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BOUNDEDNESS AND CONTINUITY FOR VARIATION
OPERATORS ON THE TRIEBEL-LIZORKIN SPACES

FENG Liu, YONGMING WEN, AND XIAO ZHANG

ABSTRACT. In this paper, we establish the boundedness and continuity
for variation operators for #-type Calderén—Zygmund singular integrals
and their commutators on the Triebel-Lizorkin spaces. As applications,
we obtain the corresponding results for the Hilbert transform, the Hermit
Riesz transform, Riesz transforms and rough singular integrals as well as
their commutators.

1. Introduction

The primary purpose of this paper is to establish the boundedness and con-
tinuity for variation operators for #-type Calderén—Zygmund singular integrals
and their commutators on the Triebel-Lizorkin spaces. We now recall some def-
initions and background. Let T = {T¢}.>o be a family of bounded operators
satisfying

lim 7 f(z) = Tf(x)

almost everywhere for a certain class of functions f. For p > 2, the p-variation
operator of 7 is defined by

> 1/p
pT r) = Ssu e J\T) — €i41 x)|” ’
Vo(T)(£) () {ei}io(i;'T f(@) = Tepp f(@))7)

where the supremum runs over all sequences {¢; } of positive numbers decreasing
to zero.
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We say that Tk is a 0-type Calderén—Zygmund operator on R" if Ty is
bounded on L?(R™) and it admits the following representation

Tk f(z)= | K(x,y)f(y)dy for z ¢ suppf
Rﬂ,
with kernel K satisfying the size condition
Ck

K(z,y)| <
K0l < o2

and a smoothness condition
|z — z| 1
K(z,y) — K(z,y)| + |K(y,z) — K(y, 2 §9( )
K(e.9) = Kl + K () = K (2] < 0( =) oo
for all |z — y| > 2|z — z|, where 6 : [0,1] — [0,00) is a modulus of continuity,

that is, € is a continuous, increasing, subadditive function with #(0) = 0 and
satisfies the following Dini condition:

1
/ 9(15)@ < 0.
0 t

This type of operator Tk was studied by Lacy [11] and Lerner [13] who proved
that Tk is bounded on the weighted Lebesgue space LP(w) for 1 < p < oo and
w € A,(R™). When 6(t) = t° for some § > 0, the operator Tk is the classical
Calderon—Zygmund singular integral operator.

Formally, the operator Tk can be rewritten as

Tic(f)(x) = lim Tic.(f)(x),

where T . is the truncated singular integral operator, i.e.,

Ikdﬁurz/ K(z,9)f (y)dy.

lz—y|>€

The commutator of Tk with a suitable function b is defined as
Tica(f)(z) = . Te(D)@) = [ (b(a) = b)) ) ()
= lim Txpe(f)(@),
where

Tend D)= [ (@) W) K Sy

Denote T}(’b = Tkp- For m > 2, the m-th iterated commutator 7%, is defined
by

Ty (f)(@) = [, T, () (@) = /n(b(x) —b(y))" K (z,y)f(y)dy

=: lim T7%
63& K,b,e(f)(x)»
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where
TRy D))= [ 0 b)) K ) Sy

Let T := {Tk,e}e>0 and Ty = {T;?,b,e}oo- The p-variation operator for the
families of operators T and Ty", are defined, respectively, by

(L1 Vo(Tk)(f)(@) := sup (i‘/s 1<z—y|<s.K(x’y)f(y)dy‘p)l/p7

si0 iy
V(T (f) (@)
(1.2) — su S 2 — ™R P\ 1/p
. Ei\JpO(i—Zl ~/Ei+1<|3?—y|S5i<b( ) b(y)) K( ,y)f(y)dy‘ ) ’

where the above supremums are taken over all sequences {e;} decreasing to
zZero.

