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THE SPECTRAL DECOMPOSITION FOR FLOWS ON

TVS-CONE METRIC SPACES

Kyung Bok Lee

Abstract. We study some properties of nonwandering set Ω(φ)
and chain recurrent set CR(φ) for an expansive flow which has the
POTP on a compact TVS-cone metric spaces. Moreover we shall
prove a spectral decomposition theorem for an expansive flow which
has the POTP on TVS-cone metric spaces.

1. Introduction and preliminaries

In 1967, Smale had proved the spectral decomposition theorem, i.e,
the nonwandering set of an Axiom A dynamical system on a compact
manifold is the union of finitely many basic sets[4]. Also, the spectral
decomposition theorem for an expansive flow with the pseudo orbit trac-
ing property on a compact uniform space had proved by J. S. Park and
S. H. Ku in 2020[2].

In this paper we investigate some properties of nonwandering set and
chain recurrent set for flows on a compact TVS-cone metric space.

And we extend the spectral decomposition theorem on a compact
uniform space to expansive flow with the pseudo orbit tracing property
on a compact TVS-cone metric space.

We now introduce notions and definitions necessary for our works,

Let E be a topological vector space. A subset P of E is called a
topological vector space cone (abbr. TVS-cone) if the following are
satisfied

(A) P is closed and Int(P ) 6= ∅
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(B) If u, v ∈ P and a, b ≥ 0, then au+ bv ∈ P
(C) If u,−u ∈ P , then u = 0.
Let P be a TVS-cone of a topological vector space E. Some partial

ordering ≤, < and � on E with respect to P are defined as followings
respectively

(i) u ≤ v if v − u ∈ P
(ii) u < v if u ≤ v but u 6= v
(iii) u� v if v − u ∈ Int(P ), where Int(P ) denote the interior of P .

Lemma 1.1. Let P be a TVS-cone of a topological vector space E.
Then the following hold.

(1) If u� 0, then ru� 0 for all r > 0
(2) If u1 � v1, u2 � v2, then u1 + u2 � v1 + v2
(3) If u � 0 and v � 0, then there exists w � 0 such that w � u

and w � v [1].

Let E be a topological vector space with cone P . A map d : X×X →
E is called a TVS-cone metric on X and (X, d) called a TVS-cone metric
space if the following conditions are satisfied.

(i) d(x, y) ≥ 0 for all (x, y) ∈ X × X and d(x, y) = 0 if and only if
x = y,

(ii) d(x, y) = d(y, x) for all (x, y) ∈ X ×X,
(iii) d(x, y) ≤ d(x, z) + d(z, y) for all x, y, z in X.
Let (X, d) be a TVS-cone metric space, then the collection of all u-

balls Bd(x, u), B = {Bd(x, u) | x ∈ X,u � 0}, is a basis for some
topology = on X.

In this paper, we always suppose that a cone P is a TVS-cone on
a topological vector space E and a TVS-cone metric space (X, d) is a
topological space with the above topology =.

Let (X, d) be a TVS-cone metric space over topological vector space
E.

A flow on X is the triplet (X,R, φ, where φ is a map from the product
space X × R into the space X satisfying the following axioms :

(1) φ(x, 0) = x for every x ∈ X,
(2) φ(φ(x, s), t) = φ(x, s+ t) for every x ∈ X and s, t in R,
(3) φ is continous.
We denoted by C0(R) the set of all continuous functions h : R → R

such that h(0) = 0.
Let φ be a flow on a TVS-cone metric space (X, d) :
φ is said to be expansive if for every ε > 0 there exists a vector u� 0

such that if x, y ∈ X satisfy d(φt(x), φh(t)(y)) � u for all t ∈ R and
some h ∈ C0(R) then y = φr(x) where |r| < ε.
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Let φ be a flow on a TVS-cone metric space (X, d). Given a vector
u � 0 and a real number T > 0, an (u, T )-pseudo orbit is a collection
of sequences ({xi}, {ti}) so that ti ≥ T and d(φti(xi), xi+1) � u for all

i ∈ Z. For the sequence {ti} we write sn =
∑n−1

i=0 ti, s−n =
∑−1

i=−n ti,

where s0 =
∑−1

i=0 ti = 0. we always assume
∑k

i=j ti = 0 if k < j.

