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CHARACTERIZATIONS ON ORBITAL INVERSE LIMIT
SYSTEMS

HAHNG-YUN CHU AND NAKYUNG LEE

ABSTRACT. In this article, we investigate minimality, transitivity
and mixing property for a shift map on the orbital inverse limit
systems.

1. Introduction

In this article, we study dynamical properties on the orbital inverse
limit systems induced from two cross bonding maps. Actually the sys-
tems is a generalization of the inverse limit systems which is one of
important subjects in dynamical systems, see [1], [2] and [5].

In the orbital inverse limit systems, horizontal directions express in-
verse limit systems and vertical directions mean orbits based on hori-
zontal axes. In [3], the authors proved expansiveness of the shift maps
on the orbital inverse limit spaces. However the two bonding maps in [3]
move differently on two directions from the bonding maps in this article.

Now we first propose the construction of the systems. Let X be a
compact metric space with metric dx. We consider a countable product
space of X,

X% = {(2i)icz | x;i € X fori € Z}.
For points (z;)iez, (yi)icz € X%, we define a compatible metric dy, on
X7 given by

doo((2i)iez, (Vi)iez) == Z M

i
€7 2
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Let g be a homeomorphism from X to itself. So we also consider a
subspace X9 of X% defined by

X9 = {(2)icz. € X* | ¥ = g(wiy1) for i € Z}.

We say it an orbital space for g, and its element (x;);¢cz is called a g-orbit
of x where x = z¢. It is known that X9 is a compact metric space with
the metric doo. For k € Z, let p* : XZ — X be a natural projection given
by p*((x;)iez) = xx. For each k € Z, we denote py, := pF|xs : X9 — X
as the restriction of p* to X9.

Next we consider a countable product space X := (X Z)N of X% and
denote an element (z;;);; of X as follows:

T(—i)0 T(—i)1 T(—i)j
(zi5)ij = w0 || wor f,oou | wms |L-e
x40 Z4q1 Tij

where z;; € X fori € Z, j € N={0,1,2,...}. That is, each element of
X has a type of matrix. On the space X, we define a metric d given by

d((ij)ij Wij)ij) == w

olil . 34
€T, 3
jEN

for (@s5)ij, (vij)ij € X.
A subspace (X9)N of the product space X is denoted by

(XN = {(2ij)ij € X | mij = g(w(141);) for i €Z and j € N},

S0 it is also a compact metric space. Now we give a shift map on the
product space (X9)N. Let ¢ be a (left) shift map on (X9)N given as
follows:
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T(—i)0 T(—i)1 T(—i)2
s((@i5)i) = < YR I IV [ R
;0 Izl Ti2
T(—i)1 T(—4)2 T(-1)3
- s |y e L] e | | = ((@agan))
i1 Zi2 Z4i3

for every (z;;)i; € (X9)N. It is obvious that this shift mapping is a
continuous surjection.

Let f : X — X be a continuous surjection satisfying a commuting
property f og = go f for the above homeomorphism g. We define a
subspace X% of (XN as

X?c = {(l’lj)lj € (XQ)N | Toj = f(l’o(j+1)) for j € N}

So X? is a closed subset of (X9)N and thus it is compact in (X9)N. See
[4]. We sometimes write down Lim{X¥,F9} instead of X? and call the
space X? the orbital inverse limit space induced by f with respect to g.
In the systems, the space X is called a factor space and the function f
is called the horizontal bonding function and the function g is called the
vertical bonding function. For more details, see [4].