It should be pointed out that Tk and ng , have some classical models, which
are listed as follows:

e When n =1 and K(x,y) = ﬁ, then T (resp., Tg',) is (resp., the m-th
order commutator of) Hilbert transform. We denote T = H and Ty, = Hy"
for m > 1.

e When n = 1 and K(z,y) = R¥(z,y), where R (2, y) is a Hermit Riesz
kernel whose expression can be found in [21], then Tk (vesp., T',) is (vesp.,
the m-th order commutator of) Hermit Riesz transform. We denote Tx = R*
and TI’(’fb = R’i”}b for m > 1.

e When n > 2 and K(z,y) = R;(x,y), where

n+1\ _nn1 x5 —y;
Rj(x,y) == F( 5 )71' 2 ﬁ
for 1 < j <, then Tk (resp., T';) is (resp., the m-th order commutator of)
Riesz transform. We denote Tx = R; and T¢", = R} for m > 1.

e When n > 2 and K(z,y) = ?;f;lﬂ), where 2 € L'(S"™1) is homogeneous
of zero and satisfies [q,_, Q(0)do(f) = 0, then Tk (vesp., T';) is just the usual
(resp., the m-th order commutator of) singular integral operator with rough
kernel 2. We denote Tx = Tq and T, = Tg", for m > 1.

The variation inequalities for various operators have been an active topic of
current research. This program began with Lépingle [12] who established the
first variational inequality for general martingales (see also [20] for a simple
proof). Later on, similar variation estimates were obtained by Bourgain [3] for
the ergodic averages of a dynamic system. Motivated by the work [3], more
and more scholars were devoted to studying variational inequalities for various
operators. For the p-variation operators of the Calderén—Zygmund singular
integrals and their commutators, we can consult [5,18,19] for the boundedness
on the weighted Lebesgue spaces, [15,28] for the boundedness on the weighted
Morrey spaces, [15] for the boundedness on the Sobolev spaces and [27] for
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the boundedness and continuity on the Besov spaces. Recently, Wen, Wu and
Zhang [23] established the boundedness of p-variation operators of the 6-type
Calderén—Zygmund singular integrals on the weighted Lebesgue spaces. More
precisely, it follows from [23, Theorem 1.1] that:

Theorem A ([23]). Let p > 2, K be a 0-type Calderén—Zygmund kernel and
V,(Tk) be given as in (1.1). If V,(Tk) is of type (po,po) for some py € (1,00),
then V,(Tk) is bounded on LP(w) for all 1 < p < oo and w € Ap(R™).

On the other hand, the Triebel-Lizorkin spaces contain many important
function spaces, such as Lebesgue spaces, Hardy spaces, Sobolev spaces and
Lipschitz spaces. Over the last several years, a considerable amount of attention
has been given to study the boundedness for various operators on the above
function spaces. For examples, see [2,4, 6] for singular integrals, [17,26] for
maximal singular integrals, [2, 24, 25] for Marcinkiewicz integrals and [10, 16]
for maximal operators. Let s € R, 0 < p, ¢ < 0o (p # 00). The homogeneous
Triebel Lizorkin spaces FP4(R™) are defined by

(13) EPIR) = {f € S'®™) : |fllgpoany < 00}

where

) 1/q

£llspaceny = [ (27 twer 1) 7
1€Z

S’(R™) denotes the tempered distribution class on R™, U;(€) = ¢(2i€) for i € Z
and ¢ € C°(R™) satisfies the conditions: 0 < ¢(x) < 1; supp(¢) C {z:1/2 <
|z| < 2}; é(z) > ¢ > 0if 3/5 < || < 5/3. The inhomogeneous versions of
Triebel-Lizorkin spaces denoted by FE4(R™) are obtained by adding the term
|® * fllr@ny to the right hand side of (1.3) with } ., replaced by > -,

where ® € S(R") (the space of Schwartz functions), supp(®) C {¢ : [¢] < 2},
®(z) > ¢ > 0if |z| < 5/3. The following properties are well known (see [8,9,22],

for example): for 1 < p, ¢ < oo and a > 0,
FPARY) = IP(R),

(1.4) Fra®m) ~ FPa(R™) () LP(R") and
1£]

It is natural to ask whether the variation operator V,(Tx) is bounded on
the Triebel-Lizorkin spaces. This is the main motivation of this paper. In this
paper we shall establish the following result.

