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REGULARITY OF THE GENERALIZED

POISSON OPERATOR

Pengtao Li, Zhiyong Wang, and Kai Zhao

Abstract. Let L = −∆ + V be a Schrödinger operator, where the po-

tential V belongs to the reverse Hölder class. In this paper, by the sub-
ordinative formula, we investigate the generalized Poisson operator PLt,σ ,

0 < σ < 1, associated with L. We estimate the gradient and the time-

fractional derivatives of the kernel of PLt,σ , respectively. As an application,

we establish a Carleson measure characterization of the Campanato type
space CγL(Rn) via PLt,σ .

1. Introduction

The fractional powers of the Laplace operator (−∆)α, 0 < α < 1, which is
defined via the Fourier transform as

(̂−∆)αu(t, ξ) = |ξ|2β û(t, ξ),

play a significant roles in many areas of mathematics, such as, harmonic analy-
sis and PDEs. Due to the salient significance and backgrounds in mathematical
physics, the fractional Laplacian (−∆)α has also been applied to study a wide
class of physical systems and engineering problems, including Lévy flights, sto-
chastic interfaces and anomalous diffusion problems. It is well known that the
fractional Laplacian is a nonlocal operator and local PDE techniques can not
be applied to deal with nonlinear problems for (−∆)σ. To overcome this dif-
ficulty, Caffarelli and Silvestre showed in [2] that if u(x, y) : Rn+1

+ → R is a
solution to the boundary value problem:{

∆xu+ 1−2σ
y uy + uyy = 0, (x, y) ∈ Rn × (0,∞);

u(x, 0) = f(x), x ∈ R,
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then up to a multiplicative constant depending only on σ,

− lim
y→0+

y1−2σuy(x, y) = (−∆)σf(x).

This characterization of (−∆)σf via the above local (degenerate) PDE was used
for the first time in [1] to get regularity estimates for the obstacle problem for
the fractional Laplacian. Caffarelli and Silvestre noted that the above equation
can be thought as the harmonic extension of f in 2− 2σ dimensions more (see
[1]). From there, they established the fundamental solution and a Poisson
formula for u via a conjugate equation. Furthermore, taking advantage of the
general theory of degenerate elliptic equations developed by Fabes et al. in
1982-1983, Harnack’s estimates for u and for f were proved, respectively.

Recently, the results of [1, 2] were further generalized to other differential
operators. Let O be an open subset of Rn, n ≥ 1 and σ ∈ (0, 1). In [18], P.
Stinga and J. Torrea investigated the following extension problem:

(1)


u(x, 0) = f(x), x ∈ O;

− Lxu+
1− 2σ

y
uy + uyy = 0, (x, y) ∈ O × (0,∞).

The authors proved that any fractional power Lσ can be described as an op-
erator that maps a Dirichlet condition to a Neumann-type condition via an
extension problem as in [2]. Also, if u is a solution to (1), then u can be
represented via the following Poisson formula:

(2) u(x, y) =
1

Γ(σ)

∫ ∞
0

e−re−
y2

4r L(f)(x)
dr

r1−σ := PLt,σ(f).

Specially, for σ = 1/2, (2) is exactly the Poisson semigroup related with L,

i.e., u(x, y) = e−y
√
L(f)(x). Based on this understanding, we call PLt,σ the

generalized Poisson operator related with L.
In this paper, our purpose is to investigate the regularities of generalized

Poisson operators related with Schrödinger operators which is defined as fol-
lows.

L(f)(x) := (−∆f)(x) + V (x)f(x),

where −∆ is the Laplace operator: −∆ = −
∑n
i=1

∂2

∂x2
i

and V (x) is a non-

negative potential belonging to the reverse Hölder class Bq, i.e., for every ball
B, ( 1

|B|

∫
B

V q(x)dx
)1/q

≤ C

|B|

∫
B

V (x)dx.

In recent years, due to the background of the quantum mechanics, in the fields
of partial differential equations and mathematical physics, more and more schol-
ars are interested in the study of nonlinear problems involving fractional powers
of the Schrödinger operator Lσ, 0 < σ < 1, we refer the reader to [5, 9].
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In order to estimate the kernel of PLt,σ, we notice that the integral kernel of
the Poisson semigroup associated with L can be expressed as

pLt (x, y) =

∫ ∞
0

e−u√
u
KL
t2/4u(x, y)du,

where KL
t (·, ·) denotes the integral kernel of e−tL, i.e.,

e−tL(f)(x) :=

∫
Rn
KL
t (x, y)f(y)dy.

In this manner, it can be deduced from (2) that the kernel PLt,σ, denoted by

pLt,σ(·, ·), can be represented via the subordinate formula:

(3) pLt,σ(x, y) =
1

Γ(σ)

∫ ∞
0

e−rKL
t2/4r(x, y)

dr

r1−σ ,

which enables us to deduce the regularity properties of pLt,σ(·, ·) via the heat

kernel KL
t (·, ·), see Proposition 3.3. Let ∇ denote the gradient operator on

Rn, that is, ∇ = (∇x, ∂t), where ∇x = (∂/∂x1, . . . , ∂/∂xn). By the aid of
the results obtained in [5], we use the subordinative formula (3) and a direct
calculation to obtain the regularity of ∇xpLt,σ(·, ·), see Proposition 3.6.

In Section 3.2, we investigate the time-fractional derivatives of pLt,σ(·, ·), since
time-fractional operators are proved to be very useful for modeling purpose. Let
Z+ denote the set of all positive integers. For α > 0 and k ∈ Z+, define

DL,σ
t,α (x, y) := tα∂αt p

L
t,σ(x, y) =

e−iπ(k−α)

Γ(k − α)

∫ ∞
0

∂kt p
L
t+u,σ(x, y)uk−α

du

u
, α > 0.

In order to estimate DL,σ
t,α (·, ·), in Proposition 3.4, we first investigate the reg-

ularities of tk∂kt p
L
t,σ(·, ·), k ∈ Z+. The regularity estimates of DL,σ

t,α (·, ·) can be
deduced from Proposition 3.4 and the functional calculus, see Proposition 3.7.