An (u, T )-pseudo orbit ({xi}, {ti}) is v-traced by an orbit (φt(x))t∈R
if

d(φt(z), φt−sn(xn))� v if sn ≤ t < sn+1 for n ≥ 0

and

d(φt(z), φt+sn(xn))� v if − sn ≤ t < −sn+1 for n < 0.

We say that a flow φ has the pseudo orbit tracing property (POTP)
if for any vector u � 0 there exists a vector v � 0 such that every
(v, T )-pseudo orbit is u-traced by an orbit of φ for all T > 0.

Lemma 1.2. Let φ be a flow on a TVS-cone metric space (X, d)
without fixed points. Then there exists a number T0 > 0 such that for
every T ∈ [0, T0] there is a vector u � 0 such that d(φT (x), x) ≥ u for
all x ∈ X [1] .

Lemma 1.3. [1] Let φ be a flow on a TVS-cone metric space (X, d).
Let T be a compact subset of R and x ∈ X. Then for every vector
u � 0 there exists a vector v � 0 such that if d(x, y) � v, then
d(φt(x), φt(y))� u for all t ∈ T .

Lemma 1.4. Let φ be a flow on a TVS-cone metric space (X, d)
without fixed points and let T0 be the number determined by Lemma 1.3.
For every T ∈ (0, T0) there exists a vector u � 0 with d(φT (x), y) ≥ u
provided that d(x, y)� u.

Proof. Take a vector v � 0 determined in Lemma 1.2 and choose a
vector w1, with 0 � w1 � 1

2v. Since φT is uniformly continuous, there
exists a vector w2 � 0 such that if d(x, y)� w2, then d(φT (x), φT (y))�
w1. Moreover, if d(x, y) � w2, then d(φT (x), y) � w1. Assume that
d(φT (x), y)� w1.

We obtain d(φT (y), y) ≤ d(φT (y), φT (x)) + d(φT (x), y) � 2w1 � v,
contradicting that the choice of v. Take a vector u � 0 with u � w1,
and u � w2. If d(x, y) � u � w2, then d(φT (x), y) � w1, so that
d(φT (x), y)� u.
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2. Nonwandering set and chain recurrent set

Let φ be a flow on a TVS-cone metric space (X, d). Given a vector
u � 0, T > 0, and x, y ∈ X, an (u, T )-chain from x to y is a collec-
tion {x = x0, x1, · · · , xn−1, xn = y; t0, t1, · · · , tn−1} so that ti ≥ T and
d(φti(xi), xi+1)� u for all i = 0, 1, · · · , n− 1.

A point x is equivalent to y, written x ∼ y, if for every vector u� 0
and T > 0, there is an (u, T )-chain from x to y and one from y to x.
The chain recurrent set of φ is CR(φ) = {x ∈ X|x ∼ x}.

The relation ∼ is an equivalence relation on CR(φ) and the equiva-
lence classes are called chain component for φ.

A point x ∈ X is called nonwandering of a flow φ on a TVS-cone
metric space (X, d) if for any neighborhood U of x, φT (U) ∩ U 6= ∅ for
some T > 0. The set of nonwandering points is denoted by Ω(φ).

Lemma 2.1. Let φ be a flow on a compact TVS-cone metric space
(X, d). If x ∈ CR(φ), then x ∼ φr(x) for all r ∈ R.

Proof. Let r > 0, T > 0 and a vector u � 0. If T ≤ r, then
{x, φr(x); r} is an (u, T )-chain from x to φr(x). Now consider the case
T > r. By the continuity of φr, there exists a vector v � 0 such that if
d(x, y)� v, then d(φr(x), φr(y))� u. By x ∼ x, there is a (v, T )-chain
{x = x0, · · · , xk = x; t0, t1, · · · , tk−1} from x to itself. Then a collection

{x = x0, · · · , xk−1, φr(x); t0, t1, · · · , tk−1 + t}
is an (u, T )-chain from x to φr(x).

Also, since there exists an (u, T + r)-chain

{x = x0, · · · , xk = x; t0, t1, · · · , tk−1}
from x to itself, we get an (u, T )-chain from φr(x) to x

{φr(x), x1, · · · , xk = x; t0 − r, t1, · · · , tk−1}.
Therefore x ∼ φr(x). For r < 0, it follows that x ∼ φr(x) by similar
argument.