Fra@n) = | fll gpagay + 1o @n)-

Theorem 1.1. Let p > 2, K be a 0-type Calderdn-Zygmund kernel and V,(Tx )
be given as in (1.1). Assume that K(x,y) = K(x —y) and V,(Tk) is bounded
on LPO(R™) for some pg € (1,00). Then for 0 < s <1 and 1 < p, g < oo, the
map V,(Tk) : FP9(R™) — FP9(R") is bounded and continuous.
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In order to establish the corresponding results for commutators, let us in-
troduce the following definition. Let 0 < v < 1. The homogeneous Lipschitz
space Lip. (R") is defined as

Lip, (R") :={f : R" — C continuous : || f|| i, ®n) < 00},

where
z+h)— f(x
Hf”L’ip,y(R") = Sup sup |'f( ) f( )| < 00.
w€R" heRm\{0} iy

The inhomogeneous Lipschitz space Lip., (R") is given by
Lip, (R") := {f : R" — C continuous : || f||Lip_(rn) < 00},
where
[ fllLip, ®n) = [[fllzoc®n) + 1f] Lip, ®n) < o0
The second result of this paper can be listed as follows:

Theorem 1.2. Let p>2,m >1,0<+v <1 and b € Lip (R"). Let V,(Tx)
and V,(Tg,) be defined as in (1.1) and (1.2), respectively, where K is a 0-
type Calderdn-Zygmund kernel. Assume that K(z,y) = K(z —y) and V,(Tk)
is bounded on LPo(R™) for some py € (1,00). Then for any 0 < s < v and
1 < p,q < oo, the map V,(Tg,) + FPUR™) — FPIR") is bounded and

continuous. Particularly, there exists a constant C' > 0 independent of b such
that

Vo (Ti3) ()]

As applications of Theorems 1.1 and 1.2, we have:

Fra@e) < Ol @l fllrpo@ny, VI e FPIRY).

Corollary 1.3. Let p > 2. Assume that one of the following conditions holds:
)n=1and T =H;
(i) n =1 and T = R*;
(i) 7 = Ry, 1< j < i
(iv) T = Tq, where Q € Lip, (S"1) for some a > 0.
Then for any 0 < s < 1 and 1 < p, ¢ < oo, the map V,(T) : FP4(R") —
FP9(R™) is bounded and continuous.

Corollary 1.4. Letm >1, p>2,0<+v <1 and b € Lip,(R"). Assume that
one of the following conditions holds:

D)n=1and T =H}";

(i) n=1and T =RTY,;

(i) 7=R7y, 1<j<n

(iv) T =78, where Q € Lip,,(S"~') for some o > 0.
Then for 0 < s <« and 1 < p, ¢ < oo, the map V,(T) : FP1(R™) — FP1(R")
is bounded and continuous. Moreover,

Vo (T) (Dl pzany < ClBIT, @yl pre@ny, VS € FPHRT).




1544 F. LIU, Y. WEN, AND X. ZHANG

Throughout this paper, we always assume that p > 2 since the p-variation
in the case p < 2 is often not bounded (see [1,3]). The letter C, sometimes
with additional parameters, will stand for positive constants, not necessarily
the same at each occurrence but independent of the essential variables. For a
cube @ and a function f defined on R™, we set

1
fo= 157 /Q f(x)dz

In what follows, we denote by My the centered Hardy—Littlewood maximal
operator defined on R". We set R, = {¢ € R" : 1/2 < |¢| < 1}. For an
arbitrary function f defined on R™ and z, { € R”, we denote f(z+() = fc(x).
We denote by Ac the difference of f, i.e., A¢f(x) = fe(z) — f(x).

