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SUMS OF DUAL TOEPLITZ PRODUCTS ON THE
WEIGHTED SPACES

YOUNG JOO LEE

Abstract. On the setting of the orthogonal complement of the weighted
Bergman space, we study the problem of when a finite sum of dual
Toeplitz products is compact or zero. Our results extend several known
results on the unweighted space to the weighted spaces.

1. Introduction

For a fixed integer n > 1, we let B be the unit ball in the n-dimensional
complex space C" and S := 0B be the unit sphere. Also, let o denote the
rotation-invariant positive Borel measure on S normalized to have total mass
1. Let p denote a positive probability Borel measure on [0,1) and u be the
product measure of p and o. So, u is a regular Borel probability measure on

B such that
/f ) (2 //frcda ) dp(r)

holds for every f € L. Here, LP := LP(B, i) for 0 < p < cc.

The weighted Bergman space A2(u ) is the subspace of L? consisting of all
holomorphic functions on B. In order to ensure the completeness of A%(u),
we are concerned with measures p whose support is not entirely contained in
a compact subset of B. In other words, we consider measures p such that
u({z € B:|z| >r}) > 0forall 0 < r <1, Equivalently, we assume throughout
the paper that the measure p satisfies

(1) p([r,1)) >0 for every r€[0,1).

Then, by using (1), one can see that for any compact subset K of B, there
exists a constant C, depending only on K and n, for which

@) sl <c( [ Iflzdu>1
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for every f € A%(u). Then, by a routine argument, one can see that (2) implies
that A2(u) is a closed subspace of L? and hence A?(y) is a Hilbert space. Let
P : L? — A?(u) be the Hilbert space orthogonal projection and write A2 (u)*
for the orthogonal complement of A%(u) as usual.

Given ¢ € L™, we define an operator Sy, : A%(u)+ — A%(u)* by

Sef = (I = P)(ef)

for functions f € A?(u)t. We call S, the dual Toeplitz operator with symbol
¢. Clearly, S, is a bounded linear operator on A?(u)*.

For the case of dp(r) = 2nr>"~1dr, the corresponding space A?(u) is the
well known classical Bergman space on B. On the setting of the orthogonal
complement of the classical Bergman space of the unit disk, Stroethoff and
Zheng [9] characterized (essentially) commuting dual Toeplitz operators and
obtained a characterization of when a product of two dual Toeplitz operators
is another dual Toeplitz operator. Later, their results have been extended to
the unit ball as in [6], [7] and references therein. Recently, Kong and Lu [4]
recovered the known results above concerning the commutativity or product
problem by characterizing zero sums of products of two dual Toeplitz operators.
Also, the corresponding problems on the Hardy space, Dirichlet space and Fock
space have been studied in [3], [5] and [1] respectively.

Motivated by the results mentioned above, in this paper, we consider opera-
tors which are finite sums of products of several dual Toeplitz operators on the
orthogonal complement of the weighted Bergman space A2(u1) under consider-
ation. We first show that the compactness for operators which are finite sums
of products of several dual Toeplitz operators with continuous symbol implies
that the corresponding sum of products of symbols equals 0; see Theorem 5.

Using this result on the compactness, we next consider finite sums of prod-
ucts of two dual Toeplitz operators with pluriharmonic symbol and obtain a
characterization of when such an operator equals 0; see Theorem 8. As ap-
plications, we obtain several consequences concerning commuting and product
problem for dual Toeplitz operators. Also, we characterize normal dual Toeplitz
operators. See Corollaries 9 and 10. Our results extend several known results
on the orthogonal complement of the classical Bergman space to that of our
weighted Bergman space.

2. Preliminaries

Given a multi-index o = (v, - -+ , ) where each oy, is a nonnegative inte-
ger, we use

la] = a1 + - + an, al = ol -y,
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and write 2% = 27" -+ - 20" for z = (21, -+, z,) € B. Also, we will use the inner

product notation
9) = / fgdu
B

and let ||f]| = \/(f, f) for functions f,g € L% Given a multi-index «, since

a2 o (n_l)'a'
/'“d e

Za2 (n—l)'a' ! 2|oz\ r):
/| P dn(e) = 7, 1+|a|>/ dp(r);

see Proposition 1.4.10 of [8]. By (2), we see that each point evaluation is a
bounded linear functional on A%(u). Hence, for each z € B, there exists a
unique function K, € A?(u) which has the following reproducing property

f(Z) = <f7Kz>

for every f € A?(u). Since the set {z® : |a| > 0} spans a dense subset of A?(u),
it can be easily seen that K, can be written as

we have

(3) K.(w)= Y ﬁ(la)wa?a, w € B.

