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AN IMPLICATIVE FILTER OF BE-ALGEBRAS IN

CONNECTION WITH CUBIC INTUITIONISTIC FUZZY

SETS

Rajab Ali Borzooei, Hee Sik Kim, Young Bae Jun, and Sun
Shin Ahn∗

Abstract. The notions of cubic intuitionistic fuzzy set to filters
and implicative filters of BE-algebras are introduced. Relations be-
tween cubic intuitionistic fuzzy filters with cubic intuitionistic fuzzy
implicative filters of BE-algebras are investigated. The homomor-
phic image and inverse image of cubic intuitionistic fuzzy filters
are studied and some related properties are investigated. Also, the
product of cubic intuitionistic fuzzy subalgebras (implicative filters)
of BE-algebras are investigated.

1. Introduction

Jun et al. [7] introduced cubic sets, and then this notion is applied to
several algebraic structures (see [4, 8, 10, 5, 12, 13, 14]). Jun [9] defined
the notion of a cubic intuitionistic fuzzy set, which is extending the
concept of a cubic set. He investigated some related properties of it. He
applied this theory to BCK/BCI-algebras and obtained some useful
results. Senapati et al. [15, 16] applied to this structure to ideals of
BCI-algebras and B-algebras. Kim et al. [11] introduced the notion of
a BE-algebra as a generalization of a BCK-algebra. Using the notion of
upper sets they gave an equivalent condition of the filter in BE-algebras.
Ahn et al. [1, 2] introduced the notion of ideals in BE-algebras, and
then stated and proved several characterizations of such ideals.

In this paper, we define the notion of cubic intuitionistic fuzzy fil-
ters and cubic intuitionistic fuzzy implicative filters of BE-algebras and
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study some related properties of them. Relations between cubic intu-
itionistic fuzzy filters with cubic intuitionistic fuzzy implicative filters
of BE-algebras are investigated. The homomorphic image and inverse
image of cubic intuitionistic fuzzy filters are studied and some related
properties are investigated. Also, the product of cubic intuitionistic
fuzzy subalgebras (implicative filters) of BE-algebras are investigated.

2. Preliminaries

By a BE-algebra [11] we mean a system (U, ∗, 1) of type (2, 0) which
the following axioms hold:

(BE1) (∀x ∈ U)(x ∗ x = 1),
(BE2) (∀x ∈ U)(x ∗ 1 = 1),
(BE3) (∀x ∈ U)(1 ∗ x = x),
(BE4) (∀x, y, z ∈ U)(x ∗ (y ∗ z) = y ∗ (x ∗ z)).
We introduce a relation “≤” on U by x ≤ y if and only if x ∗ y = 1.

A BE-algebra (U, ∗, 1) is said to be transitive [1] if it satisfies y ∗ z ≤
(x ∗ y) ∗ (x ∗ z) for any x, y, z ∈ X. A BE-algebra (X, ∗, 1) is said to be
self distributive [11] if it satisfies x ∗ (y ∗ z) = (x ∗ y) ∗ (x ∗ z) for any
x, y, z ∈ X. Note that every self distributive BE-algebra is transitive,
but the converse is not true in general (see [1]).

Every self distributiveBE-algebra (U, ∗, 1) satisfies the following prop-
erties:

(a) (∀x, y, z ∈ U)(x ≤ y ⇒ z ∗ x ≤ z ∗ y and y ∗ z ≤ x ∗ z),
(b) (∀x, y, z ∈ U)(y ∗ z ≤ (z ∗ x) ∗ (y ∗ x)),
(c) (∀x, y ∈ U)(x ∗ (x ∗ y) = x ∗ y),
(d) (∀x, y, z ∈ U)(x ∗ y ≤ (z ∗ x) ∗ (z ∗ y)),
(e) (∀x, y, z ∈ U)((x ∗ y) ∗ (x ∗ z) ≤ x ∗ (y ∗ z)).

Definition 2.1. Let (U, ∗, 1) be a BE-algebra and let F be a non-empty
subset of U . Then F is said to be a filter of U if

(F1) 1 ∈ F ,
(F2) (∀x, y ∈ U)(x ∗ y ∈ F, x ∈ F ⇒ y ∈ F ).

F is an implicative filter [6] of U if it satisfies (F1) and

(F3) (∀x, y, z ∈ U)(x ∗ (y ∗ z) ∈ F, x ∗ y ∈ F ⇒ x ∗ z ∈ F ).
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Given two closed subintervals I1 = [I−1 , I+1 ] and I2 = [I−2 , I+2 ] of [0, 1],
we define the order “ ≪ ” and “ ≫ ” as follows:

I1 ≪ I2 ⇔ I−1 ≤ I−2 and I+1 ≤ I+2

I1 ≫ I2 ⇔ I−1 ≥ I−2 and I+1 ≥ I+2 .

We define the refined maximum (briefly, rmax) and refined minimum
(briefly, rmin) as

rmax{I1, I2} =[max{I−1 , I−2 },max{I+1 , I+2 }]
rmin{I1, I2} =[min{I−1 , I−2 },min{I+1 , I+2 }].

Denote by I[0, 1] the set of all closed subintervals of [0, 1]. In this paper
we use the interval-valued intuitionistic fuzzy set

A = {⟨x,MA(x), NA(x)⟩|x ∈ U}

in which MA(x), NA(x) are closed intervals of [0, 1] for all x ∈ U .
Also, we use the notations M−

A (x) and M+
A (x) to mean the left and

the right end point of the interval MA(x), respectively, and so we have
MA(x) = [M−

A (x),M+
A (x)]. For the sake of simplicity, we shall use the

symbol A(x) = ⟨MA(x), NA(x)⟩ or A = ⟨MA, NA⟩ for the interval-valued
intuitionistic fuzzy set A = {⟨x,MA(x), NA(x)⟩|x ∈ U}.

Definition 2.2. Let U be a non-empty set. By a cubic intuitionistic

fuzzy set in U we mean a structure Ã = {⟨x,A(x), µ(x)⟩|x ∈ U} in
which A is an interval-valued intuitionistic fuzzy set in U and µ is an
intuitionistic fuzzy set in U .

A cubic intuitionistic fuzzy set Ã = {⟨x,A(x), µ(x)⟩|x ∈ U} is simply

denoted by Ã = ⟨A,µ⟩.

3. Cubic intuiiotnistic fuzzy implicative filters in BE-algebras

Definition 3.1. A cubic intuitionistic fuzzy set Ã = ⟨A,µ⟩ in a BE-
algebra U is called a cubic intuitionistic fuzzy filter of U if it satisfies
the following conditions: for all x, y ∈ U ,

(CF1) MA(1) ≫ MA(x) and NA(1) ≪ NA(x),
(CF2) λµ(1) ≤ λµ(x) and νµ(1) ≥ νµ(x),
(CF3) MA(y) ≫ rmin{MA(x ∗ y),MA(x)},
(CF4) NA(y) ≪ rmax{NA(x ∗ y), NA(x)},
(CF5) λµ(y) ≤ max{λµ(x ∗ y), λµ(x)},
(CF6) νµ(y) ≥ min{νµ(x ∗ y), νµ(x)}.
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Definition 3.2. A cubic intuitionistic fuzzy set Ã = ⟨A,µ⟩ in a BE-
algebra U is called a cubic intuitionistic fuzzy implicative filter of U if it
satisfies (CF1), (CF2) and the following conditions: for all x, y, z ∈ U ,

(CF7) MA(x ∗ z) ≫ rmin{MA(x ∗ (y ∗ z)),MA(x ∗ y)},
(CF8) NA(x ∗ z) ≪ rmax{NA(x ∗ (y ∗ z)), NA(x ∗ y)},
(CF9) λµ(x ∗ z) ≤ max{λµ(x ∗ (y ∗ z)), λµ(x ∗ y)},

(CF10) νµ(x ∗ z) ≥ min{νµ(x ∗ (y ∗ z)), νµ(x ∗ y)}.