2. Preliminaries
2.1. Weights

A weight is a nonnegative, locally integrable function on R™ that takes values
in (0,00) almost everywhere. For 1 < p < 00, a weight w is said to be in the
Muckenhoupt weight class A,(R™) if there exists a positive constant C' such
that

p—1
2.1 sup / dx / ) v dw <C.
( ) Q@ cubes in R™ |Q‘ |Q|

The smallest constant C' in inequality (2.1) is the corresponding A, constant
of w, which is denoted by [w]a,. A weight w is said to be in the Muckenhoupt
weight class A;(R"™) if

My (w)(z) < Cw(z)
for almost all x € R™, where the smallest constant C' is denoted by [w]4,. A
weight w is said to be in the Muckenhoupt weight class Ao (R™) if

[w]a, = sup / My (wxg)(z)de < co.
Q cubes in R" w

It was known that Ao (R") = U<, Ap(R").

2.2. Sparse family

We now introduce some facts about sparse family, which follows from [23].
Given a cube @ C R", let D(Q) be the set of cubes obtained by repeatedly
subdividing @ and its descendants into 2" congruent subcubes. A collection of
cubes D is said to be a dyadic lattice if it satisfies the following properties:

(a) if @ € D, then every child of Q is also in D;

(b) for every two cubes @1, Q2 € D, there is a common ancestor @ € D such

that Ql, Qg S D(Q),
(c) for any compact set K C R™, there is a cube @ € D such that K C Q.
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A subset S C D is said to be an 7-sparse family with n € (0, 1) if for every
cube @ € S, there is a measurable subset Eg C @ such that n|Q| < |Eg|, and
the sets {Eg }ges are mutually disjoint.

The following sparse domination is the main ingredient of proving Theorem
1.1, which follows from [23].

Lemma 2.1 ([23]). Let p > 2, K be a 0-type Calderén—-Zygmund kernel and

V,o(Tk) be defined in (1.1). If V,(Tk) is bounded on LP°(R™) for some py €

(1,00), there exist 3" dyadic lattices DI and s~ -sparse families S; C DI such

2.9n
that for almost every x € R",
3’"/
Vo(Tie /@) <CY 7 > [ floxe(@).
J=1 QES;
2.3. Some vector-valued inequalities
To proving Theorem 1.1, the following vector-valued inequalities are needed.

Lemma 2.2 ([24]). For any 1 <p, ¢ < oo and 1 <r < min{p, ¢}, we have

1/ 1/
| (S 102 o) thP(Rn)scH(gfk,dl%qmn)) )

keZ
Lemma 2.3 ([7]). Given a family F, suppose that for some pg € (0,00) and
every w € A (R™),

LP(R")

- f@)Pow(x)dx < c/ g(x)Pow(x)dx

n

for all (f,qg) € F such that the left hand side is finite, and where ¢ > 0 depends
only on the Ax(R™) constant of w. Then for all 0 < p, ¢ < oo,

J50) = l(i)

Applying Lemmas 2.1-2.3, one can get the following vector-valued inequali-
ties for the p-variation operator of 6-type Calderén—Zygmund singular integrals,
which is the main ingredient of proving Theorem 1.1.

, Y{(fi,95)Yjez C F.

Lr(w)

Proposition 2.4. Let p > 2, K be a 0-type Calderon—Zygmund kernel and
Vo(Ti) be defined in (1.1). If V,(Tk) is bounded on LP°(R™) for some py €
(1,00), then for 1 < p, ¢ < 0o, we have

H(Z ||Vp(TK)(f’“>C)||%l(mn))1/(1‘

keZ

1/
< o (S telsns) |

for all { frc(-)}kez € LP(L4(L (R,)), R™).

L (R™)
(2.2)

Lr(R™)
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Proof. Firstly we shall prove
ey [ [ vimouo@ae@ar<c [ | Mo @icos

Fix 1 < j < 3", noting that S; is a ﬁ-sparse family, then for any @ € S;,
we have that |Q \ Eg| < (1 — 55+)|Q|. Let w € Ao (R™). Then there exists
B € (0,1) such that w(Q \ Eg) < pw(Q). This yields that

w(Eg) =w(Q) —w(Q\ Eq) = (1 - flw(@).