Thus the projection P can be represented as the following integral formula

(1) Po) = [ wwR@duw),  z€B

for every v € L2.

3. Compact sums of dual Toeplitz products

In this section, we study the compactness for operators being finite sums of
products of several dual Toeplitz operators. We will use some ideas as in [1]
and [9] in our proofs.

Given a € B and 0 < £ < 1 —|al|, we define

Ga’g(z) = (Zl - al)XB(a;Z) (2)7 z€B

where B(wj;r) is the euclidean ball centered at w with radius r and xg is the
usual characteristic function for a set £. Also, w; denotes the j-th component
of a point w € B. Put
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for simplicity. Then, by an application of the mean value property for holo-
morphic functions, one sees that each g, ¢ belongs to A?(u)*. Also, using the
Cauchy-Schwarz inequality, we have

o 0ud <llgndl? [ toldn= [ el

B(a3t)

(a;e

for all a, ¢ and ¢ € L?, which shows that g, ¢ converges weakly to 0 in A2?(u)+
as £ — 0.
The following proposition will be useful in our characterization of the com-

pactness. The notation C'(B) stands for the set of all continuous functions on
B.

Proposition 1. For v € C(B) N L*, we have
lim ||Sugaell = |u(a)|
for all a € B.
Proof. Fix a € B. Since u is continuous at a, we can see that
lim (v — u(a))gaell = 0
£—0

and hence

li —u(a)Ya Sl - a = VU.
5 18,0y | < 1 || — (@) gl = 0

Since S is the identity on A%(u)t and each g, has norm 1, the above gives
the desired result. The proof is complete. O

As a simple application of Proposition 1, we characterize compact dual
Toeplitz operators with continuous symbol.

Corollary 2. Let uw € C(B)NL*. Then S, is compact if and only if u =0
on B.

Given u € L>, the Hankel operator H, : A?(u) — A%(u)t with symbol u
is the bounded linear operator defined by

Hyf = (I = P)(uf)

for f € A%(u). It is not hard to see that the adjoint operator H of H,, is given
by H}f = P(uf) for functions f € A?(u)*.

Lemma 3. Let u,v € L*°. Then we have
lim || Hy H gael| = 0
£—0

for all a € B.
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Proof. Fixa € Band let 0 < £ < 1_2‘“‘. Note from (4) that
|H ga.0(2)]” = | P(0ga,0)(2)]?

—| / 000K dul?
B(a;l

< ||ga,e||2\|v||io/ K. 2 dy
a

- ||v||§o/ K. 2 dp
B(a;0)

for all z € B. Also, by (2) and the reproducing property, one can see that there
exists a constant C, depending only on a and n, such that

Kw(w) < CHKwH = C\/<vaK’w> = C\/Kw(w)

1—|al
2

sup Ky (w) < sup Ky (w) < C
weB(a;l) wGB(a;ilg‘a‘)

for every w € B(a;

) and hence

Since | K, (w)| = | Ky (2)| for all z,w € B by (3), it follows from the reproducing
property that

1 HuHga,ell* = II(1 - P)(uH*gaz)H2

<l [ 1
< el ol | / 2 dp(w) du(2)

= Il /B (K22 di(z) ()
— lull% ]2, /B Ko (w)dp(w)

)

scznuuionvnio/ dy

B(a;¢

for each £, which implies the desired result. The proof is complete. O

We let .77 be the set of all operators of the form Zj\il L;H,H} where M > 1

is an integer, L; is a bounded linear operator on A%(p)* and u,v € L. By
Lemma 3, one can see that

li K =

(5) lim [[ K gael| = 0
for every a € B and K € J#. Since

(6) SuSy = Suw — H,H
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for any u,v € L, the product 5,5, can be written as a sum of an operator in
¢ and a single dual Toeplitz operator with symbol uv. The following lemma
shows that same is true for operators which are products of several dual Toeplitz
operators.

Lemma 4. Let u; € L™ for j=1,--- ,N. Then
Suy - Sun = Sujug-uy K
for some K € 5.