Example 3.3. Let U := {1, a, b, c, d, 0} be a BE-algebra with the
following Table 1.

Table 1. Cayley table for the binary operation “∗”

∗ 1 a b c d 0
1 1 a b c d 0
a 1 1 a c c d
b 1 1 1 c c c
c 1 a b 1 a b
d 1 1 a 1 1 a
0 1 1 1 1 1 1

Define a cubic intuitionistic fuzzy set Ã = ⟨A,µ⟩ in U as the following

Table 2. It is easy to check that Ã = ⟨A,µ⟩ is a cubic intuitionistic fuzzy

Table 2. Cayley table for Ã = ⟨A,µ⟩

U A = ⟨MA, NA⟩ µ = ⟨λµ, νµ⟩
1 ⟨[0.6, 0.7], [0.1, 0.3]⟩ (0.2, 0.8)
a ⟨[0.4, 0.6], [0.2, 0.4]⟩ (0.3, 0.6)
b ⟨[0.4, 0.6], [0.2, 0.4]⟩ (0.3, 0.6)
c ⟨[0.6, 0.4], [0.4, 0.6]⟩ (0.4, 0.5)
d ⟨[0.6, 0.4], [0.4, 0.6]⟩ (0.4, 0.5)
0 ⟨[0.6, 0.4], [0.4, 0.6]⟩ (0.4, 0.5)

implicative filter of U .

Proposition 3.4. Every cubic intuitionistic fuzzy implicative filter of
a BE-algebra U is a cubic intuitionistic fuzzy filter of U .
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Proof. Let Ã = ⟨A,µ⟩ be a cubic intuitionistic fuzzy implicative filter
of U . Putting x := 1 in (CF7), (CF8), (CF9) and (CF10), respectively,
and using (BE3), we have

MA(1 ∗ z) =MA(z) ≫ rmin{MA(1 ∗ (y ∗ z)),MA(1 ∗ y)}
=rmin{MA(y ∗ z),MA(y)},

NA(1 ∗ z) =NA(z) ≪ rmax{NA(1 ∗ (y ∗ z)), NA(1 ∗ y)}
=rmax{NA(y ∗ z), NA(y)},

λµ(1 ∗ z) =λµ(z) ≤ max{λµ(1 ∗ (y ∗ z)), λµ(1 ∗ y)}
=max{λµ(y ∗ z), λµ(y)} and

νµ(1 ∗ z) =νµ(z) ≥ min{νµ(1 ∗ (y ∗ z)), νµ(1 ∗ y)}
=min{νµ(y ∗ z), νµ(y)}.

Hence Ã = ⟨A,µ⟩ be a cubic intuitionistic fuzzy filter of U .

The converse of Proposition 3.4 may not true in general (see Example
3.5).

Example 3.5. Let U := {1, a, b, c} be a BE-algebra with the following
Table 3.

Table 3. Cayley table for the binary operation “∗”

∗ 1 a b c
1 1 a b c
a 1 1 a a
b 1 1 1 a
c 1 a a 1

Define a cubic intuitionistic fuzzy set Ã = ⟨A,µ⟩ in U as the following

Table 4. It is easy to show that Ã = ⟨A,µ⟩ is a cubic intuitionistic

Table 4. Cayley table for Ã = ⟨A,µ⟩

U A = ⟨MA, NA⟩ µ = ⟨λµ, νµ⟩
1 ⟨[0.5, 0.8], [0.1, 0.2]⟩ (0.3, 0.7)
a ⟨[0.2, 0.4], [0.4, 0.5]⟩ (0.6, 0.4)
b ⟨[0.2, 0.4], [0.4, 0.5]⟩ (0.6, 0.4)
c ⟨[0.3, 0.6], [0.2, 0.3]⟩ (0.4, 0.5)
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fuzzy filter of U . But it not a cubic intuitionistic fuzzy implicative filter
of U , since rmin{MA(b ∗ (a ∗ c)),MA(b ∗ a)} = rmin{MA(1),MA(1)} =
[0.5, 0.8] ≫ MA(b ∗ c) = MA(a) = [0.2, 0.4].

Proposition 3.6. Let Ã = ⟨A,µ⟩ be a cubic intuitionistic fuzzy filter
of a BE-algebra U . Then the following assertions are valid:

(i) (∀x, y ∈ U)(x ≤ y ⇒ MA(x) ≪ MA(y), NA(x) ≫ NA(y), λµ(x) ≥
λµ(y) and νµ(x) ≤ νµ(y)),

(ii) (∀x, y, z ∈ U)(rmin{MA(x∗(y∗z)),MA(y)} ≪ MA(x∗z), rmax{NA(x∗
(y∗z)), NA(y)} ≫ NA(x∗z),max{λµ(x∗(y∗z)), λµ(y)} ≥ λµ(x∗z)
and min{νλ(x ∗ (y ∗ z)), νµ(y)} ≤ νµ(x ∗ z)).

Proof. Straightforward.

The sets {x ∈ U |MA(x) = MA(1)}, {x ∈ U |NA(x) = NA(1)}, {x ∈
U |λµ(x) = λµ(1)} and {x ∈ U |νµ(x) = νµ(1)} are denoted by UMA

, UNA
, Uλµ

and Uνµ , respectively.

Proposition 3.7. Let F be a non-empty subset of a BE-algebra U and

Ã = ⟨A,µ⟩ be a cubic intuitionistic fuzzy set in U defined by

MA(x) =

{
[a1, b1], if x ∈ F

[a2, b2], otherwise,

NA(x) =

{
[c1, d1], if x ∈ F

[c2, d2], otherwise,

λµ(x) =

{
α1, if x ∈ F

α2, otherwise,

νµ(x) =

{
β1, if x ∈ F

β2, otherwise

for all [a1, b1], [a2, b2], [c1, d1], [c2, d2] ∈ I[0, 1] and α1, α2, β1, β2 ∈ [0, 1]
with [a1, b1] ≫ [a2, b2], [c1, d1] ≪ [c2, d2], b1 + d1 ≤ 1, b2 + d2 ≤ 1, α1 ≤
α2, β1 ≥ β2 and α1+β1 ≤ 1, α2+β2 ≤ 1. Then Ã is a cubic intuitionistic
fuzzy filter of U if and only if F is a filter of U . Moreover, UMA

= UNA
=

Uλµ = Uνµ = F .

Proof. Suppose that Ã = ⟨A,µ⟩ is a cubic intuitionistic fuzzy filter of
U . Let x ∈ U be such that x ∈ F . Then we obtain

MA(1) ≫MA(x) = [a1, b1], NA(1) ≪ NA(x) = [c1, d1],

λµ(1) ≤λµ(x) = α1 and νµ(1) ≥ νµ(x) = β1.
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Hence MA(1) = [a1, b1], NA(1) = [c1, d1], λµ(1) = α1 and νµ(1) = β1.
Therefore 1 ∈ F .

Let x, y ∈ U be such that x ∗ y, x ∈ F . Then we have

MA(y) ≫rmin{MA(x ∗ y),MA(x)} = rmin{[a1, b1], [a1, b1]} = [a1, b1],

NA(y) ≪rmax{NA(x ∗ y), NA(x)} = rmax{[c1, d1], [c1, d1]} = [c1, d1],

λµ(y) ≤max{λµ(x ∗ y), λµ(x)} = max{α1, α1} = α1 and

νµ(y) ≥min{νµ(x ∗ y), νµ(y)} = min{β1, β1} = β1.

Hence y ∈ F . Therefore F is a filter of U .

Conversely, assume that F is a filter of U . Then 1 ∈ F . Hence we
have MA(1) = [a1, b1] ≫ MA(x), NA(1) = [c1, d1] ≪ NA(x), λµ(1) =
α1 ≤ λµ(x), and νµ(x) ≤ νµ(1) = β1, for all x ∈ U .

