DY, {€1,...,¢,} is an orthonormal basis of D+, {ef = Ney,..., ey =
Ne,} is an orthonormal basis of NDY and {e} = J(¢1),..., eq = J(€g)} is an
orthonormal basis of JD*.

Since

™™ =D @D EP D",
the squared norm of the second fundamental form A can be decomposed as

1h]? = I(DT, DT)||* + [IR(D?, D°)[|* + ||A(D*, DY) + 2[|A(DT, D]+
In(D, D%)|* + 2||h(D*, D).
Note that M is (D+, DT)-mixed totally geodesic, so we have
17 = [Ih(DT, DT)|* + [Ih(D?, D?)||* + | n(D*, D)+
In(D, D%)|* + 2/|h(D+, D)%,

112 Z Zg (eir€;),€q) 2+ Z Z (ei,€5), )ZJF

i,j=1a=1 i,j=1m=1
q
Z g(h(eaa e] ) (' + Z Z €a> 6b )2 +
a,b,c=1 a,b=1m=1
p q p
(29) o> ghEae),en)’+ D g(h(Em,en) )’ +
m,n=1a=1 m,n,k=1
T p q T p
2> 2.2 ghlenem)en)’ +2) 3 glhleiEm) ) +
i=1 m=1a=1 i=1 m,n=1
P q P q
22 g(h(€m, €a) eb)2+2 Z Zg(h(em,ga),en)z,
m=1a,b=1 m,n=1a=1
r q T p
102 = 7S glhler ) Je)? + S glhlesse;), New)+
i,j=1a=1 i,j=1m=1
q q p
Y 9(h(Ew ), Jé)? + 0 Y 9(h(Ea, @), New)?
a,b,c=1 a,b=1m=1
p
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T P q
22 Z Zg(h(euem + 22 Z euém),Nén)2
i=tm=ta=l i=1 m,n=1

Zi zq:g h(€m,€a), 242 Z Zg (Em, €a), NEn)2.

b=1 m,n=1a=1

Using (25), (26), and (27), we have

Z Zg (es,€5), Jea Z Z —e.(Inf)lg J6],61)+g(6j,61)])2.

i,j=1a=1 i,j=1a=1
Using Lemma 2 of [26, p. 9], we have
rop
Z Z (eivej), Nem)? = Z Z(Tém(lnf)g(ei,ej)
(31) i,j=1m=1 i,j=1m=1

- ém(lnf)g(eia Tej))Q'

Using (12), (30), (31), and (29), we get

|I]* > ZZ —Za(Inf)[g(Jej, e:) + gleg, e)]) +ZZCOSQT+1

i,j=1a=1 i,j=1m=1

(Em(Inf)glei,e;))? + Em(inf)gles, Te;))?.
Thus we obtain
IRl* >[IV (Inf)1? + 2 cos® 0|V (In )| %],
which is (28). O
Example 4.5. Let us consider the golden Riemannian manifold R® = R® x

R* with usual metric g and golden structure J defined by

a 0 0 -0 -0 -0 0 0
(67551787%) - (¢87m7¢67x2a¢67x37¢87x47¢87x57¢3y1a(baiyzad)aiyg 373/4)
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where i,j € {1,2,3,4}. Then we have

2<8ii’ 5‘?/1)
%5%%%):«¢+”é%*$+”§%45+”é%*¢+wé%4¢+néi7
(6+ (64 1) G+ D, (G D)

o 0 0 0 0 0 0 0 0 0 0 0

2
(8xi’87yi)_ (3951’8902’63:3’8504’8355’&;1’8y2’8y3’8y4’8y5
o 9 o0 o0 o0 0 o0 o0 0
8$1 ’ 8%2’ 8x37 8‘1347 8$57 82{1 ’ 6y2’ (9:(/37 8y4)’
JP=J+1.

Consider a submanifold M = (R®, g, J) given by

f(y,B,u,v) = (u+ v,u — v,ucos B,usin 3, u, v, ucosy, usin -y, \/5)
The tangent bundle of M is spanned by

Z1 = —usinv—agc1 + ucos*y—am,
0 0

Zy = —usin f— —
5 usmﬁaxQ—&—ucos,é’ayg,

Z3 = cos iJrsin iJruifviJrcosﬁiJrsinﬁi
3= 781‘2 78y3 E)yg 6y4 (9.1‘1 8$4 ’

0 0 0 . 0 . 0
Z4 = cosBaTJ1 + Cosvax3 + \/(Zaf% + 81116872 + Slnfya—%.

By direct calculations, we see that DT = span{Zy, Z,} is an invariant dis-
tribution, D* = span{Zs} is a slant distribution with slant angle

&1 +u?) + (1 +0v?)
V@4 2+ 021+ 02) + 31+ u2)

Q. = arccos

i

and D+ = {Z,} is an anti-invariant, since J(Zy) is orthogonal to T M. Thus,
we can conclude that M is a proper skew semi-invariant submanifold of M.

If we denote the integral submanifolds of D*, D+ and DT by M,, M, , and
M, respectively, then induced metric tensor of M is

ds? = u?(dy + dB) + (2 4+ u® + v?)du + (2 + ¢)dv.

Thus M = M, x M x My is a warped product skew semi-invariant submanifold
of M with warping function f = u.
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