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RUDNICK AND SOUNDARARAJAN’S THEOREM
FOR FUNCTION FIELDS IN EVEN CHARACTERISTIC

HwANYUP JUNG

ABSTRACT. In this paper we prove an even characteristic analogue
of the result of Andrade on lower bounds for moment of quadratic
Dirichlet L-functions in odd characteristic. We establish lower
bounds for the moments of Dirichlet L-functions of characters de-
fined by Hasse symbols in even characteristic.

1. Introduction

It is a fundamental problem in analytic number theory to estimate
moments of central values of L-functions in families. In [3, 4], Rudnick
and Soundararajan obtained a result on lower bounds for moments of
central values of L-functions over the family of quadratic Dirichlet char-
acters. More precisely, they showed that for every even natural number
k, one has

b
> L3 xa)" >k X (log XK/,
ldI<X

where b indicates that the sum is taken over fundamental discriminants
d, and x4 is the Dirichlet character associated to the quadratic exten-
sion K/Q of discriminant d. In [1], Andrade established a function field
analogue of the result of Rudnick and Soundararajan in odd character-
istic. Let F4[T] be the polynomial ring over a finite field F,, where ¢ is
odd, and H,, denote the set of monic square-free polynomials in Fy[T]
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of degree n. Andrade proved that for every even natural number k£ and
n=2g+1orn=2g+ 2, one has

1
Hon| Z L(%7XD)k >k (logq‘DDk(k’Jrl)/Q,
" DeHn

where |D| = ¢3°8(?) and L(s, xp) is the Dirichlet L-function attached
to a quadratic character xyp. The aim of this paper is to give an even
characteristic analogue of the result of Andrade.

Let us fix some basic notations. Let k = Fy(T") be the rational func-
tion field over a finite field F; and A = F,[T’]. From now on ¢ is assumed
to be even and ¢ > 2 for simplicity. We denote by AT the set of monic
polynomials in A and by P the set of monic irreducible polynomials in
A. Let A, = {f € A :deg(f) =n}, and A} = AT N A, for any positive
integer n. The zeta function (a(s) of A is defined to be the following

infinite series:
1\ !
= 1—— ,  Re(s) > 1.
=% =1 ) (#)

feA+t PeP

It is well known that (a(s) = For f € AT let ®(f) = [(A/fA)*].

1(1713'
1.1. Quadratic function field in even characteristic

In this subsection, we recall some basic facts on quadratic function
field in even characteristic. For more details, we refer to [2, §2.2, §2.3].
Any separable quadratic extension of k is of the form K, = k(z,),
where z,, is a zero of X2 + X + u = 0 for some u € k. Fix an element
£ e Fy\ p(Fy), where p : k — k is the additive homomorphism defined
by p(z) = 2% + 2. We say that u € k is normalized if it is of the form

“—ZZ 2] T +ZO‘T% T+
=1 j= 1
where P; € P are distinct, A;; € A with deg(A;;) < deg(P;), Aje; # 0,
a€{0,¢}, ap € Fy and a, # 0 for n > 0. Let u € k be normalized one.
The infinite prime (1/7") of k splits, is inert or ramified in K,, according
asnm=0and a =0, n=0and a =& orn > 0. Then the field K,
is called real, inert imaginary, or ramified imaginary, respectively. The
discriminant D,, of K, is given by

HZ IP% (1/T)*™  if n >0,
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and the genus g, of K, is given by
1
Gu = Qdeg(Du) -1

For M € AT, write r(M) = [1pjp P and t(M) = M -r(M). For P € P,
let vp be the normalized valuation at P. Let B be the set of non-constant
monic polynomials M such that vp(M) is zero or odd for any P € P,
and B, = {M € B : deg(t(M)) = 2n}. The map B,, — A} defined by

M — M = +/M is a bijection with the inverse N — N* = % Hence,

IB.| = |Af| = ¢". Let F be the set of rational functions £ € k with
D e AJM € B, ged(D,M) = 1 and deg(D) < deg(M) which can be

written as ,

D " Ap;