Invoking Lemma 2.1, we have

/n/ o (Tr) (fo) (z)dCw(x)dz

<C//ZZ|fC|Q z)xq(x)dCw(z)ds

R j=1 QES;
371

25393 / inf M1 (/o)(@)dCw(Q)

Jj=1QE€eS;
3’”

SCY S [ int Mins (1) (@)au(Eq)

Jj=1QEeS;

< CZ 3 / /HMHL(fC)(x)de(x)da:

j=1Q€S;
<c | [ Mutro@icu

This proves (2.3).
For R > 0, we set

Fu(fo)a) = min{ [ V(T (f0)e)d. R xaom o).

n

Note that || Fr(f¢)llzrw) < Rw(B(0, R)) < oo, applying Lemma 2.3 and (2.3),
we obtain

(5 rtnar)

< (T GOl ) |

kEZ

Lp(w Lo (w)

From this and Lemma 2.2, we have

H (Z HV"(TK)(fk,C)||qu(mn))1/q

keZ

Lr(w)

= (S, Pt ™

Lr(w)
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= |, St ™

R~>oo

Lr(w)

1/q
< hmlnf H( FR (fr,c))? ) o)
q 1/q
<c|(X ||MHL<fk,c>||L1(mn)) I,
ez (w)
1/q
< CH(Z”fk,CHil(mn)) ‘Ll’ )
kez ()
which gives (2.2) by taking w = 1. O

2.4. A criterion

We now end this section by presenting a criterion of continuity for several
sublinear operators on the Triebel-Lizorkin spaces.

Proposition 2.5. ([14]). Assume that T is a sublinear operator and the fol-

lowing conditions hold:
(i) T : LP(R™) — LP(R™) for some p € (1, 00);
(ii) For all x, ¢ € R™, it holds that

(AT f)(@)] < |T(Ac(F))()];
(iii) There exist a € (0,1) and q € (1,00) such that

(2 | ir@aeniac)')), o < Cllfllegae

n

Then T is continuous from FP4(R™) to FP4(R™).

3. Proofs of Theorems 1.1 and 1.2

In this section we prove Theorems 1.1 and 1.2. Before presenting our proofs,
let us introduce some properties for the Triebel-Lizorkin spaces, which play key
roles in the main proofs. Let 0 < s < 1,1 < p,q < oo and 1 < r < min(p, q).
For a measurable function g : R™ x Z x R,, — R, we define

l9llp,qr = H(ngsq(/ (@, <)|rdc>q/r>1/q

In [24], Yabuta observed that if 0 < s < 1,1 < p < 00, 1 < ¢ < oo and
1 <r < min(p, ¢), then

Lr(Rn)

(3.1)
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Proof of Theorem 1.1. For any z, h € R", it is clear that V,(Tx)(f)(z + h) =
V,(Tk)(fr)(x). By the sublinearity of V,(Tx), one has

AV (Te) () (@) = Vo (Tic)(f) (@ + h) = Vo (Tr ) (f) ()]
< Vo (Tr) (An(f)) ()]

By Proposition 2.4, we get from (3.1) and (3.2) that
Vo (Tr) ()l o gy

(3.2)

, 1/q
gC(I;;’“q(/mIAzkc( Jmawra) )
sy <o(S([ mmoeamra)™)",
kEZ "
<al(Z 2 (L, et ®) )

< Clfll gpoagny-

Combining (3.3) with Theorem A and (1.4) yield the boundedness of V,(7Tx) on
FP9(R™). By Propositions 2.4 and 2.5, Theorem A, (1.4), (3.2) and (3.3), one
can get the continuity of V,(7x) : FP4(R™) — FP4(R"). This together with
the L? continuity for V,(Tx) leads to the continuity of V,(Tx) on FP4(R™). O

Proof of Theorem 1.2. The proof of Theorem 1.2 will be divided into two steps:

Step 1. Proof of the boundedness part. It was shown in [15] (see
[15, (5.16)]) that

m

|AR(Vo(TEW)(f <D Aulb T @V (Ti) (B, A0 ) ()

=0

m l m—
(3.4) + b, el Anb(x) Z ()]

I=1 (=0 u=0
X Vo (Tie) (B (Anb)' ) ()