A set M ⊂ X is said to be invariant if φt(M) ⊂M for all t ∈ R.

Lemma 2.2. Let φ be a flow on a compact TVS-cone metric space
(X, d) and C be a chain component. Then C is invariant and closed.

Proof. By Lemma 2.1, C is invariant. To show the closedness of C,
we shall prove that C = C. Let z ∈ C. To prove that z ∈ C, let
y ∈ C and let T > 0 and a vector u � 0. By the continuity of φT ,
there exists a vector v with 0 � v � 1

2u such that if d(x, y) � v,
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then d(φT (x), φT (y)) � u. From z ∈ C, there is a x ∈ C such that
d(x, z)� v. Because x, y ∈ C, there exists a (v, 2T )-chain

{x = x0, x1, · · · , xk = y; t0, t1, · · · , tk−1}
from x to y. Since d(x, z) � v, we have d(φT (x), φT (z)) � u. so a
collection

{z, φT (x), x1, · · · , xk = y;T, t0 − T, t1, · · · , tk−1}
is an (u, T )-chain from x to y.

Now we shall obtain an (u, T )-chain from y to z. Notice that there
exists a (v, T )-chain

{y = x0, x1, · · · , xk = y; t0, · · · , tk−1}
from y to x. Then

d(φtk−1
(xk−1), z) ≤ d(φtk−1

(xk−1), x) + d(x, z)� 2v � u.

Thus a collection

{y = x0, · · · , xk−1, z; t0, · · · , tk−1}
is an (u, T )-chain from y to z.

Concatenating the (u, T )-chain from z to y with the (u, T )-chain from
y to z, we obtain an (u, T )-chain from z to itself. Therefore z ∈ CR(φ)
and z ∼ y. Consequently z ∈ C, i.e., C is closed.

Proposition 2.3. Let φ be a flow on a compact TVS-cone metric
space (X, d). If φ has the POTP, then Ω(φ) = CR(φ).

Proof. Let x ∈ CR(φ). Given any neighborhood U of x, there exists
a vector u� 0 such that B(x, u) ⊂ U . Since φ has the POTP, there is
a vector v � 0 such that every (v, 1)-pseudo orbit is u-traced by some
orbit. By x ∈ CR(φ), there exists a (v, 1)-chain

{x = x0, x1, · · · , xk−1, xk = x; t0, t1, · · · , tk−1}
from x to itself.

For n = mk + j with m ∈ Z and 0 ≤ j < k, let xn = xj and tn = ti.
Then ({xn}, {tn}) is a (v, 1)-pseudo orbit.

Thus there exists z ∈ X such that

d(φt(z), φt−sn(xn))� u for sn ≤ t < sn+1, n ≥ 0

and
d(φt(z), φt−sn(xn))� u for − sn ≤ t < −sn+1, n ≤ 0.

From the fact that d(z, x) = d(φ0(z), φ0−s0(x)) � u, we have z ∈
B(x, u) ⊂ U . There exists an n = mk such that sn > 1.
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By d(φsn(z), x) = d(φsn(z), φsn−sn(xn)) � u, we have φsn(z) ∈
B(x, u) ⊂ U , i.e., φsn(U) ∩ U 6= ∅. Consequently, x ∈ Ω(φ). Since
Ω(φ) ⊂ CR(φ), we conclude that Ω(φ) = CR(φ).

Proposition 2.4. Let φ be an expansive flow on a compact TVS-
cone metric space (X, d). If φ has the POTP, then the set Per(φ) of
periodic points is dense in CR(φ).

Proof. Since Per(φ) ⊂ CR(φ) and CR(φ) is closed, we get Per(φ) ⊂
CR(φ).

To prove that CR(φ) ⊂ Per(φ), choose x ∈ CR(φ). Let U be a
neighborhood of x and let 0 < ε < 1. we claim that U ∩ Per(f) 6= ∅.

By the expansiveness, there exists a vector u � 0 with B(x, u) ⊂ U
such that if

d(φf(t)(x), φt(y))� u for all t ∈ R and some f ∈ C0(R)

then y = φs(x) for some |s| < ε.
Since φ has the POTP, there is a vector v � 0 such that every (v, 1)-

pseudo orbit is 1
2u-traced by some orbit of φ.