Let x, y ∈ U . Then we consider the following two cases:

Case 1. If x ∗ y ∈ F and x ∈ F , then y ∈ F . Hence

MA(y) =[a1, b1] = rmin{MA(x ∗ y),MA(x)},
NA(y) =[c1, d1] = rmax{NA(x ∗ y), NA(x)},
λµ(y) =α1 = max{λµ(x ∗ y), λµ(x)} and

νµ(y) =β1 = min{νµ(x ∗ y), νµ(x)}.

Case 2. If x ∗ y /∈ F or x /∈ F , then we get

MA(y) ≫[a2, b2] = rmin{MA(x ∗ y),MA(x)},
NA(y) ≪[c2, d2] = rmax{NA(x ∗ y), NA(x)},
λµ(y) ≤α2 = max{λµ(x ∗ y), λµ(x)} and

νµ(y) ≥β2 = min{νµ(x ∗ y), νµ(x)}.

It follows from Case 1 and Case 2 that Ã is a cubic intuitionistic fuzzy
filter of U

Now, UMA
= {x ∈ U |MA(x) = MA(1)} = {x ∈ U |MA(x) = [a1, b1]} =

F , UNA
= {x ∈ U |NA(x) = NA(1)} = {x ∈ U |NA(x) = [c1, d1]} = F,

Uλµ = {x ∈ U |λµ(x) = λµ(1)} = {x ∈ U |λµ(x) = α1} = F and
Uνµ = {x ∈ U |νµ(x) = νµ(1)} = {x ∈ U |νµ(x) = β1} = F .
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Proposition 3.8. Let Ã = ⟨A,µ⟩ be a cubic intuitionistic fuzzy filter
of a self distributive BE-algebra U satisfying the following conditions:

(∀x, y, z ∈ U)(rmin{MA(x ∗ (y ∗ (y ∗ z))),MA(y ∗ x)} ≪ MA(y ∗ z),
rmax{NA(x ∗ (y ∗ (y ∗ z))), NA(y ∗ x)} ≫ NA(y ∗ z),
max{λµ(x ∗ (y ∗ (y ∗ z))), λµ(y ∗ x)} ≥ λµ(y ∗ z),
min{νµ(x ∗ (y ∗ (y ∗ z))), νµ(y ∗ x)} ≤ νµ(y ∗ z)).

(3.1)

Then Ã = ⟨A,µ⟩ is a cubic intuitionistic fuzzy implicative filter of U .

Proof. Since x∗(y∗z) = y∗(x∗z) ≤ (x∗y)∗(x∗(x∗z)) = x∗(y∗(x∗z)) =
y ∗ (x ∗ (x ∗ z)) for all x, y, z ∈ U , it follows from Proposition 3.6(i) that
MA(x∗(y∗z)) ≪ MA(y∗(x∗(x∗z))), NA(x∗(y∗z)) ≫ NA(y∗(x∗(x∗z))),
λµ(x∗(y∗z)) ≥ λµ(y∗(x∗(x∗z))) and νµ(x∗(y∗z)) ≤ νµ(y∗(x∗(x∗z))).
Using (3.1), we have MA(x ∗ z) ≫ rmin{MA(y ∗ (x ∗ (x ∗ z))),MA(x ∗
y)} ≫ rmin{MA(x ∗ (y ∗ z)),MA(x ∗ y)}, NA(x ∗ z) ≪ rmax{NA(y ∗ (x ∗
(x ∗ z))), NA(x ∗ y)} ≪ rmax{NA(x ∗ (y ∗ z)), NA(x ∗ y)}, λµ(x ∗ z) ≤
max{λµ(y ∗ (x∗ (x∗ z))), λµ(x∗y)} ≤ max{λµ(x∗ (y ∗ z)), λµ(x∗y)} and
νµ(x∗z) ≥ min{νµ(y∗(x∗(x∗z))), νµ(x∗y)} ≥ min{νµ(x∗(y∗z)), νµ(x∗
y)}. Therefore Ã = ⟨A,µ⟩ is a cubic intuitionistic fuzzy implicative filter
of U .

Theorem 3.9. Let Ã = ⟨A,µ⟩ be a cubic intuitionistic fuzzy implicative
filter of a transitive BE-algebra U . Then the following are equivalent:

(i) Ã = ⟨A,µ⟩ is a cubic intuitionistic fuzzy implicative filter of U ,
(ii) (∀x, y ∈ U)(MA(x ∗ (x ∗ y)) ≪ MA(x ∗ y), NA(x ∗ (x ∗ y)) ≫

NA(x ∗ y), λµ(x ∗ (x ∗ y)) ≥ λµ(x ∗ y), νµ(x ∗ (x ∗ y)) ≤ νµ(x ∗ y)),
(iii) (∀x, y, z ∈ U)(MA(x∗(y∗z)) ≪ MA((x∗y)∗(x∗z)), NA(x∗(y∗z)) ≫

NA((x∗y)∗(x∗z)), λµ(x∗(y∗z)) ≥ λµ((x∗y)∗(x∗z)), νµ(x∗(y∗z)) ≤
νµ((x ∗ y) ∗ (x ∗ z))).

Proof. (i) ⇒ (ii) Assume that Ã = ⟨A,µ⟩ is a cubic intuitionistic fuzzy
implicative filter of U . Setting z := y, y := x in (CF7), (CF8), (CF9)
and (CF10), we get

MA(x ∗ y) ≫rmin{MA(x ∗ (x ∗ y)),MA(x ∗ x)}
=rmin{MA(x ∗ (x ∗ y)),MA(1)}
=MA(x ∗ (x ∗ y)),
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NA(x ∗ y) ≪rmax{NA(x ∗ (x ∗ y)), NA(x ∗ x)}
=rmax{NA(x ∗ (x ∗ y)), NA(1)}
=NA(x ∗ (x ∗ y)),

λµ(x ∗ y) ≤max{λµ(x ∗ (x ∗ y)), λµ(x ∗ x)}
=max{λµ(x ∗ (x ∗ y)), λµ(1)}
=λµ(x ∗ (x ∗ y)) and

νµ(x ∗ y) ≥min{νµ(x ∗ (x ∗ y)), νµ(x ∗ x)}
=min{νµ(x ∗ (x ∗ y)), νµ(1)}
=νµ(x ∗ (x ∗ y)).

Hence (ii) holds.
(ii)⇒(iii) Suppose that (ii) holds. Since x ∗ (y ∗ z) ≤ x ∗ ((x ∗ y) ∗
(x ∗ z)) = x ∗ (x ∗ ((x ∗ y) ∗ z)), by Proposition 3.6(i) we have MA(x ∗
((x ∗ y) ∗ (x ∗ z))) = MA(x ∗ (x ∗ ((x ∗ y) ∗ z))) ≫ MA(x ∗ (y ∗ z)),
NA(x ∗ ((x ∗ y) ∗ (x ∗ z))) = NA(x ∗ (x ∗ ((x ∗ y) ∗ z))) ≪ NA(x ∗ (y ∗ z)),
λµ(x ∗ ((x ∗ y) ∗ (x ∗ z))) = λµ(x ∗ (x ∗ ((x ∗ y) ∗ z))) ≤ λµ(x ∗ (y ∗ z)),
and νµ(x ∗ ((x ∗ y) ∗ (x ∗ z))) = νµ(x ∗ (x ∗ ((x ∗ y) ∗ z))) ≥ νµ(x ∗ (y ∗ z)).
It follows from (ii) that

MA((x ∗ y) ∗ (x ∗ z)) =MA(x ∗ ((x ∗ y) ∗ z))
≫MA(x ∗ (x ∗ ((x ∗ y) ∗ z)))
≫MA(x ∗ (y ∗ z)),

NA((x ∗ y) ∗ (x ∗ z)) =NA(x ∗ ((x ∗ y) ∗ z))
≪NA(x ∗ (x ∗ ((x ∗ y) ∗ z)))
≪NA(x ∗ (y ∗ z)),

λµ((x ∗ y) ∗ (x ∗ z)) =λµ(x ∗ ((x ∗ y) ∗ z))
≤λµ(x ∗ (x ∗ ((x ∗ y) ∗ z)))
≤λµ(x ∗ (y ∗ z)) and

νµ((x ∗ y) ∗ (x ∗ z)) =νµ(x ∗ ((x ∗ y) ∗ z))
≥νµ(x ∗ (x ∗ ((x ∗ y) ∗ z)))
≥νµ(x ∗ (y ∗ z)).