Throughout this paper, we let that (X, dx) is a compact metric space
and that f : X — X is a continuous surjection and g : X — X is a
homeomorphism with satisfying the commutative condition fog = go f.
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2. Transitivity for orbital inverse limit systems

In this section, we deal with several dynamical properties on the
orbital inverse limit systems. For the shift mapping ¢, we consider a
restriction o = §|X? : X% — X5 of ¢ to X%, So we also obtain the

inverse function, denoted o4 :=0c"1: X*;]c — X?. Since

T(-i)0 T(—i)1 T(—i)2
org((Tij)ig) = opg A IO T I R
Ti0 2711 Tio
f(x(;i)O) 90(;1-)0 x(;i)l
= e I R I S
f(ﬂéz'o) Ti0 Ti1

for (xij)ij S X?, we have af,g((:vij)ij) = (f(ZCZJ))zJ for all (wij)ij € X?

For | € N, we denote a natural projection with respect to horizontal
direction of (X9)N as p! : (X9)N — X9. Then we have that p'((z;;)ij) :=
Orb9(xq) for each [ € N. We denote p; a restriction of p! to X?. Let us
define a continuous surjection F9 : X9 — X9 given by

F9(M(y;);) = "(fy;));  for T(y;); € X9

Thus we get that the restriction p; holds the commutativity as follows:

X(; Tf.g Xu(;

p,l Jp,

X9 X9
FY
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that iS, Pio0fg = Fd9o P

The continuous mapping f from X to itself is said to be minimal if
for any x € X, an orbit of x for f is dense in X. A subset M is minimal
in X with respect to f if M is a closed invariant subset of X and the
restriction f|y; : M — M is minimal.

THEOREM 2.1. Let X? be an orbital inverse limit space induced by
f with respect to g and let oy, : X?c — Xfc be a shift map. Let M be a
minimal set in X*;’c with respect to oy 4, then for every i € Z and j € N,
mi;(M) is also minimal in X with respect to f. Here m;; is a (i,j)-th
projection map from X?.

Proof. Fixed k € Z and | € N, since my; is a closed map and M is
closed in X“;’c, 7 (M) is closed in X. Since

(M) = i (0f,4(M)) = (M),

7 (M) is invariant under f. Now we prove that mg (M) = O;{(m) for
all x € m(M). Let x € 7 (M). It is enough to show that m (M) C
O?(z) Here, O?(:p) = {f"(x) | n € N}. We choose x € M such

that m(x) = z. Then O,, (x) = M because M is minimal. Here,
Oo,,(x) := {0} ,(x) | n € Z}. For any y € m (M), take y € M such
that mg;(y) = y. Then we can take a subsequence n; of positive integers
such that o’ (x) — y as t — oo. Therefore we obtain that

y=mu(y) = lim mg(of' (x)) = lim f*(mu(x)) = lim f*(z).

Hence y € O}_(:L') O
Using Theorem 2.1, we obtain directly the next corollaries.

COROLLARY 2.2. Let X9 be an orbital space for g and F9 : X9 — X9
an orbital function for g with respect to f. Let Xfc be an orbital inverse
limit space induced by f with respect to g and let oy, : X;’c — X? be a
shift map. Let M be a closed subset of X such that it is invariant under
fo I Um{Orbd(M),F9} is minimal in X9 with respect to oy,g, then M
is also minimal in X with respect to f.
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COROLLARY 2.3. Let Xfc be an orbital inverse limit space induced
by f with respect to g and let oy,g X‘;’[ — X*;]c be a shift map. If o4 is
minimal, then f is minimal.

We define that a continuous function f : X — X is (topologically)
transitive if for any nonempty open subsets U and V of X, there is a
positive integer n such that f*(U) NV # 0. If X is compact, then it is
equivalent to the fact that there is an element x of X such that the orbit
of x for f is dense in X. The mapping f is said to be (topologically) miz-
ing if for any nonempty open subsets U and V of X, there is a positive
integer N such that f*(U) NV # () for all n > N. We define that f is
chain transitive if for any x, y € X and for any € > 0, there is a e-chain in
X of f from x to y, that is, a finite sequence x = zg, Z1, " , Tn_1,Tn =Y
in X such that d(f(x;),zi+1)) < € for every ¢ € {0,1,--- ,n —1}.