Since x ∈ CR(φ), there exists a (v, 1)-chain {x = x0, x1, · · · , xk−1, xk =
x; t0, t1, · · · , tk−1} from x to itself.

We can extend this (v, 1)-chain to a (v, 1)-pseudo orbit ({xn}, {tn})
in a same way as the proof of Proposition 2.3. Then there exists z ∈ X
such that

d(φt(z), φt−sn(xn))� 1

2
u for sn ≤ t < sn+1, n ≥ 0

and

d(φt(z), φt−sn(xn))� 1

2
u for − sn ≤ t < −sn+1, n ≤ 0.

Let m ≥ 0, smk+j ≤ t < smk+j+1. Since

s(m+1)k+j = smk+j + sk ≤ t+ sk < smk+j+1 + sk = s(m+1)k+j+1,

we have

d(φt+sk(z), φt+sk−s(m+1)k+1
(x(m+1)k+j)) = d(φt+sk(z), φt−smk+j

(xmk+j)) <
1

2
u.

Thus d(φt+sk(z), φt(z)) ≤ d(φt+sk(z), φt−sn(xn))+d(φt−sn(xn), φt(z))�
u.

Let m < 0,−smk+j ≤ y < −smk+j+1. Since

−s(m−1)k+j = −smk+j + sk ≤ t+ sk ← smk+j+1 + sk = −s(m−1)k+j+1,
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we have

d(φt+sk(z), φt+sk+s(m−1)k+j
(x(m−1)k+j)) = d(φt+sk(z), φt+smk+j

(xmk+j)) <
1

2
u.

Thus d(φt+sk(z), φt(z)) ≤ d(φt+sk(z), φt+sn(xn))+d(φt+sn(xn), φt(z))�
u. From d(φt+sk(z), φt(z)) = d(φt(φsk(z)), φt(z)) � u for all t ∈ R, we
have

z = φs(φsk(x)) = φsk+s(z) for some |s| < ε.

By sk ≥ s1 = t0 ≥ 1 > ε > |s|, we get sk − s ≥ sk − |s| > 0. Thus z is
a periodic point. Moreover d(z, x) = d(φ0(z), φ0−s0(x0))� 1

2u� u and
therefore z ∈ B(x, u) ⊂ U .

Consequently the set Per(φ) of periodic points is dense in CR(φ).

Remark 2.5. Assume that a flow is expansive and has the POTP.
In the proof of Proposition 2.4, we demonstrate that if a pseudo orbit
is periodic, then there exists a periodic point which traces the periodic
pseudo orbit.

3. Spectral decomposition theorem

Smale’s spectral decomposition theorem say that for Axiom A flows
the nonwandering set partitions into nonempty closed invariant sets each
of which is topologically transitive [4].

We now prove spectral decomposition theorem for an expansive flow
on a compact TVS-cone metric space. First we introduce the following
definitions and lemmas.

Let φ be a flow on a TVS-cone metric space (X, d). For given vector
u � 0 and x ∈ X, let W s

u(x) and W u
u (x) be the local stable and local

unstable sets defined by

W s
u(x) = {y ∈ X | d(φt(x), φt(y))� u for all t ≥ 0}

W u
u (x) = {y ∈ X | d(φt(x), φt(y))� u for all t ≤ 0}.

Also, define the stable and unstable sets W s(x),W u(x) as

W s(x) = {y ∈ X | ∀u� 0,∃T > 0 s.t.O(x)∩B(φt(y), u) 6= ∅ for all t ≥ T}

W u(x) = {y ∈ X | ∀u� 0,∃T < 0 s.t.O(x)∩B(φt(y), u) 6= ∅ for all t ≤ T}
, where O(x) denote the orbit of x.

Lemma 3.1. Let φ be an expansive flow on a compact TVS-cone
metric space (X, d). Then there exists a vector u � 0 such that if
p ∈ Per(φ), then W s

u(p) ⊂W s(p) and W u
u (p) ⊂W u(p).
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Proof. Let u1 � 0 be an expansive vector with respect to 1. Choose
any vector u, 0� u� u1. We claim that W s

u(p) ⊂W s(p).
Assume that W s

u(p) 6⊂ W s(p) for some periodic point p. We take
y ∈ W s

u(p) −W s(p). By y /∈ W x(p), there is a vector w � 0 such that
for every t > 0,

O(p) ∩B(φT (y), w) = ∅ for some T ≥ t.
So for each n there exists a tn > max{n, tn−1} such thatO(p)∩B(φtn(y), w) =
∅. By the compactness of X, the sequence {φtn(p)} has a convergent
subsequence.