Proof. As mentioned above, the result is true for N = 2. Now, suppose the
result holds for N — 1 and then by (6)

Suy - Suy = Suy[Sus -+ Sunl
= Su; [Sug-uny + K]
= Surus-uy — Huy Hyer + Suy K
for some K € J#. Since —H, HX 4+ S5,, K € S, the above shows the

U2 "UN
desired result. The proof is complete. O

The following theorem is the our main result of this section and extends
Theorem 5.1 of [4] to our weighted cases for continuous symbols. The case
M; = 2 will be used in our characterization of zero sums of dual Toeplitz
products in the next section.

Theorem 5. Let u;; € C(B)NL>®. If Zfil H;V[:ll Su,; Is compact on
A%(pu)t, then Zf\;1 H;V[:H u;; =0 on B.
Proof. Put

N N M;
S::ZHSUU’ UZ:ZH’LL”‘

i=1 j=1 i=1j=1
for simplicity. By Lemma 4, we see that

N N
i=1 i=1

for some Ky, - ,Ky € J. For each a € B, recall g, converges weakly to 0
in A%(p)* as £ — 0. Since S is compact by the assumption, (5) shows that

lim ||Syga,el| = 0
£—0
for all a € B. Now, the result follows from Proposition 1, as desired. O

With the same notations S and U above, Theorem 5 shows that S is a
compact perturbation of a dual Toeplitz operator with continuous symbol if
and only if S is a compact perturbation of Sy. Also, the following application
of Theorem 5 shows that a product of several dual Toeplitz operators with
harmonic symbol can only be zero or compact in a trivial case, which extends
Corollary 8.8 of [9] to our weighted cases.
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Corollary 6. Let uy,--- ,uny € L* be harmonic. Then the following state-
ments are equivalent.
(a) Sy, -+ Suy Is compact.
(b) Suy -+ Suy =0

(c) u; =0 for some j.

4. Zero sums of dual Toeplitz products

In this section, we characterize zero sums of products of two dual Toeplitz
operators with pluriharmonic symbol. Recall that a complex valued function
on B is said to be pluriharmonic if its restriction to an arbitrary complex
line is harmonic as a function of one complex variable. As is well known,
each pluriharmonic function u can be decomposed as v = f + g for some
fig € H(B), the set of all holomorphic functions on B. Note that v € L
implies f,g € A%(uu). Also, by the explicit formulas (3) and (4) for K, and P
respectively, we can see

(7) Pu = f +(0).

The following proposition will be useful in our characterization. We re-
mark that the converse of (b) below does not hold in general. Consider G, ¢
introduced at Section 3 for example.

Proposition 7. For u € L*°, the following statements hold.

(a) The following conditions are equivalent.
(al) Hyz =0.
(a2) P(uyp) =0 for every p € A%(u)*.
(a3) u € A%(p).
(b) One of conditions in (a) above implies that Pu is constant.
(¢) In addition, if u is pluriharmonic, the converse of (b) is also true.

Proof. Since H:p = P(up) for every ¢ € A%(u)*, we see (al) and (a2) are
equivalent. If (al) holds, then 0 = Hz1 = @ — P(@) and hence (a3) holds. Since
(a3) = (al) holds clearly, we see (al) and (a3) are equivalent. If (a3) holds,
then K, € A%(u) for all z € B. Thus, by an application of the mean value
property for holomorphic functions, we see

Pu(z) = (u, K,) = (1,uK,) = u(0)K,(0) = u(0), z € B,

so (b) holds. Finally, (7) shows that (c) holds. The proof is compete. O

Now we are ready to characterize zero sums of products of two dual Toeplitz

operators. Given an integer N > 1 and a = (a1, -+ ,an),b = (b1, -+ ,bn) €
CV, we use the notation a-b = a1b; + - - - + ayby. Also, we let
Rf(z) =) ziz—(2), Rf(z)=) Zim—(z)

azi

=1 i=1
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for z = (21,...,2n) € B. Given u,v € L™, we note that
(8) SuSvf =uvf —uP(vf) — P(uvf) + PluP(vf)]
for functions f € A%(u)t.