The next theorem shows that the notions of transitivity, mixing and
chain transitivity for the original dynamical systems are equivalent to
the notions of the corresponding properties for the orbital inverse limit
systems induced from the original systems.

THEOREM 2.4. Let X? be an orbital inverse limit space induced by
[ with respect to g and let oy, : X;’v — X?c be a shift map. Then the
following properties hold.
(1) f is transitive if and only if oy 4 is transitive.
(2) f is mixing if and only if 0y 4 is mixing.
(3) f is chain transitive if and only if 0¢ 4 is chain transitive.

Proof. (1) Suppose that f is transitive. Let U and V be nonempty
open subsets of the product space X%, respectively. Then we choose
u,v € X, ke€Z,l €N, and € > 0 such that

W,C_ll(BE(u)) CU and W,;ll(Ba(v)) CV.

Since f is transitive, there is a positive integer n such that f™(Bg(u)) N
B:(v) # 0. Thus

0 # 7y (Be(u)n f(B:(v)))
= 7t (Be(w) N (F"(Be(v)))
= my (Be(w) oy g (my! (Be(v))
C

Uno, (V).
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Thus we have o} (U)NV # 0, so oy, is transitive.
Conversely, we assume that oy, is transitive. Let U and V be
nonempty open subsets of X. Then 7y, (U) and 7' (V) are also nonempty

open subsets of X?. Since oy, is transitive, we can choose a positive

integer n such that
0F4(To0 (U)) Mg (V) # 0.
Then we get
0 # moo(0f (Mo (U)) Mg (V)

C  mo0(0} 4 (m0 (U))) Mmoo (g (V)

= f™(moo(mgg (U))) NV

= fMu)nvy,
so f is transitive.

(2) This proof is similar to that of (1).

(3) We first assume that f is chain transitive. Let x = (z4;)i, ¥y =
(vij)ij € Xfc. For any ¢ > 0 we choose a positive integer N satisfying
QQN < {5 and 3% < § where D := diamX. By the uniform continuity of
f and g, there exists a positive real number ¢ such that for x, y € X,

Z dx(g'(f(x)), 9" (' ())) < €
olil . 37 4’

—N<i<N
0<G<N

if dx(z,y) < . Since f is chain transitive, there is a d-chain in X of f

from zon to yon, say

1 _n
y 20N — YON-

Z(())N :xON’Z(l)sz(%NW" 7Z(7)l];
For each integer k € (0,n), put zé(N_j) = fj(ng) if 0 <j <N and
take sz(ij) = f_l(zf(ijil)) if j < 0. For each 7 € N, we denote
zfj = _i(zgj) for all ¢ € Z. For i € Z and j € N, let z?j = z;; and
z; = yij- Then a finite sequence

(Zzoj)ij =X, (Zz‘lj)ijv (z?j)ij, T 7(Zz'nj_1)ij7 (Zznj)ij =Yy

becomes an e-chain in X? of 04 from x to y. Indeed, we have that for
0<k<n

d(o19((25)i). (i) =S

dX(f(szg)a ij—i_l)
9lil . 34
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Thus o 4 is chain transitive.

Conversely, suppose that oy, is chain transitive. Let z, y € X. We
take two points (xi;);; and (yij)i; of X*je with zg9p = z and ygo = ¥,
respectively. Since oy 4 is chain transitive, for any € > 0 we can choose
an e-chain in X*;’c of of4 from (x;;)i; to (yij)i;, that is,

(20)ij = @i)ijs (2))ig (25)igs -+ (5 Vi (285)ig = (wig)ig-
Then we have that for 0 < k < n

kN Jk+1 7 k E+1
dx (f(260)s 250 ) < d(o,q((25)ij), (ZijJr )ij) <&,
which means that the following finite sequence
200 = T5 200, 2000 1 200 2700 = ¥
is an e-chain in X of f from z to y. This completes the proof.
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