Let φtn(y) → y0. We claim that O(p) ∩ B(y0,
1
2w) = ∅. Otherwise,

there exists a q ∈ O(p) ∩ B(y0,
1
2w). By φtn(y) → y0, there is a k such

that φtk(y) ∈ B(y0,
1
2w). Since d(q, φtk(y)) ≤ d(q, y0) + d(y0, φtk(q)) �

1
2w + 1

2w = w, it follows that q ∈ O(p) ∩ B(φyk(y), w). This is contra-
diction. Thus y0 /∈ O(p).

Let φtn(p) → p0. For any t ∈ R, since tn → ∞, there is a positive
integer N such that tN + t > 0. By tn + t ≥ tN + t for all n ≥ N ,
d(φtφtn(p), φtφtn(y)) � u. Put n → ∞. Then d(φt(p0), φt(y0)) � u �
u1. Thus y0 = φs(p0) for some s, |s| < 1 and hence y0 ∈ O(p).

This contradiction imply that W s
u(p) ⊂ W s(p) for all p ∈ Per(φ).

The proof for W u
u (p) ⊂W u(p) is similar.

Lemma 3.2. Let p, q ∈ Per(φ). If W u(p) ∩W s(q) 6= ∅ and W s(p) ∩
W u(q) 6= ∅, Then p ∼ q.

Proof. Let x ∈ W u(p) ∩W s(q). Let any vector u � 0 and T > 0.
Then there is a s > 0 such that O(p) ∩ B(φt(x), u) 6= ∅ for all t ≤ −s
and O(q) ∩B(φt(x), u) 6= ∅ for all t ≥ s. choose t ≥ s with 2t ≥ T .

Let p0 ∈ O(p) ∩ B(φ−t(x), u) and q0 ∈ O(q) ∩ B(φt(x), u). Take
r1, r2 ≥ T such that p0 = φr1(p) and q0 = φr2(q), respectively.

Then {p, φ−t(x), q0, q; r1, 2t, r2} is an (u, T )-chain form p to q.
Similarly, we can construct an (u, T )-chain from q to p. Consequently,

p ∼ q.
Lemma 3.3. Let φ be an expansive flow on a compact TVS-cone

metric space (X, d). If φ has the POTP and C is a chain component,
then C is open in Ω(φ).

Proof. Let u1 � 0 be the vector determined as Lemma 3.1. Take a
vector v1 � 0 corresponding to u1 by the POTP. By Proposition 2.3
and 2.4, Ω(φ) = Per(φ). Since U ≡ B(C, 12v1) ∩ Ω(φ) is a nonempty
open set in Ω(φ), U ∩ Per(φ) is nonempty. Let p ∈ U ∩ Per(φ). Then
d(y, p)� 1

2v1 for some y ∈ C.
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We claim that p ∼ y. For any vector u � 0 and number T > 0,
there exists a vector v � 0 with v � 1

2v1, v � u such that if d(y, z) �
v, then d(φT (y), φT (z)) � u. We can take q ∈ B(y, v) ∩ Per(φ) by
B(y, v) ∩ Per(φ) 6= ∅. d(y, q) � v implies d(φT (y), φT (q)) � u. By the
periodicity of q, φt(q) = q for some t, t ≥ 2T . Then {y, φT (q), q;T, t−T}
is an (u, T )-chain from y to q and {q, y; t} is an (u, T )-chain from q to y.

Take r1, r2 ≥ T with φr1(p) = p and φr2(q) = q. we define the
following

un = φ−nr1(p), tn = r1 for n < 0

un = φnr2(q), tn = r2 for n ≥ 0.