Thus (iii) holds.
(iii)⇒(i) Assume that (iii) holds. By Definition 3.1 and and (iii), we
have

MA(x ∗ z) ≫rmin{MA((x ∗ y) ∗ (x ∗ z)),MA(x ∗ y)}
≫rmin{MA(x ∗ (y ∗ z)),MA(x ∗ y)},
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NA(x ∗ z) ≪rmax{NA((x ∗ y) ∗ (x ∗ z)), NA(x ∗ y)}
≪rmax{NA(x ∗ (y ∗ z)), NA(x ∗ y)},

λµ(x ∗ z) ≤max{λµ((x ∗ y) ∗ (x ∗ z)), λµ(x ∗ y)}
≤max{λµ(x ∗ (y ∗ z)), λµ(x ∗ y)}and

νµ(x ∗ z) ≥min{νµ((x ∗ y) ∗ (x ∗ z)), νµ(x ∗ y)}
≥min{νµ(x ∗ (y ∗ z)), νµ(x ∗ y)}.

Therefore Ã = ⟨A,µ⟩ is a cubic intuitionistic fuzzy implicative filter of
U .

Proposition 3.10. Let Ã = ⟨A,µ⟩ be a cubic intuitionistic fuzzy set of a

self distributive BE-algebra U . Then Ã = ⟨A,µ⟩ is a cubic intuitionistic
fuzzy implicative filter of U if and only if it is a cubic intuitionistic fuzzy
filter of U .

Proof. By Proposition 3.4, every cubic intuitionistic fuzzy implicative
filter of U is a cubic intuitiotnistic fuzzy filter of U .

Conversely, assume that Ã = ⟨A,µ⟩ is a cubic intuitionistic fuzzy
filter of U . For any x, y, z ∈ U , by Definition 3.1, we have

MA(x ∗ z) ≫rmin{MA((x ∗ y) ∗ (x ∗ z)),MA(x ∗ y)}
=rmin{MA(x ∗ (y ∗ z)),MA(x ∗ y)},

NA(x ∗ z) ≪rmax{NA((x ∗ y) ∗ (x ∗ z)), NA(x ∗ y)}
=rmax{NA(x ∗ (y ∗ z)), NA(x ∗ y)},

λµ(x ∗ z) ≤max{λµ((x ∗ y) ∗ (x ∗ z)), λµ(x ∗ y)}
=max{λµ(x ∗ (y ∗ z)), λµ(x ∗ y)} and

νµ(x ∗ z) ≥min{νµ((x ∗ y) ∗ (x ∗ z)), νµ(x ∗ y)}
=min{νµ(x ∗ (y ∗ z)), νµ(x ∗ y)}.

Hence Ã = ⟨A,µ⟩ is a cubic intuitionistic fuzzy implicative filter of
U .

Let Ã = ⟨A,µ⟩ be a cubic intuitionistic fuzzy set in a non-emptyset
U . Given ([e1, f1], [e2, f2]) ∈ I[0, 1] × I[0, 1] and (τ1, τ2) ∈ [0, 1] × [0, 1],
we consider the sets

MA[e1, f1] ={x ∈ U |MA(x) ≫ [e1, f1]},
NA[e2, f2] ={x ∈ U |NA(x) ≪ [e2, f2]},

λµ(τ1) ={x ∈ U |λµ(x) ≤ τ1} and

νµ(τ2) ={x ∈ U |νµ(x) ≥ τ2}.
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Theorem 3.11. Let Ã = ⟨A,µ⟩ be a cubic intuitionistic fuzzy implica-
tive filter of a BE-algebra U . Then the sets MA[e, f ], NA[e, f ], λµ(τ)
and νµ(τ) are implicative filters of U , for all [e, f ] ∈ I[0, 1] and τ ∈ [0, 1].

Proof. For any [e, f ] ∈ I[0, 1] and τ ∈ [0, 1], let x ∈ U be such that
x ∈ MA[e, f ]∩NA[e, f ]∩ λµ(τ)∩ νµ(τ). Then MA(x) ≫ [e, f ], NA(x) ≪
[e, f ], λµ(x) ≤ τ, νµ(x) ≥ τ . Putting x := 1, z := 1 and y := x in
(CF7)∼(CF10), respectively, we have

MA(1) = MA(1 ∗ 1) ≫rmin{MA(1 ∗ (x ∗ 1)),MA(1 ∗ x)}
=rmin{MA(1),MA(x)} = MA(x) ≫ [e, f ]

NA(1) = NA(1 ∗ 1) ≪rmax{NA(1 ∗ (x ∗ 1)), NA(1 ∗ x)}
=rmax{NA(1), NA(x)} = NA(x) ≪ [e, f ]

λµ(1) = λµ(1 ∗ 1) ≤max{λµ(1 ∗ (x ∗ 1)), λµ(1 ∗ x)}
=max{λµ(1), λµ(x)} = λµ(x) ≤ τ

νµ(1) = νµ(1 ∗ 1) ≥min{νµ(1 ∗ (x ∗ 1)), νµ(1 ∗ x)}
=min{νµ(1), νµ(x)} ≥ τ.

Hence 1 ∈ MA[e, f ] ∩NA[e, f ] ∩ λµ(τ) ∩ νµ(τ).
For any [e, f ] ∈ I[0, 1] and τ ∈ [0, 1], let x, y, z ∈ U be such that

x∗(y∗z), x∗y ∈ MA[e, f ]∩NA[e, f ]∩λµ(τ)∩νµ(τ). ThenMA(x∗(y∗z)) ≫
[e, f ], NA(x ∗ (y ∗ z))) ≪ [e, f ], λµ(x ∗ (y ∗ z)) ≤ τ, νµ(x ∗ (y ∗ z)) ≥ τ,
MA(x ∗ y) ≫ [e, f ], NA(x ∗ y) ≪ [e, f ], λµ(x ∗ y) ≤ τ and νµ(x ∗ y) ≥ τ.

Since Ã = ⟨A,µ⟩ is a cubic intuitionistic fuzzy implicative filter of a
BE-algebra U , we have

MA(x ∗ z) ≫rmin{MA(x ∗ (y ∗ z)),MA(x ∗ y)} ≫ rmin{[e, f ], [e, f ]} = [e, f ]

NA(x ∗ z) ≪rmax{NA(x ∗ (y ∗ z)), NA(x ∗ y)} ≪ rmax{[e, f ], [e, f ]} = [e, f ]

λµ(x ∗ z) ≤max{λµ(x ∗ (y ∗ z)), λµ(x ∗ y)} ≤ max{τ, τ} = τ

νµ(x ∗ z) ≥min{νµ(x ∗ (y ∗ z)), νµ(x ∗ y)} ≥ min{τ, τ} = τ.

Hence x ∗ z ∈ MA[e, f ] ∩ NA[e, f ] ∩ λµ(τ) ∩ νµ(τ). Therefore the sets
MA[e, f ], NA[e, f ], λµ(τ) and νµ(τ) are implicative filters of U , for all
[e, f ] ∈ I[0, 1] and τ ∈ [0, 1].