As an application, in Section 4, we use the generalized Poisson semigroup
{PLt,σ}t>0 to characterize the Campanato type spaces associated to L denoted

by CγL(Rn). In the last decades, the study of function spaces associated with
Schrödinger operators has inspired great interest, for example, square functions
characterizations for Hardy spaces [8], Carleson measure characterizations for
BMO spaces [7] and Morry-Campanato spaces [5]. For further information on
this topic, we refer to [3, 4, 6, 9, 11, 12, 14, 17, 19–21] and the references therein.
By the regularity estimates obtained in Section 3, we establish the following
equivalent characterizations: for 0 < γ < min{2σ, 2ασ},

f ∈ CγL(Rn) ∼ sup
B

1

|B|1+2γ/n

∫ rB

0

∫
B

|tα∂αt PLt,σ(f)(x)|2 dxdt
t

<∞

∼ sup
B

1

|B|1+2γ/n

∫ rB

0

∫
B

|t∇PLt,σ(f)(x)|2 dxdt
t

<∞,

see Theorems 4.6 and 4.7, respectively.
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Remark 1.1. We point out that our regularity results obtained in Section 3 are
new and generalize the former results obtained by several authors. Specially, if

σ = 1/2, the estimation of tα∂αt e
−t
√
L(·, ·) is consistent with the results of Ma-

Stinga-Torrea-Zhang [15, Proposition 3.6], and the estimation of t∇xe−t
√
L(·, ·)

comes back to [5, Lemma 3.9].

Notations. In the sequel, we always assume that δ0 = 2 − n/q and δ =
min{2ασ, 2σ, δ0}. We will use c and C to denote the positive constants, which
are independent of main parameters and may be different at each occurrence.
By B1 ∼ B2, we mean that there exists a constant C > 1 such that C−1 ≤
B1/B2 ≤ C.

2. Preliminaries

Let the auxiliary function ρ(x, V ) = ρ(x) (cf. [16]) is defined as

ρ(x) := sup
{
r > 0 :

1

rn−2

∫
B(x,y)

V (y)dy ≤ 1
}
.

Lemma 2.1 ([16, Lemma 1.2]).

(i) For 0 < r < R <∞,

1

rn−2

∫
B(x,r)

V (y)dy ≤ C
( r
R

)δ 1

Rn−2

∫
B(x,R)

V (y)dy.

(ii) If r = ρ(x), then r2−n ∫
B(x,r)

V (y)dy = 1. Moreover, r ∼ ρ(x) if and

only if r2−n ∫
B(x,r)

V (y)dy ∼ 1.

Lemma 2.2 ([16, Lemma 1.4]).

(i) There exist C > 0 and k0 ≥ 1 such that for all x, y ∈ Rn,

C−1ρ(x)
(

1 + |x− y|/ρ(x)
)−k0

≤ ρ(y) ≤ Cρ(x)
(

1 + |x− y|/ρ(x)
)k0/(1+k0)

.

In particular, ρ(y) ∼ ρ(x) if |x− y| < Cρ(x).
(ii) There exists l0 > 1 such that∫

B(x,R)

V (y)

|x− y|n−2
dy ≤ C

Rn−2

∫
B(x,R)

V (y)dy ≤ C
(

1 +
R

ρ(x)

)l0
.

Let f be a locally integrable function on Rn and B = B(x, r) be a ball.
Denote by fB the mean of f on B, i.e., fB = |B|−1

∫
B
f(y)dy. Let

f(B, V ) :=

{
fB , r < ρ(x);

0, r ≥ ρ(x).

Definition. Let 0 < γ ≤ 1. The Campanato type space CγL(Rn) is defined as
the set of all locally integrable functions f satisfying

‖f‖CγL := sup
B⊂Rn

{ 1

|B|1+γ/n

∫
B

|f(x)− f(B, V )|dx
}
<∞.
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Proposition 2.3 ([15, Proposition 4.3]). Let B = B(x, r) with r < ρ(x). If
f ∈ CγL(Rn), 0 < γ ≤ 1, then there exists a constant C such that |fB | ≤
C(ρ(x))γ‖f‖CγL .

The space CγL(Rn) is equivalent to the following Lipschitz type space related
to L.

Definition. For 0 < γ ≤ 1, a continuous function f defined on Rn belongs to
the space C0,γ

L (Rn) if

sup
x,y∈Rn

|f(x)− f(y)|
|x− y|γ

<∞ and sup
x∈Rn

|f(x)|
ρ(x)γ

<∞.

Proposition 2.4 ([15, Proposition 4.6]). If 0 < γ ≤ 1, then the space CγL(Rn)

equals to C0,γ
L (Rn) and their norms are equivalent.

The Hardy type spaces Hp
L(Rn), 0 < p ≤ 1, are defined by the maximal

function generated by the semigroup {e−tL}t>0. LetML denote the semigroup
maximal function, i.e.,

ML(f)(x) := sup
t>0
|TLt f(x)|, x ∈ Rn.

An integrable function f is an element of the Hardy type space Hp
L(Rn) if the

maximal function ML(f)(x) belongs to Lp(Rn). The quasi-norm in Hp
L(Rn) is

defined by

‖f‖HpL := ‖ML(f)‖Lp .

Similar to the classical Hardy spaces, the atom of Hp
L(Rn) is defined as follows.

Definition. Let n/(n+ δ) < p ≤ 1 ≤ q ≤ ∞ with p 6= q. A function a is called
an Hp,q

L -atom related to a ball B(x0, rB) if

(i) supp a ⊂ B(x0, rB);
(ii) ‖a‖Lq ≤ |B(x0, rB)|1/q−1/p;
(iii) if rB < ρ(x0)/4, then

∫
B(x0,rB)

a(y)dy = 0.

The atomic norm of Hp
L(Rn) is defined by ‖f‖Hp,qL -atom := inf{(

∑
|cj |p)1/p},

where the infimum is taken over all decompositions f = Σcjaj , and aj are
Hp,q
L -atoms.

Proposition 2.5 ([15, Theorem 4.5]). Let 0 ≤ γ < 1. The dual space of

H
n/(n+γ)
L (Rn) is CγL(Rn). More precisely, any continuous linear functional Φ

over H
n/(n+γ)
L (Rn) can be represented as

Φ(a) =

∫
Rn
f(x)a(x)dx

for some function f ∈ CγL(Rn) and all H
n/(n+γ)
L -atoms a. Moreover, the oper-

ator norm ‖Φ‖op ∼ ‖f‖CγL .
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3. Regularities of the generalized Poisson semigroups

By the fundamental solution of Schrödinger operators, J. Dziubański and J.
Zienkiewicz in [7] obtained the following estimates of KL

t (·, ·).

Proposition 3.1 ([7, Theorems 4.10 & 4.11]).