Theorem 8. Let uj,v; € L> be pluriharmonic for j = 1,--- ,N and
h € L*NC(B). Then S, = 321", Sy, S, if and only if h = Y% | ujv; on B
and one of the following equivalent conditions holds.
(a) S0, P(@;)P(vjp) € H(B) for all o€ A%(u)*.
(b) Zjvzl RP(@;)P(vjp) =0 for all @€ A?(u)*.
(c) There exist €j,7; € CN for j =1,--- N such that ¢; - 7; = 0 for all i, j

and

(PU;)ej,

I
M=

1

<.
Il

M=

(PV,---, PVy) = ) (PVj)7;

<.
Il
—

where U; = u; — u;(0) and V; = v; — v;(0) for each j.

Proof. Write u; = f; + g; for some f;,g; € A?(u). Using (8), we have

{Sh B XN:S“JS”J"" - ‘P(h - zN:“j“j) + iujp(v,ﬂp)
j=1

i=1 N i=1 N
— P[g@(h — Zlujvjﬂ — P{Zl ujP(vj«p)}

for all ¢ € A%(u)*. By (7), we note that g; = Pu; — f;(0) for each j. Then, by
Theorem 5, we see that S, = Zf;l Su; S, if and only if h = Zjvzl
(a) holds. Thus, in order to complete the proof, it is sufficient to show that
(a), (b) and (c¢) are all equivalent.

First, by taking R in (a), we see (a) = (b) holds. Next, by Theorem 3.2
of [2], one can see that (b) holds if and only if there exist e;,7; € CV for
j=1,---,N such that ¢; - 73 = 0 for all 4, j and

9)

u;v; and

N
(RP@), - RP(EN)) = S [RP(@)]er,
(10) o
(Plorg)-+ Plong)) = S [P(onp)lmn

k=1
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for all € A?(u)*. Writing e = (e}, -+ ,el) and 7, = (7}, -+, 7{Y) for each
k, we note that (10) is equivalent to that

N N
LTEDS eiw)] = RP(w;) — Y e RP(u) = 0,

k=1 1
N

v; — v

j KUk P
k=1

for each j and all ¢ € A%(u)+. Then, by Proposition 7, the above is equivalent
to that

R

k—
N .
P = P(vjp) — ZT%P(’U}CQD) =0

k=1

P> dar) = P(w5— Y ) (0),

=1 —

(11) N ~
P(Uj — ZT,zUk) = P(vj — ZTZUQ(O)
k=1

for each j. Noting (P)(0) = P(¢(0)) for every pluriharmonic ¢ € L* by (7),
we see that (11) is equivalent to (c), thus (b) <= (¢) holds. Finally, if (¢) holds,
by a direct computation using Proposition 7 again and condition ¢; - 7; = 0 for
all 7, j, we see that (a) holds. Thus (a), (b) and (c) are all equivalent and the
proof is complete. O

The special case of N = 2 in Theorem 8 gives a more concrete description
in the following corollary. Because the proof is similar to that of Corollary 9
of [1], we omit the details.

Corollary 9. Let u,v,z,y € L* be pluriharmonic and h € L* N C(B).
Then Sy, = 84Sy +59y if and only if h = uwv+=zy on B and one of the following
conditions holds.

(a) u,x € H(B).

(b) v,y € H(B).

(c) u,g € H(B).

(d) v,z € H(B).

(e) u+ Bz € H(B) and § — fv € H(B) for some constant 3 # 0.

As immediate applications of Corollary 9, the case of z = v, y = —u and
h = 0 characterizes commuting dual Toeplitz operators. Also, the case x =
y = 0 solves the product problem. More specially, the case h = uv in Corollary
10(b) below characterizes semi-commuting dual Toeplitz operators.

Corollary 10. Let u,v € L* be pluriharmonic and h € L N C(B).
(a) Sy and S, are commuting if and only if u,v € H(B), or @,v € H(B), or
a nontrivial linear combination of u, v Is constant.
(b) SuSy = Sh if and only if h = wv on B, and v € H(B) or v € H(B).
(¢) SuSy = Suy if and only if u € H(B) or v € H(B).
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As an application of Corollary 10(a), we characterize normal dual Toeplitz
operators with pluriharmonic symbol. Note S} = S5 for all u € L*°.

Corollary 11. Let uw € L* be pluriharmonic. Then S, is normal if and
only if uw(B) is contained in a line in C.

Proof. Without loss of generality, we may assume «(0) = 0. Note that S, is
normal if and only if S, and Sz are commuting. Also, one can easily see that
u(B) is contained in a line if and only if u = au for some constant . Now the
result follows from Corollary 10(a). The proof is complete. O
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