Theorem 3.12. Let Ã = ⟨A,µ⟩ be a cubic intuitionistic fuzzy set in
a BE-algebra U such that MA[e1, f1], NA[e2, f2], λµ(τ1) and νµ(τ2) are
implicative filters of U , for all ([e1, f1], [e2, f2]) ∈ I[0, 1] × I[0, 1] and

(τ1, τ2) ∈ [0, 1] × [0, 1]. Then Ã = ⟨A,µ⟩ is a cubic intuitionistic fuzzy
implicative filter of U .
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Proof. Suppose that for every ([e1, f1], [e2, f2]) ∈ I[0, 1] × I[0, 1] and
(τ1, τ2) ∈ [0, 1] × [0, 1], MA[e1, f1], NA[e2, f2], λµ(τ1) and νµ(τ2) are
implicative filters of U . Let x ∈ U be such that MA(1) ≪ MA(x).
Put [x0, y0] :=

1
2 [MA(1) + MA(x)] for [x0, y0] ∈ I[0, 1]. Then we have

MA(1) ≪ [x0, y0] ≪ MA(x). Hence 1 /∈ MA[e1, f1], but x ∈ MA[e1, f1],
which is a contradiction. Let y ∈ U be such that NA(1) ≫ MA(y).
Put [s0, t0] := 1

2 [NA(1) + NA(y)] for [s0, t0] ∈ I[0, 1]. Then we have
NA(1) ≫ [s0, t0] ≫ NA(y). Hence 1 /∈ NA[e2, f2], but y ∈ NA[e2, f2],
which is a contradiction. Similarly we can prove λµ and νµ satisfies
(CF2).

Let x, y, z ∈ U be such that MA(x∗z) ≪ rmin{MA(x∗(y∗z)),MA(x∗
y)}. Assume that [a0, b0] =

1
2 [MA(x∗z)+rmin{MA(x∗(y∗z)),MA(x∗y)}]

for [a0, b0] ∈ I[0, 1]. Then we have MA(x ∗ z) ≪ [a0, b0] ≪ rmin{MA(x ∗
(y ∗ z)),MA(x ∗ y)} and so x ∗ z /∈ MA[e1, f1], but x ∗ (y ∗ z), x ∗ y ∈
MA[e1, f1]. This is a contradiction. Let x, y, z ∈ U be such that NA(x ∗
z) ≫ rmax{NA(x ∗ (y ∗ z)), NA(x ∗ y)}. Assume that [a1, b1] =

1
2 [NA(x ∗

z) + rmax{NA(x ∗ (y ∗ z)), NA(x ∗ y)}] for [a1, b1] ∈ I[0, 1]. Then we
have NA(x ∗ z) ≪ [a1, b1] ≪ rmax{NA(x ∗ (y ∗ z)), NA(x ∗ y)} and so
x∗z /∈ NA[e1, f1], but x∗(y∗z), x∗y ∈ NA[e2, f2]. This is a contradiction.
Hence MA satisfies (CF7) and NA satisfies (CF8).

Similarly, we can prove that λµ and νµ satisfies (CF9) and (CF10).

Therefore Ã = ⟨A,µ⟩ is a cubic intuitionistic fuzzy implicative filter of
U .

Theorem 3.13. Let Ã = ⟨A,µ⟩ is a cubic intuitionistic fuzzy implica-
tive filter of a BE-algebra U . Then the sets UMA

, UNA
, Uλµ and Uνµ are

implicative filters of U .

Proof. Let x, y, z ∈ U be such that x ∗ (y ∗ z) ∈ UMA
and x ∗ y ∈ UMA

.
Then MA(x ∗ (y ∗ z)) = MA(1) = MA(x ∗ y). Hence MA(x ∗ z) ≫
rmin{MA(x ∗ (y ∗ z)),MA(x ∗ y)} = MA(1). By (CF1), we deduce that
MA(x∗z)) ≪ MA(1). Therefore MA(x∗z) = MA(1) and so x∗z ∈ UMA

.
Thus UMA

is an implicative filter of U . By a similar way, we can prove
that UNA

is an implicative filter of U .

Again, let x, y, z ∈ U be such that x ∗ (y ∗ z) ∈ Uλµ and x ∗ y ∈ Uλµ .
Then λµ(x ∗ (y ∗ z)) = λµ(1) = λµ(x ∗ y). Hence λµ(x ∗ z) ≤ max{λµ(x ∗
(y∗z)), λµ(x∗y)} = λµ(1). By (CF2), we deduce that λµ(1) ≤ λµ(x∗z).
Therefore λµ(x∗z) = λµ(1) and so x∗z ∈ Uλµ . Thus Uλµ is a implicative
filter of U . By a similar way, we can prove that Uνµ is an implicative
filter of U . It is complete the proof.
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For any element x and y of a BE-algebra U and a positive integer n,
let xn ∗ y denote x ∗ (· · · ∗ (x ∗ (x ∗ y)) · · · ) in which x occurs n times,
and x0 ∗ y = y.

Definition 3.14. Let Ã = ⟨A,µ⟩ be a cubic intuitionistic fuzzy set on

a BE-algebra U . Then Ã = ⟨A,µ⟩ is called a cubic intuitionistic fuzzy
n-fold implicative filter of U if it satisfies (CF1), (CF2) and the following
conditions: for all x, y, z ∈ U ,

(CF11) MA(x
n ∗ z) ≫ rmin{MA(x

n ∗ (y ∗ z)),MA(x
n ∗ y)},

(CF12) NA(x
n ∗ z) ≪ rmax{NA(x

n ∗ (y ∗ z)), NA(x
n ∗ y)},

(CF13) λµ(x
n ∗ z) ≤ max{λµ(x

n ∗ (y ∗ z)), λµ(x
n ∗ y)},

(CF14) νµ(x
n ∗ z) ≥ min{νµ(xn ∗ (y ∗ z)), νµ(xn ∗ y)}.

Note that every cubic intuitionistic fuzzy 1-fold implicative filter of
U is a cubic intuitionistic fuzzy implicative filter of U .

Example 3.15. Let U := {1, a, b, c, d, 0} be a BE-algebra with the
following Table 5.

Table 5. Cayley table for the binary operation “∗”

∗ 1 a b c d 0
1 1 a b c d 0
a 1 1 b c b c
b 1 a 1 b a d
c 1 a 1 1 a d
d 1 1 1 b 1 b
0 1 1 1 1 1 1

Define a cubic intuitionistic fuzzy set Ã = ⟨A,µ⟩ in U as the following

Table 6. It is easy to check that Ã = ⟨A,µ⟩ is a cubic intuitionistic fuzzy
n-fold implicative filter of U .

Proposition 3.16. Every cubic intuitionistic fuzzy n-fold implicative
filter of a BE-algebra U is a cubic intuitionistic fuzzy filter of U .

Proof. Taking x := 1 in Definition 3.14 and (BE3), we have MA(z) ≫
rmin{MA(y ∗ z),MA(y)}, NA(z) ≪ rmax{NA(y ∗ z), NA(y)}, λµ(z) ≤
max{λµ(y ∗ z), λµ(y)} and νµ(z) ≥ min{νµ(y ∗ z), νµ(y)} for all y, z ∈ U .

Hence Ã = ⟨A,µ⟩ is a cubic intuitionistic fuzzy filter of U .

The converse of Proposition 3.16 may not be true in general (see
Example 3.17).