(i) For any M > 0, there exist constants CM , c > 0 such that

|KL
t (x, y)| ≤ CM t−n/2e−c|x−y|

2/t
(

1 +

√
t

ρ(x)
+

√
t

ρ(y)

)−M
.

(ii) Assume that 0 < δ ≤ min{1, δ0}. For any M > 0, there exist constants
CM , c > 0 such that for all |h| <

√
t,∣∣∣KL

t (x+ h, y)−KL
t (x, y)

∣∣∣ ≤ CM( |h|√
t

)δ
t−n/2e−c|x−y|

2/t
(

1 +

√
t

ρ(x)
+

√
t

ρ(y)

)−M
.

For k ∈ Z+, define

QLk,t(x, y) := t2k∂ksK
L
s (x, y)|s=t2 .

In [10], Huang-Li-Liu proved the following estimates about the kernel
QLk,t(·, ·).

Proposition 3.2 ([10, Proposition 3.3]).

(i) For any M > 0, there exist constants CM , c > 0 such that∣∣∣QLk,t(x, y)
∣∣∣ ≤ CM t−ne−c|x−y|2/t2(1 +

t

ρ(x)
+

t

ρ(y)

)−M
.

(ii) Assume that 0 < δ1 ≤ min{1, δ0}. For any M > 0, there exist constants
CM , c > 0 such that for all |h| <

√
t∣∣∣QLk,t(x+ h, y)−QLk,t(x, y)

∣∣∣ ≤ CM( |h|
t

)δ
t−ne−c|x−y|

2/t2
(

1 +
t

ρ(x)
+

t

ρ(y)

)−M
.

(iii) For any M > 0, there exists a constant CM > 0 such that∣∣∣ ∫
Rn
QLk,t(x, y)dy

∣∣∣ ≤ CM (t/ρ(x))δ1

(1 + t/ρ(x))M
.

Now we investigate the regularities of pLt,σ(·, ·). At first, we get the following
estimates:

Proposition 3.3. Let 0 < σ < 1.

(i) For M > 0, there exists a constant CM > 0 such that

|pLt,σ(x, y)| ≤ CM t
2σ

(t2 + |x− y|2)n/2+σ

(
1 +

√
|x− y|2 + t2

ρ(x)
+

√
|x− y|2 + t2

ρ(y)

)−M
.
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(ii) Let 0 < δ1 ≤ min(2σ, δ0). For any M > 0 there exists a constant
CM > 0 such that for all |h| ≤ t,

|pLt,σ(x+ h, y)− pLt,σ(x, y)| ≤ CM

( |h|√
t2 + |x− y|2

)δ1 t2σ

(t2 + |x− y|2)n/2+σ

×
(

1 +

√
|x− y|2 + t2

ρ(x)
+

√
|x− y|2 + t2

ρ(y)

)−M
.

Proof. For (i), by the subordinative formula (3) and (i) of Proposition 3.1, we
can get

|pLt,σ(x, y)|

≤ C

∫ ∞
0

e−r|KL
t2/4r(x, y)| dr

r1−σ

≤ C

∫ ∞
0

e−r(t2/4r)−n/2e−c|x−y|
2r/t2

(
1 +

√
t2/4r

ρ(x)
+

√
t2/4r

ρ(y)

)−M dr

r1−σ

≤ Ct−n−2Mρ(x)Mρ(y)M
∫ ∞

0

e−cr(1+|x−y|2/t2)rn/2+M+σ−1dr.

Letting r(1 + |x−y|2
t2 ) = u, we obtain

|pLt,σ(x, y)|

≤ Ct−n−2Mρ(x)Mρ(y)M (1 + |x− y|2/t2)−n/2−M−σ
∫ ∞

0

e−cuun/2+M+σ−1du

≤ C
t2σ

(t2 + |x− y|2)n/2+σ

(
1 +

√
|x− y|2 + t2

ρ(x)
+

√
|x− y|2 + t2

ρ(y)

)−M
.

For (ii), similar to the proof of (i), we can use (ii) of Proposition 3.1 to obtain
the desired result. So the details are omitted. �

For k ∈ Z+ and t > 0, define DL,σ
t,k (x, y) = tk∂kt p

L
t,σ(x, y). We can get the

following estimates about the kernel DL,σ
t,k (·, ·).

Proposition 3.4.

(i) For M > 0, there exists a constant CM > 0 such that

|DL,σ
t,k (x, y)| ≤ CM t

2σ

(t2 + |x− y|2)n/2+σ

(
1 +

√
t2 + |x− y|2
ρ(x)

+

√
t2 + |x− y|2
ρ(y)

)−M
.

(ii) Let 0 < δ ≤ min(2σ, δ0). For any M > 0, there exists a constant
CM > 0 such that, for all |h| ≤ t,∣∣∣DL,σ

t,k (x+ h, y)−DL,σ
t,k (x, y)

∣∣∣ ≤ CM

( |h|√
t2 + |x− y|2

)δ t2σ

(t2 + |x− y|2)n/2+σ

×
(

1+

√
t2 + |x− y|2
ρ(x)

+

√
t2 + |x− y|2
ρ(y)

)−M
.
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(iii) For any M > 0, there exists a constant CM > 0 such that∣∣∣ ∫
Rn
DL,σ
t,k (x, y)dy

∣∣∣ ≤ CM (t/ρ(x))δ

(1 + t/ρ(x))M
.

Proof. For (i), it is easy to see that∣∣∣ ∂k
∂tk

pLt,σ(x, y)
∣∣∣ =

∣∣∣C ∫ ∞
0

e−r
∂k

∂tk
KL
t2/4r(x, y)

dr

r1−σ

∣∣∣.
Then we first recall that the higher-order derivative formula of the composite
function: if y = f(u) and u = ϕ(x), then

∂ky

∂xk
=

k∑
i=1

pk.i(x)

i!
f (i)(u),

where pk,i(x) =
∑i−1
s=0(−1)sCsi u

s ∂k

∂xk
ui−s.

So, let f(u) = e−uL and u = t2/4r, we obtain

∂k

∂tk
KL
t2/4r(x, y) = C

k∑
i=1

t2i−k(4r)−i
∂k

∂tk
KL
s (x, y)

∣∣∣
s=t2/4r

.