Then d(p, q) ≤ d(p, y) + d(y, q)� 1
2v1 + v � 1

2v1 + 1
2v1 = v1. There-

fore ({vn}, {tn}) is a (v1, T )-pseudo orbit. Thus there exists a z ∈ X
that u1-traces the (v1, T )-pseudo orbit ({un}, {tn}). For t ≥ 0, let
nr2 ≤ t < (n + 1)r2. Then d(φt(z), φt−nr2(xn)) = d(φt(z), φt−nr2(q)) =
d(φt(z), φt(q)) ≤ u1. Thus z ∈ W s

u1
(q). For t ≤ 0, let −nr1 ≤ t <

−(n− 1)r1.
Then d(φt(z), φt+nr1(xn)) = d(φt(z), φt+nr1(φ−nr1)(p)) = d(φt(z), φt(p))�

u1. Thus z ∈ W u
u1

(p) and it follows that z ∈ W u
u1

(p) ∩ W s
u1

(q) ⊂
W u(p) ∩W s(q).

Define
vn = φ−nr2(q), tn = r2 for n < 0

vn = φnr1(p), tn = r1 for n ≥ 0,

then ({vn}, {tn}) is also a (v1, T )-pseudo orbit. Thus there exists a
w ∈ X that u1-traces the (v1, T )-pseudo orbit ({vn}, {tn}). Then z ∈
W s

u1
(p) ∩W u

u1
(q) ⊂ W s(p) ∩W u(q). By Lemma 3.2, p ∼ q and there

exists an (u, T )-chain from p to q and one from q to p.
Concatenating the (u, T )-chain from p to q with the (u, T )-chain from

q to y, we obtain an (u, T )-chain form p to y. In the similar process we
find an (u, T )-chain from y to p. Therefore p ∼ y. Thus p ∈ C that is

U ∩ Per(φ) ⊂ C. Since C is closed in X, we have C ⊃ U ∩ Per(φ) ⊃
U ∩ Per(φ) = U . By C ⊂ U , and so we conclude that C = U . Thus it
follows that C is open in Ω(φ).

Let φ be a flow on a TVS-cone compact metric space (X, d). we recall
that a set A ⊂ X is said to be topologically transitive with respect to
φ if for any open sets U and V in X such that U ∩ A and V ∩ A are
nonempty, there exists T > 0 such that φT (U) ∩ V 6= ∅.

Proposition 3.4. Let φ be a flow on a compact TVS-cone metric
space (X, d). If φ has the POTP and C is a chain component, then C
is topologically transitive with respect to the flow φ.
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Proof. Let U, V be nonempty open sets in C and let x ∈ U, y ∈ V .
Then there exists a vector u� 0 such that B(x, u)∩C ⊂ U,B(y, u)∩C ⊂
V and B(x, u)∩CR(φ) ⊂ C,B(y, u)∩CR(φ) ⊂ C. Take a vector v � 0
satisfying definition of the POTP with respect to u.

By x ∼ y, there is a (v, 1)-chain from x to itself passing y {x0 =
z, · · · , xn = y, · · · , xm = x; t0, · · · , tm−1} Then we can extend (v, 1)-
chain to a periodic (v, 1)-pseudo orbit ({xi}, {ti}). By Remark 2.5, there
is a periodic point z ∈ X that u-traces the periodic (v, 1)-pseudo orbit
({xi}, {ti}).

Since d(z, x) = d(φ0(z), φ0−s0(x0)) � u, we have z ∈ B(x, u) ∩
CR(φ) ⊂ B(x, u)∩C ⊂ U . By d(φsn(z), y) = d(φsn(z), φsn−sn(xn))� u,
we obtain φsn(z) ∈ B(y, u) ∩ CR(φ) ⊂ B(y, u) ∩ C ⊂ V . Consequently,
φsn(U) ∩ V 6= ∅.

Therefore C is topologically transitive with respect to φ.

Theorem 3.5. (The spectral decomposition theorem) Let φ
be an expansive flow on a compact TVS-cone metric space (X, d). If φ
has the POTP, then its nonwandering set Ω(φ) can be uniquely repre-
sented in the form Ω(φ) = C1 ∪ · · · ∪ Cm, where C1, · · · , Cm are chain
components.

Proof. By Proposition 2.3, we obtain that Ω(φ) = CR(φ). It is well
known that CR(φ) has a decompositon into chain components {Ci}.

By Lemma 2.2 and Lemma 3.3, chain components are open and closed
in Ω(φ), and are invariant. By Proposition 3.4, φ is topologically tran-
sitive on each component. Since Ω(φ) is compact, Ω(φ) is uniquely
expressed as a finite disjoint union Ω(φ) =

⋃m
i=1Ci.
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