548 Rajab Ali Borzooei, Hee Sik Kim, Young Bae Jun, and Sun Shin Ahn∗

Table 6. Cayley table for Ã = ⟨A,µ⟩

U A = ⟨MA, NA⟩ µ = ⟨λµ, νµ⟩
1 ⟨[0.5, 0.8], [0.1, 0.2]⟩ (0.1, 0.9)
a ⟨[0.1, 0.4], [0.4, 0.6]⟩ (0.7, 0.2)
b ⟨[0.3, 0.7], [0.2, 0.3]⟩ (0.2, 0.7)
c ⟨[0.3, 0.7], [0.2, 0.3]⟩ (0.2, 0.7)
d ⟨[0.1, 0.4], [0.4, 0.6]⟩ (0.7, 0.2)
0 ⟨[0.1, 0.4], [0.4, 0.6]⟩ (0.7, 0.2)

Example 3.17. Let U := {1, a, b, c, d, 0} be a BE-algebra as in Exam-

ple 3.15. Define a cubic intuitionistic fuzzy set Ã = ⟨A,µ⟩ in U as the

following Table 7. It is easy to check that Ã = ⟨A,µ⟩ is a cubic intuition-

Table 7. Cayley table for Ã = ⟨A,µ⟩

U A = ⟨MA, NA⟩ µ = ⟨λµ, νµ⟩
1 ⟨[0.5, 0.8], [0.1, 0.2]⟩ (0.1, 0.9)
a ⟨[0.3, 0.7], [0.2, 0.3]⟩ (0.2, 0.7)
b ⟨[0.3, 0.7], [0.2, 0.3]⟩ (0.2, 0.7)
c ⟨[0.3, 0.7], [0.2, 0.3]⟩ (0.2, 0.7)
d ⟨[0.3, 0.7], [0.2, 0.3]⟩ (0.2, 0.7)
0 ⟨[0.3, 0.7], [0.2, 0.7]⟩ (0.2, 0.7)

istic fuzzy filter of U . But it is not a cubic 1-fold implicative filter of U ,
since MA(d∗c) = MA(b) = [0.3, 0.7] ≪ rmin{MA(d∗(b∗c)),MA(d∗b)} =
MA(1) = [0.5, 0.8].

Theorem 3.18. For any cubic intuitionistic fuzzy filter Ã = ⟨A,µ⟩ of
a transitive BE-algebra U , the following are equivalent:

(i) Ã = ⟨A,µ⟩ is a cubic intuitionistic fuzzy n-fold implicative filter
of U ;

(ii) (∀x, y ∈ U)(MA(x
n+1 ∗ y) ≪ MA(x

n ∗ y), NA(x
n+1 ∗ y) ≫ NA(x

n ∗
y), λµ(x

n+1 ∗ y) ≥ λµ(x
n ∗ y), νµ(xn+1 ∗ y) ≤ νµ(x

n ∗ y));
(iii) (∀x, y, z ∈ U)(MA(x

n ∗ (y ∗ z)) ≪ MA((x
n ∗ y) ∗ (xn ∗ z)), NA(x

n ∗
(y ∗ z)) ≫ NA((x

n ∗ y) ∗ (xn ∗ z)), λµ(x
n ∗ (y ∗ z)) ≥ λµ((x

n ∗ y) ∗
(xn ∗ z)), νµ(xn ∗ (y ∗ z)) ≤ νµ((x

n ∗ y) ∗ (xn ∗ z))).
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Proof. (i)⇒(ii) Assume that Ã = ⟨A,µ⟩ is a cubic intuitionistic fuzzy
n-fold implicative filter of U . Setting z := y, y := x in Definition 3.14,
we have

MA(x
n ∗ y) ≫rmin{MA(x

n ∗ (x ∗ y)),MA(x
n ∗ x)}

=rmin{MA(x
n+1 ∗ y),MA(1)}

=MA(x
n+1 ∗ y),

NA(x
n ∗ y) ≪rmax{NA(x

n ∗ (x ∗ y)), NA(x
n ∗ x)}

=rmax{NA(x
n+1 ∗ y), NA(1)}

=NA(x
n+1 ∗ y),

λµ(x
n ∗ y) ≤max{λµ(x

n ∗ (x ∗ y)), λµ(x
n ∗ x)}

=max{λµ(x
n+1 ∗ y), λµ(1)}

=λµ(x
n+1 ∗ y) and

νµ(x
n ∗ y) ≥min{νµ(xn ∗ (x ∗ y)), νµ(xn ∗ x)}

=min{νµ(xn+1 ∗ y), νµ(1)}
=νµ(x

n+1 ∗ y).
Hence (ii) holds.
(ii)⇒(iii) Suppose that (ii) holds. Since xn∗(y∗z) ≤ xn∗((xn∗y)∗(xn∗z))
for any x, y, z ∈ U , we haveMA(x

n∗((xn∗y)∗(xn∗z))) ≫ MA(x
n∗(y∗z)),

NA(x
n∗((xn∗y)∗(xn∗z))) ≪ NA(x

n∗(y∗z)), λµ(x
n∗((xn∗y)∗(xn∗z))) ≤

λµ(x
n ∗ (y ∗ z)) and νµ(x

n ∗ ((xn ∗ y) ∗ (xn ∗ z))) ≥ νµ(x
n ∗ (y ∗ z)). Since

xn+1∗(xn−1∗((xn∗y)∗z)) = xn∗(xn∗((xn∗y)∗z)) = xn∗((xn∗y)∗(xn∗z))
and using (ii), we have

MA(x
n+1 ∗ (xn−2 ∗ ((xn ∗ y) ∗ z))) =MA(x

n ∗ (xn−1 ∗ ((xn ∗ y) ∗ z)))
≫MA(x

n+1 ∗ (xn−1 ∗ ((xn ∗ y) ∗ z)))
=MA(x

n ∗ ((xn ∗ y) ∗ (xn ∗ z)))
≫MA(x

n ∗ (y ∗ z)),

(3.2)

NA(x
n+1 ∗ (xn−2 ∗ ((xn ∗ y) ∗ z))) =NA(x

n ∗ (xn−1 ∗ ((xn ∗ y) ∗ z)))
≪NA(x

n+1 ∗ (xn−1 ∗ ((xn ∗ y) ∗ z)))
=NA(x

n ∗ ((xn ∗ y) ∗ (xn ∗ z)))
≪NA(x

n ∗ (y ∗ z)),

(3.3)
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λµ(x
n+1 ∗ (xn−2 ∗ ((xn ∗ y) ∗ z))) =λµ(x

n ∗ (xn−1 ∗ ((xn ∗ y) ∗ z)))
≤λµ(x

n+1 ∗ (xn−1 ∗ ((xn ∗ y) ∗ z)))
=λµ(x

n ∗ ((xn ∗ y) ∗ (xn ∗ z)))
≤λµ(x

n ∗ (y ∗ z)) and

(3.4)

νµ(x
n+1 ∗ (xn−2 ∗ ((xn ∗ y) ∗ z))) =νµ(x

n ∗ (xn−1 ∗ ((xn ∗ y) ∗ z)))
≥νµ(x

n+1 ∗ (xn−1 ∗ ((xn ∗ y) ∗ z)))
=νµ(x

n ∗ ((xn ∗ y) ∗ (xn ∗ z)))
≥νµ(x

n ∗ (y ∗ z)).

(3.5)

By (ii), (3.2)∼(3.5), we have

MA(x
n+1 ∗ (xn−3 ∗ ((xn ∗ y) ∗ z))) =MA(x

n ∗ (xn−2 ∗ ((xn ∗ y) ∗ z)))
≫MA(x

n+1 ∗ (xn−2 ∗ ((xn ∗ y) ∗ z)))
≫MA(x

n ∗ (y ∗ z)) and

NA(x
n+1 ∗ (xn−3 ∗ ((xn ∗ y) ∗ z))) =NA(x

n ∗ (xn−2 ∗ ((xn ∗ y) ∗ z)))
≪NA(x

n+1 ∗ (xn−2 ∗ ((xn ∗ y) ∗ z)))
≪NA(x

n ∗ (y ∗ z)),

λµ(x
n+1 ∗ (xn−3 ∗ ((xn ∗ y) ∗ z))) =λµ(x

n ∗ (xn−2 ∗ ((xn ∗ y) ∗ z)))
≤λµ(x

n+1 ∗ (xn−2 ∗ ((xn ∗ y) ∗ z)))
≤λµ(x

n ∗ (y ∗ z)) and

νµ(x
n+1 ∗ (xn−3 ∗ ((xn ∗ y) ∗ z))) =νµ(x

n ∗ (xn−2 ∗ ((xn ∗ y) ∗ z)))
≥νµ(x

n+1 ∗ (xn−2 ∗ ((xn ∗ y) ∗ z)))
≥νµ(x

n ∗ (y ∗ z)) and
Continuing this process, we conclude that

MA((x
n ∗ y) ∗ (xn ∗ z)) =MA(x

n ∗ ((xn ∗ y) ∗ z))
≫ MA(x

n ∗ (y ∗ z)),

NA((x
n ∗ y) ∗ (xn ∗ z)) =NA(x

n ∗ ((xn ∗ y) ∗ z))
≪ NA(x

n ∗ (y ∗ z)),

λµ((x
n ∗ y) ∗ (xn ∗ z)) =λµ(x

n ∗ ((xn ∗ y) ∗ z))
≤ λµ(x

n ∗ (y ∗ z)) and
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νµ((x
n ∗ y) ∗ (xn ∗ z)) =νµ(x