Then, we use Proposition 3.2(i) to deduce that∣∣∣ ∂k
∂tk

pLt,σ(x, y)
∣∣∣

≤ Ck

k∑
i=1

∣∣∣ ∫ ∞
0

e−rt2i−k(4r)−i
∂i

∂si
KL
s (x, y)

∣∣∣
s=t2/4r

dr

r1−σ

∣∣∣
≤ Ckt

−k
k∑
i=1

∫ ∞
0

e−r
∣∣∣( t2

4r
)iLiKL

t2/4r(x, y)
∣∣∣ dr
r1−σ

≤ Ckt
−k
∫ ∞

0

e−r(t2/4r)−n/2e−c|x−y|
2r/t2

×
(

1 +
t

ρ(x)
√
r

)−M(
1 +

t

ρ(y)
√
r

)−M dr

r1−σ

≤ Ckt
−k−n−2Mρ(x)Mρ(y)M

∫ ∞
0

e−cr(1+|x−y|2/t2)rn/2+M+σ−1dr.

Letting r(1 + |x− y|2/t2) = u, we can get∣∣∣ ∂k
∂tk

pLt,σ(x, y)
∣∣∣

≤ Ct−k−n−2Mρ(x)Mρ(y)M
∫ ∞

0

e−cu
( u

1 + |x− y|2/t2
)n/2+M+σ−1

× du

(1 + |x− y|2/t2)
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≤ Ct2σt−kt−2σ−n−2M
(

1 + |x− y|2/t2)−n/2−M−σρ(x)Mρ(y)M

≤ Ct2σ−k

(t2 + |x− y|2)n/2+σ

(
1 +

√
t2 + |x− y|2
ρ(x)

+

√
t2 + |x− y|2
ρ(y)

)−M
.

So we can obtain∣∣∣tk∂kt pLt,σ(x, y)
∣∣∣

≤ CM t
2σ

(t2 + |x− y|2)n/2+σ

(
1 +

√
t2 + |x− y|2
ρ(x)

+

√
t2 + |x− y|2
ρ(y)

)−M
.

(ii) Similar to (i), the statement (ii) can be deduced from (ii) of Proposition
3.2, we omit the details.

For (iii), since

tk
∂k

∂tk
pLt,σ(x, y) = tk

∂k

∂tk

(∫ ∞
0

e−rKL
t2/4r(x, y)

dr

r1−σ

)
= CM

k∑
i=1

∫ ∞
0

e−rQL
i,
√
t2/4r

(x, y)
dr

r1−σ ,

using (iii) of Proposition 3.2, we can get∣∣∣ ∫
Rn
DL,σ
t,k (x, y)dy

∣∣∣ ≤ C ∫ ∞
0

e−r
∣∣∣ ∫

Rn
QL
i,
√
t2/4r

(x, y)dy
∣∣∣ dr
r1−σ .

≤ C
∫ ∞

0

e−r
(
√
t2/
√

4rρ(x))δ

(1 +
√
t2/
√

4rρ(y))M
dr

r1−σ .

Case 1: t > ρ(x). We obtain∣∣∣ ∫
Rn
DL,σ
t,k (x, y)dy

∣∣∣ ≤ Ctδ−Mρ(x)M−δ
∫ ∞

0

e−rr−δ+M+σ−1dr

≤ C (t/ρ(x))δ

(1 + t/ρ(x))M
.

Case 2: t ≤ ρ(x). We can get∣∣∣ ∫
Rn
DL,σ
t,k (x, y)dy

∣∣∣ ≤ C ∫ ∞
0

e−r
(√t2/4r

ρ(x)

)δ dr

r1−σ

≤ C
( t

ρ(x)

)δ ∫ ∞
0

e−rr−δ+σ−1dr

≤ C (t/ρ(x))δ

(1 + t/ρ(x))M
.

�

3.1. Estimation on the spatial gradient

In this section, we investigate the spatial gradient of pLt,σ(·, ·). For the spe-
cial case σ = 1/2, i.e., the Poisson kernel, the regularity estimates have been
obtained in [5, Lemma 3.9].
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Lemma 3.5. Suppose V ∈ Bq for some q > n. Let δ1 = 1 − n/q. For every
M > 0, there exist constants CM > 0 and c > 0 such that for all x, y ∈ Rn and
t > 0, the semigroup kernels KL

t (x, y) associated to e−tL, satisfy the following
estimates:

|∇xKL
t (x, y)|+|

√
t∇xKL

t (x, y)| ≤ CM t−(n+1)/2e−c|x−y|
2/t
(

1+

√
t

ρ(x)
+

√
t

ρ(y)

)−M
,

and for |h| < |x− y|/4,

|∇xKL
t (x+ h, y)−∇xKL

t (x, y)| ≤ CM
( |h|√

t

)δ1
t−(n+1)/2e−c|x−y|

2/t.

Then we give the gradient estimate of pLt,σ(·, ·).

Proposition 3.6. Suppose that σ > 0 and V ∈ Bq for some q > n.

(i) For every M > 0, there exists a constant CM > 0 such that for all
x, y ∈ Rn and t > 0,

|∇xpLt,σ(x, y)|

≤ CM t
2σ

(t2 + |x− y|2)σ+(n+1)/2

(
1 +

√
|x− y|2 + t2

ρ(x)
+

√
|x− y|2 + t2

ρ(y)

)−M
.

(ii) Let δ1 = 1− n/q. For every M > 0, there exist constants CM > 0 and
c > 0 such that for all x, y ∈ Rn, t > 0 and |h| < |x− y|/4,

|∇xpLt,σ(x+h, y)−∇xpLt,σ(x, y)| ≤ CM t
2σ

(t2 + |x− y|2)σ+(n+1)/2

( |h|√
t2 + |x− y|2

)δ1
.

(iii) Let σ ∈ (0, 1/2− n/2q). For every M > 0,∣∣∣t∇xPLt,σ(1)(x)
∣∣∣ ≤ C min{(t/ρ(x))1+2σ, (t/ρ(x))−M}.

Proof. For (i), since

∇xpLt,σ(x, y) = C

∫ ∞
0

e−r∇xKL
t2/4r(x, y)

dr

r1−σ ,

we apply Lemma 3.5 to obtain

|∇xpLt,σ(x, y)|

≤ C

∫ ∞
0

e−r
( t2

4r

)−(n+1)/2

e−c|x−y|
2r/t2

( t√
rρ(x)

)−M( t√
rρ(y)

)−M dr

r1−σ

≤ Ct−(n+1)−2Mρ(x)Mρ(y)M
∫ ∞

0

e−cr(1+|x−y|2/t2)rM+σ+(n+1)/2−1dr.