M Z Z p2i—17

P|M i=1

where deg(Ap;) < deg(P) for any P|[M and 1 <i < {p = L(vp(M)+1).
Under the correspondence u +— K, F corresponds to the set of all real
separable quadratic extensions K, of k. For M € B, let Fa; be the set
of rational functions v € F whose denominator is M. Then F is the
disjoint union of Fj; with M € B. For u € Fys, the discriminant D,
and the genus g, of K, are D,, = t(M) and g, = & deg(t(M)) — 1. For
n > 1, let F, be the union of Fj; with M € B,. Then F,, corresponds
to the set of all real separable quadratic extensions K, of k with genus
n —1. For M € B, there are ®(M) D’s such that % € Fn, so that

|Far| = ®(M) and
Pl = D ®(M) = Y (M) =Ca(2)" g™

MeB, MeA}

For a positive integer s, let G5 be the set of polynomials F(T) € A of
the form

S
P(T)=a+) oT%,
=1

where o € {0,¢},; € Fy and o # 0. For any two subsets U, V' of k,
write U+ V ={u+v:ueUwe V} Let T=(FU{0})+ G, where
G = U,>1 Gs. Then, under the correspondence u +— K, Z corresponds
to the set of all ramified imaginary separable quadratic extensions K,
of k. For w € Fus +Gs, the discriminant D,, and the genus g,, of K,, are
Dy, = t(M)-(1/T)* and g,, = 5 deg(t(M))+s—1. Let Fy = {0}. For any
r>0and s >1,let Z, o = Fr +Gs. lf w € L, ), the genus g, of Ky, is
r+s—1. Forn > 1, let Z,, be the union of all Z, ,), where (r,s) runs over
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all pairs of non-negative integers such that s > 0 and r + s = n. Then
I, corresponds to the set of all ramified imaginary separable quadratic
extensions K, of k with genus n — 1. Since |Gs| = 2¢x(2) " 1¢° for s > 1,
we have

|Zn| = Z | Frn—s||Gs| = 2CA(2)_1q2n_1-
s=1

1.2. Hasse symbol and L-functions

For any u € k whose denominator is not divisible by P € P, the Hasse
symbol [u, P) with values in Fy is defined by

1 otherwise.

0 if X? + X =wumod P is solvable in A,
[U¢P):

For N € A prime to the denominator of u, if N = sgn(N)[[;_, P/,
where sgn(N) is the leading coefficient of N and P; € P are distinct and
e; > 1, the symbol [u, N) is defined to be > 7_; e;[u, B;).

For v € k and 0 # N € A, the quadratic symbol {{} is defined as
follows:

N

{g} B (=1)=N) if N is prime to the denominator of u,
o otherwise.

This symbol is clearly additive in its first variable, and multiplicative in
the second variable.

For the field K,,, we associate a character x, on AT which is defined
by xu(f) = {%#}, and let L(s,xu) be the L-function associated to the

character x,: for s € C with Re(s) > 1,

. XU(f>_ Xu(P) -
Lo = 2 g ‘H<1‘ \P!s) |

feA+ PeP

It is known that L(s,x,) is a polynomial in ¢—° of degree 2g, + %(1 +
(=1)*®), where e(u) = 1 if K, is ramified imaginary and e(u) = 0
otherwise.

1.3. Results

The main result of this paper is the following theorem.
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THEOREM 1.1. For any even natural number k we have

1
T 2 L) gt
g

UGIg+1

REMARK 1.2. Comparing to the odd characteristic case, Z,41 corre-
sponds to Hag41 (more precisely, Hog+1UyHag+1, where 7 is a generator
of F;¥), and Fy 1 corresponds to Hagi2. Even though, for simplicity, we
restrict ourselves to Z,41 in this paper, we also can prove that for any
even natural number k,

1

[ Z L3, xu)k >y gHHD/2,

UE./—'Q+1

2. Preliminaries

In this section we present some auxiliary lemmas that will be used in
the proof of the main theorem.

Let A;C = {f € AT : deg(f) < x} for any x > 0. The following
lemma is an even characteristic analogue of [1, Lemma 3.1], which is an
” Approximate” functional equations of L(s, xu).