n ∗ ((xn ∗ y) ∗ z))
≥ νµ(x

n ∗ (y ∗ z)).
(iii)⇒(i) Let x, y, z ∈ U . It follows from (iii) that

MA(x
n ∗ z) ≫rmin{MA((x

n ∗ y) ∗ (xn ∗ z)),MA(x
n ∗ y)}

≫rmin{MA(x
n ∗ (y ∗ z)),MA(x

n ∗ y)},

NA(x
n ∗ z) ≪rmax{NA((x

n ∗ y) ∗ (xn ∗ z)), NA(x
n ∗ y)}

≪rmax{NA(x
n ∗ (y ∗ z)), NA(x

n ∗ y)},
λµ(x

n ∗ z) ≤max{λµ((x
n ∗ y) ∗ (xn ∗ z)), λµ(x

n ∗ y)}
≤max{λµ(x

n ∗ (y ∗ z)), λµ(x
n ∗ y)} and

νµ(x
n ∗ z) ≥min{νµ((xn ∗ y) ∗ (xn ∗ z)), νµ(xn ∗ y)}

≥min{νµ(xn ∗ (y ∗ z)), νµ(xn ∗ y)}.

Hence Ã = ⟨A,µ⟩ is a cubic intuitionistic fuzzy implicative filter of
U .

Definition 3.19. Let n be a positive integer. A BE-algebra U is said
to be n-fold implicative if it satisfies the equality xn+1 ∗ y = xn ∗ y for
all x, y ∈ U .

Corollary 3.20. In an n-fold implicative BE-algebra, the notion of
cubic intuitionistic fuzzy filters and cubic intuitionistic n-fold implicative
filters coincide.

Proof. Straightforward.

4. Direct product of cubic intuitionistic fuzzy sets in BE-
algebras

Let f be a mapping form a set U into a set V and Ã = ⟨A,µ⟩ be

a cubic intuitionistic fuzzy set in V . Then the inverse image of Ã, is
defined as

f−1(Ã) := {⟨x, f−1(A), f−1(µ)⟩|x ∈ U}
with the membership function and non-membership function respec-
tively are given by

f−1(A)(x) =f−1(⟨MA(x), NA(x)⟩)
=⟨f−1(MA)(x), f

−1(NA)(x)⟩
=⟨MA(f(x)), NA(f(x))⟩ and
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f−1(µ)(x) =f−1(⟨λµ, νµ⟩)(x)
=⟨f−1(λµ)(x), f

−1(νµ)(x)⟩
=⟨λµ(f(x)), νµ(f(x))⟩.

Theorem 4.1. Let f : U → V be a homomorphism of BE-algebras. If

Ã = ⟨A,µ⟩ is a cubic intuitionistic fuzzy implicative filter of V , then the

inverse image f−1(Ã) = {⟨x, f−1(A), f−1(µ)⟩|x ∈ U} of Ã under f is a
cubic intuitionistic fuzzy implicative filter of U .

Proof. Assume that Ã = ⟨A,µ⟩ is a cubic intuitionistic fuzzy implicative
filter of V and let x ∈ U . Then we have

f−1(MA)(x) =MA(f(x)) ≪ MA(1V ) = MA(f(1U )) = f−1(MA)(1U ),

f−1(NA)(x) =NA(f(x)) ≫ NA(1V ) = NA(f(1U )) = f−1(NA)(1U ),

f−1(λµ)(x) =λµ(f(x)) ≥ λµ(f(1U )) = f−1(λµ)(1U ) and

f−1(νµ)(x) =νµ(f(x)) ≤ νµ(f(1U )) = f−1(νµ)(1U ).

Let x, y, z ∈ U . Then we get

rmin{f−1(MA)(x ∗ (y ∗ z)), f−1(MA)(x ∗ y)}
=rmin{MA(f(x ∗ (y ∗ z))),MA(f(x ∗ y))}
=rmin{MA(f(x) ∗ (f(y) ∗ f(z))),MA(f(x) ∗ f(y))}
≪MA(f(x) ∗ f(z)) = MA(f(x ∗ z)) = f−1(MA)(x ∗ z),

rmax{f−1(NA)(x ∗ (y ∗ z)), f−1(NA)(x ∗ y)}
=rmax{NA(f(x ∗ (y ∗ z))), NA(f(x ∗ y))}
=rmax{NA(f(x) ∗ (f(y) ∗ f(z))), NA(f(x) ∗ f(y))}
≫NA(f(x) ∗ f(z)) = NA(f(x ∗ z)) = f−1(NA)(x ∗ z),

max{f−1(λµ)(x ∗ (y ∗ z)), f−1(λµ)(x ∗ y)}
=max{λµ(f(x ∗ (y ∗ z))), λµ(f(x ∗ y))}
=max{λµ(f(x) ∗ (f(y) ∗ f(z))), λµ(f(x) ∗ f(y))}
≥λµ(f(x) ∗ f(z)) = λµ(f(x ∗ z)) = f−1(λµ)(x ∗ z) and

min{f−1(νµ)(x ∗ (y ∗ z)), f−1(νµ)(x ∗ y)}
=min{νµ(f(x ∗ (y ∗ z))), νµ(f(x ∗ y))}
=min{νµ(f(x) ∗ (f(y) ∗ f(z))), νµ(f(x) ∗ f(y))}
≤νµ(f(x) ∗ f(z)) = νµ(f(x ∗ z)) = f−1(νµ)(x ∗ z).
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Therefore f−1(Ã) = {⟨x, f−1(A), f−1(µ)⟩|x ∈ U} is a cubic intuitionistic
fuzzy implicative filter of U .

Theorem 4.2. Let f : U → V be a homomorphism from a BE-

algebra U onto a BE-algebra V . If f−1(Ã) is a cubic intuitionistic fuzzy

implicative filter of U , then Ã = ⟨A,µ⟩ is a cubic intuitionistic fuzzy
implicative filter of V .

Proof. For any y ∈ V , there exists a ∈ U such that f(a) = y. Then

MA(y) = MA(f(a)) = f−1(MA)(a) ≪ f−1(MA)(1U ) = MA(f(1U )) = MA(1V ),

NA(y) = NA(f(a)) = f−1(NA)(a) ≫ f−1(NA)(1U ) = NA(f(1U )) = MA(1V ),

λµ(y) = λµ(f(a)) = f−1(λµ)(a) ≥ f−1(λµ)(1U ) = λµ(f(1U )) = λµ(1V ) and

νµ(y) = νµ(f(a)) = f−1(νµ)(a) ≤ f−1(νµ)(1U ) = νµ(f(1U )) = νµ(1V ).