Let r(1 + |x− y|2/t2) = u. We can get

|∇xpLt,σ(x, y)|
≤ Ct−n−2M−1ρ(x)Mρ(y)M
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×
∫ ∞

0

e−cu
( u

1 + |x− y|2/t2
)M+σ+(n+1)/2−1

(1 + |x− y|2/t2)−1du

≤ Ct2σ

(t2 + |x− y|2)σ+(n+1)/2

(
1 +

√
|x− y|2 + t2

ρ(x)
+

√
|x− y|2 + t2

ρ(y)

)−M
.

For (ii), by the subordinative formula and Lemma 3.5, We can prove that
(ii) holds.

For (iii), we divide the proof into two cases.
Case 1: t > ρ(x). Using a direct computation, we obtain

|t∇xPLt,σ(1)(x)|

≤ C

∫
Rn

t2σ+1

(t2 + |x− y|2)σ+(n+1)/2

(
1 +

t

ρ(x)

)−M(
1 +

t

ρ(y)

)−M
dy

≤ C
( t

ρ(x)

)−M ∫
Rn

t2σ+1

(t+ |x− y|)2σ+n+1
dy

≤ C
( t

ρ(x)

)−M
.

Case 2: t ≤ ρ(x). In this case, it follows from the subordination formula (3)
that

|t∇xPLt,σ(1)(x)| ≤ Ct
∫ ∞

0

e−r
(∫

Rn
|∇xKL

t2/4r(x, y)|dy
) dr

r1−σ = I1 + I2,

where 
I1 := t

∫ t2/4ρ(x)2

0

e−r
(∫

Rn
|∇xKL

t2/4r(x, y)|dy
) dr

r1−σ ;

I2 := t

∫ ∞
t2/4ρ(x)2

e−r
(∫

Rn
|∇xKL

t2/4r(x, y)|dy
) dr

r1−σ .

By Lemma 3.5, we obtain

(4)

∫
Rn
|∇xKL

t2/4r(x, y)|dy ≤ C
√
r/t.

Then we can deduce from (4) that

I1 ≤ C
∫ t2/4ρ(x)2

0

e−rrσ−1/2dr ≤ C(t/ρ(x))1+2σ.

For I2, since q > n, it follows form the formula

hu(x− y)−KL
u (x, y) =

∫ u

0

∫
Rn
hs(x− z)V (z)Ku−s(z, y)dzds

that for δ0 = 2− n/q > 1,

√
u∇xe−uL(1)(x)| ≤ C

∫ u

0

√
u

s
(

√
s

ρ(x)
)δ0

ds

s
≤ C(

√
u

ρ(x)
)δ0 .
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Therefore,

I2 ≤ C
∫ ∞
t2/4ρ(x)2

e−rrσ−1/2(
t

ρ(x)
√
r

)δ0dr ≤ C(
t

ρ(x)
)1+2σ.

�

3.2. Estimation on time-fractional derivatives

For α > 0 and 0 < σ < 1, define DL,σ
t,α (f)(x) := tα∂αt P

L
t,σ(f)(x). Denote by

DL,σ
t,α (·, ·) the integral kernel of DL,σ

t,α .

Proposition 3.7. Let α > 0 and σ ∈ (0, 1).

(i) For any M > 0, there exists a constant C > 0 such that

|DL,σ
t,α (x, y)| ≤ CM t

α

(t+ |x− y|)n+α

(
1 +

t

ρ(x)
+

t

ρ(y)

)−M
.

(ii) Let 0 < δ1 ≤ δ = min(2ασ, 2σ, δ0). For any M > 0, there exists a
constant C > 0 such that for all |h| ≤ t,

|DL,σ
t,α (x+ h, y)−DL,σ

t,α (x, y)| ≤ Ctα

(t+ |x− y|)n+α

( |h|
t

)δ1(
1 +

t

ρ(x)
+

t

ρ(y)

)−M
.

(iii) For any M > 0, there exists a constant C > 0 such that∣∣∣ ∫
Rn
DL,σ
t,α (x, y)dy

∣∣∣ ≤ C(t/ρ(x))δ1

(1 + t/ρ(x))M
.

Proof. At first, we prove (i). The following two cases are considered.
Case 1: α ∈ (0, 1). By the functional calculus, we get

tα∂αt p
L
t,σ(x, y) = Cαt

α

∫ ∞
0

∫ s

0

∂rp
L
t+r,σ(x, y)

drds

s1+α
.

By (i) of Proposition 3.4, we obtain∣∣∣DL,σ
t,α (x, y)

∣∣∣ ≤ Ctα
∫ ∞

0

∫ s

0

|DL,σ
t+r,1(x, y)| dr

t+ r

ds

s1+α

≤ Ctα
∫ ∞

0

∫ s

0

(t+ r)2σ

((t+ r)2 + |x− y|2)n/2+σ

×
(

1 +
(t+ r)

ρ(x)

)−M(
1 +

(t+ r)

ρ(y)

)−M dr

t+ r

ds

s1+α
.

On the one hand, a direct computation gives∣∣∣DL,σ
t,α (x, y)

∣∣∣ ≤ Ctα ∫ ∞
0

∫ s

0

(t+ r)−n
( (t+ r)

ρ(x)

)−M( (t+ r)

ρ(y)

)−M dr

t+ r

ds

s1+α

≤ Ctαρ(x)Mρ(y)M
∫ ∞

0

∫ s

0

(t+ r)−n−2M−1 drds

s1+α

≤ Cρ(x)Mρ(y)M t−n−2M−1

∫ ∞
0

(r/t)−α(1 + r/t)−n−2M−1dr.
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Taking the change of variable u = r/t, we obtain∣∣∣DL,σ
t,α (x, y)

∣∣∣ ≤ Cρ(x)Mρ(y)M t−n−2M

∫ ∞
0

(u)−α(1 + u)−n−2M−1du

≤ Ct−n
( t

ρ(x)

)−M( t

ρ(y)

)−M
.