(f)(h,x)

for any x, h € R™. Here C} = ,(N - for any r, N € N with r < N. By (3.1),

(3.4) and Minkowski’s inequality, we have

Vo (T) (PN 0 e

<o (S2r( [ i)

kez
2ksq / G(f kg‘,x)d§>q)l/q

LP(R™)

(35) < CH
ke

7 Lr(R™)
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<C Z Cm,

ksq 1/q

H(D ([, BTt wa-rcn)dc)) |

Lp(R™)
keZ
+Zc clH(Z2ksq(/ |Ag-xcb|*
1=1 kez Rn
m—1 /
<Y cz_l|bm-l-“|vp<TK><bM<A27k<b>l-@f>dc)")1 [
pn=0
= A1 + AQ.
By Proposition 2.4 and (3.1), one has
A < Zcme”Lw R™)
x H(szsq / V(T ) (O, Ay f)dg)q)l/q)
- p 2-k¢ ¢ Lr(R™)
= Z me”Loo R™)
/
/ V TK 8b2 kCAQ*’“Cf)dC)q>1 ! Lo (R")

(3.6)
<C Z c ||b||Loo(]Rn

S, wcareny)”
kEZ Rn
< C Y cnlbllTe gy

<J(Z 2 [ 18eschiac)')”|

< ClJbl| o (gen
By the L? bounds for V,(Tx),

m—I

Az < ZC Zcm leHTLnOOéR#

g H(Z?’“q /m ValTr) ¥ (Ba-ech) nac))"

kEZ

Lr(R")

Lr(R")

)

Lr(R")
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-1

m l
l l
Y Yy bl

3

=1 /=1 MZO
/
(X2 [ 1ae b Tmae st na) )
keZ Ry )
=: Ao 1 + Az,

Fix 1 <l <m and 0 < g < m — [, noting that s < ~, we then use Proposition
2.4 to obtain that

(52 [, vt ue))”

keZ

L (R™)

ol [0 / V(T @208y sty frac) )|

L (R™)

(g;m(4|m2wWﬂ@)fﬂ

<cwmww

Lr(R"™)

n

SCMMﬂW)

0 1/q
% H( 2k(s h)quHsz =) +2lq||bHLoo(Rn) Z 2st) f’
k :700

Ry |

LP(R™)

gcw;mawmmmmmwy
It follows that
(3-8) Az < ObITS, &y

fllze@n).-

For Aj o, we write

m—
l
IS 3D SEWL sl
=1 =1 pu=0

( 2ksq</ |A2—kcb‘e
kEZ An

/
<V (T 0 (Bgr ) 1)) ")
m m—I
(3.9) + D Y BT
=1 n=0

XH( 2ksq</m IAg—ka\lvp(TK)(bﬂf)ak)q)1/q

keZ

m —

Lr(R™)

ﬁ

Lr(R"™)

n

m -1 m—I
<2y > > e l||b||gzclRf+f
=1 0= pn=0
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H(ZTM / Vo (Tic) (0" (D g ) ff)dg) )l/q

keZ

+zc Zcm N
OS2 [ 1areate)) e

kEZ
=: Ao+ Azpo.

1551

Lr(R"™)

Lr(R™)

For1<i<m,1</¢<l—1and0<p<m-—1, we get by Proposition 2.4
that

H(Zz’csq / Vo (Tic) (b (D b ‘f)dg) )Uq\

ez e
=[S (f, v @ ne)) ..,
= CH<22M(/ D (25kc)'~ Pldc) )1/‘1 Ly (&)

< OBl oo (g

(k%zm(/mn I(Az”"cb)l‘f|dg)q)1/qf

< Cbll o ey Bl [ f | e

Lr(Rm)

~ 0 /
y ((ZQk(s—(z—m)q) ||bHszW(R") + ( Z kaq)l q(2||b||Lm(Rn))l—e)
1 k—oo
< Clbl

Lip., (R") I £l e nys

where in the last inequality of the above inequalities we have used the fact that
s <yand 1 <1[—/. Hence, we get

(3.10) Az 21 < ClblITE, @y Lf Il 2o )