LEMMA 2.1. Let u € Iyyq. For any s € C with Re(s) > 3, we have

L(s, xu) = Xf}(‘{) gl N f}jﬁfﬂ

+ +
fEASg fEAngl

Proof. Tt follows immediately from Lemma 3.1 in [2] since g, = g for
u € Ig_|_1. O

The following lemma quoted from [2, Lemma 3.3] that is needed in
proof of Proposition 2.3.

LEMMA 2.2. Let L € AT. Given any ¢ > 0, we have

on —1
5 o= (e ) vo ().

feAd P|L
(f,L)=1

We give the following orthogonality relations for sums over Z,.

PROPOSITION 2.3. Let f € A™.
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1. If f is not a square in A, then

> xulf) <

UGIn

G Tl

2. If f is a square in A, then

-1
> xul) = 1% ]] (1 + |P‘> +0 (|In|%(1+€))

UELy P|f
for any € > 0.
Proof. The case of f being not a square in A follows immediately
from Proposition 3.20 in [2] since |Z,| = 2¢a(2)"1¢**!. Consider the

case that f is a square in A. Since Z, is the disjoint union of the Z,.,,_,)’s
for 0 <r <n—1, we can write

n—1
(2‘1) Z Xu(f) = Z Z Xu(f)

’U,E:Zn r=0 UEI(T’n_T)

Note that Z,,) = Gn and |G,| = 2¢a(2)"*¢". Then we have

1
(22) S xull) = 1Gal < [Ta[2079.
UGI(()’”)
For M € B, with 1 <r <n—1,let Zpy = Fyr + Gn—yp. Then Z,.,,_py is
the disjoint union of the Zy;’s, where M runs over B,. For u € Zj; with

M € B,, we have x,(f) = 1if (M, f) = 1 and x.(f) = 0 otherwise.
Thus, we have

23) > xu= D D 1=20@) 7' ) (M)

UGI(T’n_T) MeB, u€eZy MeB,
(M, f)=1 (M, f)=1

since |Zy| = [Fum||Gn—r| = 2¢a(2)” Lg"="®(M) for M € B,. The map
B, — A defined by M — M is a bljeCtIOH and (M, f) = 1 if and only
if (M, f) = 1. Thus we have

Yo ()= Y (M)

MEB, Neat
(M, f)=1 (M, f)=1
q* 1\7! (1+¢)
2.4 = 1+ — +0(¢"VY),
24 ool ( |P\> (¢0+7)

PIf
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where the second equality follows from Lemma 2.2. We insert (2.4) into
(2.3) to get

25) > xu(h) =262 ]] <1 + |]13‘> L0 (7).

UGI(T,,.L,T) P|f
Since |Z,| = 2¢a(2)71¢** 7L, by inserting (2.2) and (2.5) into (2.1) and
arranging the terms, we complete the proof. ]

For f € AT, let di(f) represent the number of ways to write f as a
product of &k factors. We have the following asymptotic formula whose
proof can be found in [1, §4.1].

LEMMA 2.4. We have

de(f?) 1 _1N h(kt1)/2
2 H(”m) )

fea?, Plf

for some positive constant C(k) explicitly given in [1, (4.26)].

3. Proof of Theorem 1.1

Let k be a given even natural number, and set x = 55*. For u €
Zy41, define

VT
We use Triangle inequality and Holder’s inequality to obtain that

S LG xa) AW < ST L ) [ A(w) !
u€lgt1 u€lyt1
£ k=1
k k
<| > LG.xw)" > At
u€Zgy1 u€lyt1
It follows that
Lk ST
UEIg+1 2

where

Si= > LG x)AwF ™ and S= > At

uGIg+1 UEIg+1
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3.1. Estimating S

In this subsection we follow the arguments in [1, §4.1] to estimate So.
We have

(3.2) S2 = Z Z Xu
frofredl ‘fl |l u€Tgq1

We use Proposition 2.3 to obtain that

1 —1
82:\Ig+1r > I <1+)
S, W By, TP

f1 fr=
1
Do Gl
Forfrent [ fal e | fl
fiefi=0
deg(f1-f)
" 0 (2™ g+ 1yl )
%M vV |f1 | Sl
oA
Since x = M the second term above can be estimated as