One the other hand, since

pLt,σ(x, y) = C

∫ ∞
0

e−wKL
(t+r)2/4w(x, y)

dw

w1−σ ,

we can get

tα∂αt p
L
t,σ(x, y)

= Cαt
α

∫ ∞
0

∂r

(∫ ∞
0

e−wKL
(t+r)2/4w(x, y)

dw

w1−σ

)dr
rα

= Cαt
α

∫ ∞
0

(∫ ∞
0

e−w
(t+ r)

2w
LKL

(t+r)2/4w(x, y)
dw

w1−σ

)dr
rα

= Cαt
α

∫ ∞
0

(∫ ∞
0

(t+ r)2

4w
LKL

(t+r)2/4w(x, y)
dr

rα(t+ r)

)
e−w

dw

w1−σ ,

which, together with Proposition 3.2, yields∣∣∣DL,σ
t,α (x, y)

∣∣∣
≤ Ctαρ(x)Mρ(y)M

∫ ∞
0

e−w
(∫ ∞

0

e−c|x−y|
2w/(t+r)2

(t+ r)n+2M+1

dr

rα

)
wn/2+M+σ−1dw

≤ Ctαρ(x)Mρ(y)M
∫ ∞

0

e−w
(∫ ∞

0

( |x− y|2w
(t+ r)2

)−(n+α)/2

× 1

(t+ r)n+2M+1

dr

rα

)
wn/2+M+σ−1dw

≤ Ctαρ(x)Mρ(y)M

|x− y|n+α

∫ ∞
0

e−w
(∫ ∞

0

(t+ r)α−2M−1 dr

rα

)
wM+σ−1−α/2dw

≤ Ctα

|x− y|n+α

( t

ρ(x)

)−M( t

ρ(y)

)−M
.

If t > |x− y|, then( t

ρ(x)

)M( t

ρ(y)

)M ∣∣∣DL,σ
t,α (x, y)

∣∣∣ ≤ Ctα

tn+α
≤ Ctα

(|x− y|+ t)n+α
.

If t ≤ |x− y|, we can also get( t

ρ(x)

)M( t

ρ(y)

)M ∣∣∣DL,σ
t,α (x, y)

∣∣∣ ≤ Ctα

(|x− y|+ t)n+α
.
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The arbitrariness of M implies that

|DL,σ
t,α (x, y)| ≤ Ctα

(t+ |x− y|)n+α

(
1 +

t

ρ(x)
+

t

ρ(y)

)−M
.

Case 2: α ≥ 1. Let v = α− [α] and k = [α] + 1. We can get

tα∂αt p
L
t,σ(x, y) = tαL[α]σ

∫ ∞
0

∫ s

0

∂rp
L
t+r,σ(x, y)

drds

s1+v

= tα
∫ ∞

0

∫ s

0

LkσpLt+r,σ(x, y)
drds

s2+α−k

= tα
∫ ∞

0

∫ s

0

DL,σ
t+r,k(x, y)

drds

(t+ r)ks2+α−k .

One the one hand, by Proposition 3.4,∣∣∣DL,σ
t,α (x, y)

∣∣∣ ≤ Ctα∫ ∞
0

∫ s

0

(t+ r)−n
( (t+ r)

ρ(x)

)−M( (t+ r)

ρ(y)

)−M dr

(t+ r)k
ds

s2+α−k

≤ Ctαρ(x)Mρ(y)M
∫ ∞

0

rk−α−1(t+ r)−n−2M−kdr

≤ Ct−n
(

1 + t/ρ(x)
)−M(

1 + t/ρ(y)
)−M

.

On the other hand, we apply the change of variables to obtain∣∣∣DL,σ
t,α (x, y)

∣∣∣ =
∣∣∣Ctα ∫ ∞

0

e−w
(∫ ∞

0

∂krK
L
(t+r)2/4w(x, y)

dr

rα+1−k

) dw

w1−σ

∣∣∣
≤ Ctα

∫ ∞
0

e−w
{∫ ∞

0

(t+ r)−k((t+ r)2/4w)−n/2e−c|x−y|
2w/(t+r)2

×
( (t+ r)

ρ(x)
√
w

)−M( (t+ r)

ρ(y)
√
w

)−M dr

rα+1−k

} dw

w1−σ

≤ Ctαρ(x)Mρ(y)M
∫ ∞

0

e−w
{∫ ∞

0

(t+ r)−k−n−2M

×
( |x− y|2w

(t+ r)2

)−(n+α)/2

rk−α−1dr
}
w−α/2+M+σ−1dw

≤ Ctαρ(x)Mρ(y)M

|x− y|n+α
t−2M

∫ ∞
0

e−w

×
(∫ ∞

0

(1 + u)−k+α−2Muk−α−1du
)
w−α/2+M+σ−1dw

≤ Ctα

|x− y|n+α

(
1 +

t

ρ(x)

)−M(
1 +

t

ρ(y)

)−M
.

The arbitrariness of M implies that

|DL,σ
t,α (x, y)| ≤ Ctα

(t+ |x− y|)n+α

(
1 +

t

ρ(x)
+

t

ρ(y)

)−M
.
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Similar to (i), the proof of (ii) can be completed by Propositions 3.4 & 3.2.
So we omit the details.

For (iii), when α ∈ (0, 1), by (iii) of Proposition 3.4, we change the order of
integration to obtain∣∣∣ ∫

Rn
DL,σ
t,α (x, y)dy

∣∣∣ ≤ Ctα ∫ ∞
0

∫ s

0

∣∣∣ ∫
Rn
DL,σ
t+r,1(x, y)dy

∣∣∣ dr
t+ r

ds

s1+α

≤ Ctα
∫ ∞

0

∫ s

0

((t+ r)/ρ(x))δ1

(1 + (t+ r)/ρ(x))M
dr

t+ r

ds

s1+α
.

If t > ρ(x),∣∣∣ ∫
Rn
DL,σ
t,α (x, y)dy

∣∣∣ ≤ Ctα ∫ ∞
0

∫ s

0

( (t+ r)

ρ(x)

)δ1−M dr

t+ r

ds

s1+α

≤ Ctαρ(x)M−δ1t−α+δ1−M
∫ ∞

0

u−α(1 + u)δ1−M−1du

≤ C(t/ρ(x))δ1

(1 + t/ρ(x))M
.

If t ≤ ρ(x),∣∣∣ ∫
Rn
DL,σ
t,α (x, y)dy

∣∣∣ ≤ Ctα ∫ ∞
0

( (t+ r)

ρ(x)

)δ1 1

(1 + t/ρ(x))M
dr

(t+ r)rα

≤ C
( t

ρ(x)

)δ1
≤ C(t/ρ(x))δ1

(1 + t/ρ(x))M
.

For α ≥ 1, we have∣∣∣ ∫
Rn
DL,σ
t,α (x, y)dy

∣∣∣ ≤ Ctα ∫ ∞
0

∫ s

0

∣∣∣ ∫
Rn
DL,σ
t+r,k(x, y)dy

∣∣∣ dr

(t+ r)k
ds

s2+α−k

≤ Ctα
∫ ∞

0

∫ s

0

((t+ r)/ρ(x))δ1

(1 + (t+ r)/ρ(x))M
dr

(t+ r)k
ds

s2+α−k .