By the L? boundedness for V,(Tk), one has

(520 [ 180 wctlc)) M vimowen)|
keZ n

LP(R™)
> B 1/q 0 1/q
< 19 (30 257) ol oy + (3 20) T @bl )
k=1 k—oo

XAV, (Tic ) (" )

Lr(R™)
!
< C”thpw(R“)”beHLP(]R”) < C|bll3" yILf e ey

Lip., (R™
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Consequently

(3.11) Ag < CHb”ﬁpv(R")Hf”LP(]R")-
We get from (3.9)—(3.11) that

(3.12) Az 2 < CblIT, @my 1 1|e e

Combining (3.12) with (3.7) and (3.8) implies that
(3.13) Ag < ClJblITip, &ny

| fll e @n).-
It follows from (3.5), (3.6), (3.13) and (1.4) that
(3.14) Vo (T ) (Pl s ey < ClIONTE, ny 1 /]

On the other hand, by the arguments similar to those used to derive [15, (5.10)],
one has

F‘fyq(Rn) .

(3.15) Vo(Ti) () (@) < Y ep ™ (@) Vo (Ti) (0 ) (@)
k=0

for all z € R”. Using (3.15), the LP bounds for V,(Tx) and Minkowski’s
inequality, we have

V(TR (Dl Lo ny < D kIl oy 1V (Tr) (08 ) o ey
k=0

(3.16) - m—
<O chnllblT oo 1" Fllr @)
k=0

< ClIblI o0 gy 1 £l o ) -
Combining (3.16) with (3.14) and (1.4) implies the desired boundedness part.

Step 2. Proof of the continuity part. Let 0 < s <1, 1 < p, ¢ < oo and
fi — fin FP4(R") as j — co. We know from (1.4) that f; — f in FP9(R")
and in LP(R™) as j — oo. By the sublinearity of V,(7:%,) and (3.16), we have
that V,(T&%)(f5) = Vo(Ti)(f) in LP(R™) as j — oo. Hence, it is enough to
conclude that

(3.17) Vo(Ti) (f5) = Vo(Ti)(f) in FPA(R™) as j — oo.

Next we shall prove (3.17) by contradiction. Without loss of generality we
may assume that there exists ¢ > 0 such that

(3.18) Ve (T (£3) = Vo (T ) (Nl o @ny > € Vi 2 1

Since V,(Tg%)(fj) — Vo(T&)(f) in LP(R™) as j — oo, we may assume by
extracting a subsequence that V,(Tg%)(f;)(z) — Vo(TE)(f) as j — oo for
almost every z € R™. Hence, Ag—rc(Vo(Ti%)(fi) = Vo(TEH)())(2) — 0 as
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j — oo for every (k,() € Z x R, and almost every x € R”. By (3.4) and the
sublinearity of V,(7x ), we have

Aok (Vo (T (f5) = Vo(Ti) () ()]
< [Ag-rc(Vo( mb)(f] )(a)+ s ¢ (Vo(Ti ) () ()]
< G(f)(277¢,2) + G(f)(277¢, 2)
< G(fi = HE7C @) +26()(275¢, ).
From (3.14) we see that

sq o ke a\1/a
M%ﬂ(LJﬂﬂfkaWQ)

(3.19)

(3.20) Lr(R™)
< CIBlL. eI )50 as o oo
Therefore, one can extract a subsequence such that
_ a\ 1/q
o S[(S e ( [ 160 - neeana)) L <o
7j=1 keZ (&™)
For (k,(,z) € Z x R, x R, we set
(oo}
T(k, ¢ ) ==Y G(f; = 27 2) +26(f)(27%¢ ).
j=1

By (3.19), we have

(3.22) [ Dok (Vo (Tw) (f5) = Vo(Tn) () (@) < T(k, ¢, )

for (k,(,x) € Z x R, x R". By (3.20), (3.21) and Minkowski’s inequality, we
get

(3.23) Zz’“q / / T(k, ¢, ) dedg)q/p) "

kEZ

Using (3.22), (3.23) and the arguments similar to those used to derive Propo-
sition 2.5, one can get a contradiction with (3.18). This completes the proof of
Theorem 1.2. O
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