+1\21+6 Z \/m Z \/W

fi eAi fr EAJ
< Ty [PHIgT = [T, 5 e

and the last term above can be estimated as

deg(fl) deg(fk)
<(g+ D/ |Zgrl Y Y
frent, \/!fl freat \/\fk

kx 2
< (g +1)20) % \/1Zpr1| < [Tyl

Hence, we get

-1
Sy =Tyl > [] ( )
g firnfieh, v ‘fl el gy, 171

f1 fk
(3.3) +0 (\Igﬂﬁ) .
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For f € AT, put
1\ !
Plf
Writing fi - - - fr = m?, we see that

dk(m2) 1
D A S
meAiz/2 [ frpofreAt, Al 1
- fifre=0
dy(m?)
< Z m| Qm-
mEA;ﬂz/z
It follows from Lemma 2.4 that
dy.(m?) k(k+1)
(3.4) > . am ~Ck)(2%) 2,
mEA;I/z
and
dy.(m?) k(k+1)
(3.5) > WamNC(k)(%) 2.
meAzkz/Q

From (3.3) with (3.4) and (3.5), we can conclude that

(3.6) 8y < |Ty| g D12,

3.2. Estimating &;

In this subsection we follow the arguments in [1, §4.2] to estimate Sy

and give a proof of the main theorem. Using Lemma 2.1 with s = %, we

have that

u(f) Xu(f)
o= 3 Dy 3 xah
? rene, VT it VI

Since

Afu)t = XulhiJo)
v f17-~7sz1€Ai [fal s | el
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we can write S = Sy, + S1;9—1, where

1
Si.) = u e
1 > \/!f\lfﬂ-"fkﬂuz Xu(ffr fr-1)

feat, €Zg+1
Froofo-1€AT,

for £ € {g,9 — 1}. Write S1;p = (S1.0)a + (S1.¢) 0, where

1
S _ u e
(S10)o fgze T ] ue;gﬂx (ffr- fre—1)

flz"wfkerA;I
fhifer=0

and

1
Sip)ur = S S xalffie fior):
(Se) 40 feat, VAT [ el uezg+1X Wi

Fofoo1€AL,
ffife1#0

We use Proposition 2.3 (1) to obtain that

deg(f) deg(fl) M
(Sievo < g+ DTl 3 2 Z Z
feat, Vv freat Vv /1] €A, \/’fkil

t4a(k—1) 59
<(g+1)(2q) 2 \/ |Zg+1| < |Zgg1]60.

We use Proposition 2.3 (2) to obtain that

1 1Y
S 7 1+ —
(S10)o = |Zg41| Z \/|f||f1|"'|fk_1|P|ffok1< |P|>

feAQ
fl)"wfk—leA;m
ffiefrea=0
L 1
07,3040 )
fEZA:ig VI | freal

f1,~~-,fk71€A§z
ffifr—1=0
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The error term above is bounded by

1
[ Zga] 209 ——
fe%; ff§+ \/|f1 fze;vz VI fre-1l

gtz(k—1)

< T 09 < T

Thus we have

1
Stye = [Zg 41| Z 1 H <1 i 1>
VAL el Plffrfo1 1Pl

feAge
f17--~7fk71€A§z
ffiefr—1=0

+0 (\Igﬂy%).

Write fi---fr_1 = rh?, where r,h € AT and r is square-free. If
ffi--- fr_1 is a square, then f is of the form rl? for some [ € A™.
With this notation, the main term contribution is

1 1
(37) ‘Ig+1| Z W Z marhl.

+
f}lcr”vffk*le‘&h%a: ZEAS(Z*dEg(T))/Q
1 Jk—1=T

As in [1, (4.39)], we have

1
Z marhl ~ C(T‘, h)arhg
IEAL (1_dex(r) /2

for some positive constant C(r, h). Thus, (3.7) is

di_1(rh?
S AT S GNP AP )

[h]
rheAT
deg(rh?)<z

where the last bound follows from Lemma 2.4. Hence, we obtain that
St > L1 gk(kﬂ)/2

for ¢ € {g,g — 1}. Therefore we can conclude that

(3.8) Sy > |Tyqa| "D,

Combining (3.6) and (3.8), we complete the proof of Theorem 1.1.
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