If t > ρ(x),∣∣∣ ∫
Rn
DL,σ
t,α (x, y)dy

∣∣∣ ≤ Ctαρ(x)M−δ1
∫ ∞

0

(t+ r)δ1−M−k
(∫ ∞

r

ds

s2+α−k

)
dr

≤ Ctαρ(x)M−δ1
∫ ∞

0

(t+ r)δ1−M−krk−α−1dr

≤ C(t/ρ(x))δ1

(1 + t/ρ(x))M
.

If t ≤ ρ(x),∣∣∣ ∫
Rn
DL,σ
t,α (x, y)dy

∣∣∣ ≤ Ctα ∫ ∞
0

( (t+ r)

ρ(x)

)δ1
(1+(t+r)/ρ(x))−M

dr

(t+ r)krα+1−k

≤ Ctαρ(x)−δ1
∫ ∞

0

(t+ r)δ1−k
dr

rα+1−k
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≤ C(t/ρ(x))δ1

(1 + t/ρ(x))M
.

This completes the proof of Proposition 3.7. �

4. Characterization of Campanato spaces associated with L

In order to characterize CγL(Rn), we need the following lemmas whose proofs
are quite similar to those in [13].

Lemma 4.1. Let σ ∈ (0, 1) and α > 0. The operator tα∂αt P
L
t,σ defines an isom-

etry from L2(Rn) into L2(Rn+1
+ , dxdt/t). Moreover, in the sense of L2(Rn), it

holds

f(x) = C lim
N→∞

lim
ε→0

∫ N

ε

(tα∂αt P
L
t,σ)2(f)(x)

dt

t
.

For σ ∈ (0, 1) and α > 0, define an area function SLα,σ as follows:

SLα,σ(f)(x) :=
(∫ ∫

Γ(x)

|tα∂αt PLt,σ(f)(y)|2 dydt
tn+1

)1/2

,

where Γ(x) denotes the cone {(y, t) : |x− y| < t}.

Lemma 4.2. Let σ ∈ (0, 1) and α > 0. The area function SLα,σ is bounded on

L2(Rn).

Lemma 4.3. Let σ ∈ (0, 1), α > 0 and 0 < γ ≤ min{2α, 2ασ}. Let f be a

linear combination of H
n/(n+γ)
L -atoms. There exists a constant C such that

‖SLα,σ(f)‖Ln/(n+γ) ≤ C‖f‖
H
n/(n+γ)
L

.

Lemma 4.4. Let 0 < γ ≤ 1. For any pair of measurable functions on Rn+1
+ ,

we have ∫ ∫
Rn+1

+

|tα∂αt PLt,σ(f)(x)| · |tα∂αt PLt,σ(g)(x)|dxdt
t

≤ C sup
B

( 1

|B|1+2γ/n

∫ rB

0

∫
B

|tα∂αt PLt,σ(f)(x)|2 dxdt
t

)1/2

×

{∫
Rn

(∫ ∫
|x−y|<t

|tα∂αt PLt,σ(g)(y)|2 dydt
tn+1

)n/2(n+γ)

dx

}1+γ/n

.

Lemma 4.5. Let σ ∈ (0, 1), α > 0 and 0 < γ ≤ min{2α, 2αβ}. Let f ∈
L1(Rn, (1 + |x|)−(n+γ+ε)dx) for any ε > 0 and let a be an H

n/(n+γ)
L -atom.

Then for {
F (x, t) := tα∂αt P

L
t,σ(f)(x),

G(x, t) := tα∂αt P
L
t,σ(a)(x),
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there exists a constant C such that

C

∫
Rn
f(x)a(x)dx =

∫ ∫
Rn+1

+

F (x, t)G(x, t)
dt

t
.

Finally, we can obtain the following characterization of CγL(Rn) correspond-
ing to the time-fractional derivative of pLσ,t(·, ·).

Theorem 4.6. Let V ∈ Bq, q > n. Assume that σ ∈ (0, 1), α > 0, 0 < γ ≤ 1
with 0 < γ < min{2σ, 2ασ}. Let f be a function such that

(5)

∫
Rn

|f(x)|
(1 + |x|)n+γ+ε

dx <∞

for some ε > 0. The following statements are equivalent:

(i) f ∈ CγL(Rn);

(ii) There exists C such that ‖DL,σ
t,α (f)‖∞ ≤ Ctγ ;

(iii) For all B = B(xB , rB) ⊂ Rn,

(6)
( 1

|B|

∫ rB

0

∫
B

|DL,σ
t,α (f)(x)|2 dxdt

t

)1/2

≤ C|B|γ/n.

Proof. (i)⇒(ii). If f ∈ CγL(Rn), then |tα∂αt PLt,σf(x)| ≤ I + II, where
I :=

∣∣∣ ∫
Rn
DL,σ
t,α (x, y)(f(y)− f(x))dy

∣∣∣;
II :=

∣∣∣f(x)

∫
Rn
DL,σ
t,α (x, y)dy

∣∣∣.
For I, we have

I ≤ C‖f‖CγL

∫
Rn

tα|x− y|γ

(t+ |x− y|)n+α
dy ≤ Ctγ‖f‖CγL .

We further divide the estimate of II into the following two cases.
Case 1: ρ(x) ≤ t. By Proposition 3.7,

II ≤ ‖f‖CγLρ(x)γ
∣∣∣ ∫

Rn
DL,σ
t,α (x, y)dy

∣∣∣
≤ ‖f‖CγLt

γ

∫
Rn

tα

(t+ |x− y|)n+α
dy

≤ ‖f‖CγLt
γ .

Case 2: ρ(x) > t. We use Proposition 3.7 again to obtain that there exists
δ1 > γ such that

II ≤ ‖f‖CγLρ(x)γ
∣∣∣ ∫

Rn
DL,σ
t,α (x, y)dy

∣∣∣
≤ ‖f‖CγLρ(x)γ

(t/ρ(x))δ1

(1 + t/ρ(x))M
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≤ ‖f‖CγLt
γ (t/ρ(x))δ1−γ

(1 + t/ρ(x))M

≤ ‖f‖CγLt
γ .

(ii)⇒(iii). Assume that (ii) holds. Then( 1

|B|

∫ rB

0

∫
B

|DL,σ
t,α (f)(x)|2 dxdt

t

)1/2

≤ ‖f‖CγL
( 1

|B|

∫ rB

0

∫
B

t2γ
dxdt

t

)1/2

≤ ‖f‖CγL |B|
γ/n.

(iii)⇒(i). Assume that (6) holds. Let a be an H
n/(n+γ)
L -atom associated

with B = B(xB , rB). Then by Lemma 4.5,∫
Rn
f(x)a(x)dx = C

∫ ∫
Rn+1

+

tα∂αt P
L
t,σ(f)(x)tα∂αt P

L
t,σ(a)(x)

dxdt

t
,

which, together with Lemmas 4.4 & 4.3, gives∣∣∣ ∫
Rn
f(x)a(x)dx

∣∣∣
≤ sup

B

( 1

|B|1+2γ/n

∫ rB

0

∫
B

|tα∂αt PLt,σ(f)(x)|2 dxdt
t

)1/2

×
{∫

Rn

(∫ ∫
|x−y|<t

|tα∂αt PLt,σ(a)(y)|2 dydt
tn+1

)n/2(n+γ)

dx
}1+γ/n

≤ ‖SLα,σ(a)‖Ln/(n+γ) sup
B

( 1

|B|1+2γ/n

∫ rB

0

∫
B

|tα∂αt PLt,σ(f)(x)|2 dxdt
t

)1/2

≤ ‖a‖
H
n/(n+γ)
L

.

Hence

T (g) :=

∫
Rn
f(x)g(x)dx, g ∈ Hn/(n+γ)

L (Rn)

is a bounded linear functional on H
n/(n+γ)
L (Rn), equivalently,

f ∈ (H
n/(n+γ)
L (Rn))∗ = CγL(Rn). �

Below we consider the characterization of CγL(Rn) via the spatial gradient.
Define a general gradient as ∇ := (∇x, ∂t).

Theorem 4.7. Let V ∈ Bq, q > n. Assume that σ ∈ (0, 1/2 − n/2q), α > 0
and 0 < γ < 1 with 0 < γ < min{2σ, 2ασ}. Let f be a function satisfying (5).
The following statements are equivalent:

(i) f ∈ CγL(Rn);
(ii) There exists a constant C > 0 such that

‖t∇PLt,σf‖∞ ≤ Ctγ ;
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(iii) u(x, t) = PLt,σf(x) satisfies that for any balls B = B(xB , rB),

(7)
1

|B|1+2γ/n

∫ rB

0

∫
B

|t∇PLt,σ(f)(x)|2 dxdt
t
≤ C.

Proof. (i)⇒(ii). Let f ∈ CγL(Rn). By Theorem 4.6, ‖t∂tPLt,σ(f)‖∞ ≤ Ctγ . One

writes t∇xPLt,σf(x) = I + II, where I :=

∫
Rn
t∇xPLt,σ(f(z)− f(x))dz;

II := f(x)t∇xPLt,σ(1)(x).

We first estimate the term I. Because f ∈ CγL(Rn), then

|f(x)− f(z)| ≤ ‖f‖CγL |x− z|
γ .

Since

|t∇xPLt,σ(x, z)| ≤ Ct2σ+1

(t2 + |x− y|2)σ+(n+1)/2
,

a direct computation gives

|I| ≤ ‖f‖CγL

∫
Rn
|t∇xPLt,σ(x, z)| · |x− z|γdz

≤ ‖f‖CγL

∫
Rn

t2σ+1|x− z|γ

(t2 + |x− y|2)σ+(n+1)/2

≤ tγ‖f‖CγL .
By Proposition 3.6, we have

|t∇xPLt,σ(1)| ≤ min{(t/ρ(x))1+2σ, (t/ρ(x))−M}.
The estimate of II is divided into two cases.

Case 1: ρ(x) ≤ t. f ∈ CγL(Rn) implies that |f(x)| ≤ ρ(x)γ‖f‖CγL . Then

II ≤ C‖f‖CγLρ(x)γ |t∇xPLt,σ(1)(x)|

≤ C‖f‖CγLρ(x)γ
( t

ρ(x)

)−M
≤ C‖f‖CγLt

γ
( t

ρ(x)

)−M−γ
≤ C‖f‖CγLt

γ .

Case 2: ρ(x) > t. We can get

II ≤ C‖f‖CγLρ(x)γ |t∇xPLt,σ(1)(x)|

≤ C‖f‖CγLρ(x)γ
( t

ρ(x)

)1+2σ

≤ C‖f‖CγLt
γ
( t

ρ(x)

)1+2σ−γ

≤ C‖f‖CγLt
γ .
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(ii)⇒(iii). For every ball B = B(xB , rB),∫ rB

0

∫
B

|t∇PLt,σf(x)|2 dxdt
t
≤
∫ rB

0

∫
B

t2γ
dxdt

t
≤ rn+2γ

B ,

which implies that (7) holds.
(iii)⇒(i). Assume that (7) holds. For any ball B = B(xB , rB), it holds

sup
B
r
−(n+2γ)
B

∫ rB

0

∫
B

|t∂tPLt,σ(f)(x)|2 dxdt
t

<∞.

It is a corollary of Theorem 4.6 that f ∈ CγL(Rn) with

‖f‖CγL ≤ sup
B
r
−(n+2γ)
B

∫ rB

0

∫
B

|t∂tPLt,σ(f)(x)|2 dxdt
t

<∞.
�

A positive measure ν on Rn+1
+ is called a κ-Carleson measure if

‖ν‖C := sup
x∈Rn,r>0

ν(B(x, r)× (0, r))

|B(x, r)|κ
<∞.

The following result can be deduced from Theorems 4.6 & 4.7 immediately.

Theorem 4.8. Let V ∈ Bq, q > n. Assume that σ ∈ (0, 1/2 − n/2q), α > 0
and 0 < γ < 1 with 0 < γ < min{2σ, 2ασ}. Let dν be a measure defined by

dν(x, t) := |t∇PLt,σ(f)(x)|2dxdt/t, (x, t) ∈ Rn+1
+ .

(i) If f ∈ CγL(Rn), then dν is a (1 + 2γ/n)-Carleson measure;
(ii) Conversely, if f ∈ L1((1 + |x|)−n−γ−εdx) for some ε > 0 and dν is a

(1+2γ/n)-Carleson measure, then f ∈ CγL(Rn). Moreover, in any case,
there exists a constant C > 0 such that

C−1‖f‖2CγL ≤ ‖dν‖C ≤ C‖f‖
2
CγL
.
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