Let x, y, z ∈ V . Then f(a) = x , f(b) = y and f(c) = z for some
a, b, c ∈ U . It follows that

MA(x ∗ z) =MA(f(a) ∗ f(c)) = MA(f(a ∗ c)) = f−1(MA)(a ∗ c)
≫rmin{f−1(MA)(a ∗ (b ∗ c)), f−1(MA)(a ∗ b)}
=rmin{MA(f(a ∗ (b ∗ c)),MA(f(a ∗ b))}
=rmin{MA(f(a) ∗ (f(b) ∗ f(c))),MA(f(a) ∗ f(b))}
=rmin{MA(x ∗ (y ∗ z)),MA(x ∗ y)},

NA(x ∗ z) =NA(f(a) ∗ f(c)) = NA(f(a ∗ c)) = f−1(NA)(a ∗ c)
≪rmax{f−1(NA)(a ∗ (b ∗ c)), f−1(NA)(a ∗ b)}
=rmax{NA(f(a ∗ (b ∗ c)), NA(f(a ∗ b))}
=rmax{NA(f(a) ∗ (f(b) ∗ f(c))), NA(f(a) ∗ f(b))}
=rmax{NA(x ∗ (y ∗ z)), NA(x ∗ y)},

λµ(x ∗ z) =λµ(f(a) ∗ f(c)) = λµ(f(a ∗ c)) = f−1(λµ)(a ∗ c)
≤max{f−1(λµ)(a ∗ (b ∗ c)), f−1(λµ)(a ∗ b)}
=max{λµ(f(a ∗ (b ∗ c)), λµ(f(a ∗ b))}
=max{λµ(f(a) ∗ (f(b) ∗ f(c))), λµ(f(a) ∗ f(b))}
=max{λµ(x ∗ (y ∗ z)), λµ(x ∗ y)},
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νµ(x ∗ z) =νµ(f(a) ∗ f(c)) = νµ(f(a ∗ c)) = f−1(νµ)(a ∗ c)
≥min{f−1(νµ)(a ∗ (b ∗ c)), f−1(νµ)(a ∗ b)}
=min{νµ(f(a ∗ (b ∗ c)), νµ(f(a ∗ b))}
=min{νµ(f(a) ∗ (f(b) ∗ f(c))), νµ(f(a) ∗ f(b))}
=min{νµ(x ∗ (y ∗ z)), νµ(x ∗ y)}.

This completes the proof.

Definition 4.3. A cubic intuitionistic fuzzy set Ã = ⟨A,µ⟩ in a BE-
algebra U is called a cubic intuitinoistic fuzzy subalgebra of U it satisfies
the following conditions: for all a, b ∈ U ,

MA(a ∗ b) ≫rmin{MA(a),MA(b)}
NA(a ∗ b) ≪rmax{NA(a), NA(b)}
λµ(a ∗ b) ≤max{λµ(a), λµ(b)}
νµ(a ∗ b) ≥min{νµ(a), νµ(y)}.

Definition 4.4. Let Ã = ⟨A,µ⟩ and B̃ = ⟨B, δ⟩ be two intuitionistic

fuzzy sets of U and V , respectively. The cartesian product Ã × B̃ =
⟨U × V,A×B,µ× δ⟩ is defined by

(MA ×MB)(a, b) =rmin{MA(a),MB(b)}
(NA ×NB)(a, b) =rmax{NA(a), NB(b)}
(λµ × λδ)(a, b) =max{λµ(a), λδ(b)}
(νµ × νδ)(a, b) =min{νµ(a), νδ(b)}

where A×B : U ×V → I[0, 1]× I[0, 1] and µ× δ : U ×V → [0, 1]× [0, 1]
for all (a, b) ∈ U × V .

Definition 4.5. A cubic intuitionistic fuzzy subset Ã × B̃ is called a
cubic intuitionistic fuzzy subalgebra of U × V if it satisfies the following
conditions: for all (x1, y1), (x2, y2) ∈ U × V ,

(P1) (MA×MB)((x1, y1)∗ (x2, y2)) ≫ rmin{(MA×MB)(x1, y1), (MA×
MB)(x2, y2)},

(P2) (NA ×NB)((x1, y1) ∗ (x2, y2)) ≪ rmax{(NA ×NB)(x1, y1), (NA ×
NB)(x2, y2)},

(P3) (λµ×λδ)((x1, y1)∗(x2, y2)) ≤ max{(λµ×λδ)(x1, y1), (λµ×λδ)(x2, y2)},
(P4) (νµ×νδ)((x1, y1)∗(x2, y2)) ≥ min{(νµ×νδ)(x1, y1), (νµ×νδ)(x2, y2)}.
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Theorem 4.6. Let Ã = ⟨A,µ⟩ and B̃ = ⟨B, δ⟩ be cubic intuitionistic

fuzzy subalgebras of U and V , respectively. Then Ã × B̃ is a cubic
intuitionistic fuzzy subalgebra of U × V .

Proof. Let (x1, y1) and (x2, y2) ∈ U × V . Then we have

(MA ×MB)((x1, y1)∗(x2, y2)) = (MA ×MB)(x1 ∗ x2, y1 ∗ y2)
=rmin{MA(x1 ∗ x2),MB(y1 ∗ y2)}
≫rmin{rmin{MA(x1),MA(x2)}, rmin{MB(y1),MB(y2)}}
=rmin{rmin{MA(x1),MB(y1)}, rmin{MA(x2),MB(y2)}}
=rmin{(MA ×MB)(x1, y1), (MA ×MB)(x2, y2)},

(NA ×NB)((x1, y1)∗(x2, y2)) = (NA ×NB)(x1 ∗ x2, y1 ∗ y2)
=rmax{NA(x1 ∗ x2), NB(y1 ∗ y2)}
≪rmax{rmax{NA(x1), NA(x2)}, rmax{NB(y1), NB(y2)}}
=rmax{rmax{NA(x1), NB(y1)}, rmax{NA(x2), NB(y2)}}
=rmax{(NA ×NB)(x1, y1), (NA ×NB)(x2, y2)},

(λµ × λδ)((x1, y1)∗(x2, y2)) = (λµ × λδ)(x1 ∗ x2, y1 ∗ y2)
=max{λµ(x1 ∗ x2), λδ(y1 ∗ y2)}
≤max{max{λµ(x1), λµ(x2)},max{λδ(y1), λδ(y2)}}
=max{max{λµ(x1), λδ(y1)},max{λµ(x2), λδ(y2)}}
=max{(λµ × λδ)(x1, y1), (λµ × λδ)(x2, y2)} and

(νµ × νδ)((x1, y1)∗(x2, y2)) = (νµ × νδ)(x1 ∗ x2, y1 ∗ y2)
=min{νµ(x1 ∗ x2), νδ(y1 ∗ y2)}
≥min{min{νµ(x1), νµ(x2)},min{νδ(y1), νδ(y2)}}
=min{min{νµ(x1), νδ(y1)},min{νµ(x2), νδ(y2)}}
=min{(νµ × νδ)(x1, y1), (νµ × νδ)(x2, y2)}.

Therefore Ã× B̃ is a cubic intuitionistic fuzzy subalgebra of U ×V .

Definition 4.7. A cubic intuitionistic fuzzy subset Ã × B̃ is called a
cubic intuitionistic fuzzy implicative filter of U × V if it satisfies the
following conditions: for all (x1, x2), (y1, y2), (z1, z2) ∈ U × V ,

(P5) (MA × MB)(1, 1) ≫ (MA × MB)(x1, x2) and (NA × NB)(1, 1) ≪
(NA ×NB)(x1, x2),

(P6) (λµ × λδ)(1, 1) ≤ (λµ × λδ)(x1, x2) and (νµ × νδ)(1, 1) ≥ (νµ ×
νδ)((x1, x2),
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(P7) (MA×MB)((x1, x2)∗(z1, z2)) ≫ rmin{(MA×MB)((x1, x2)∗((y1, y2)∗
(z1, z2))), (MA ×MB)((x1, x2) ∗ (y1, y2))},

(P8) (NA×NB)((x1, x2)∗(z1, z2)) ≪ rmax{(NA×NB)((x1, x2)∗((y1, y2)∗
(z1, z2))), (NA ×NB)((x1, x2) ∗ (y1, y2))},

(P9) (λµ × λδ)((x1, x2) ∗ (z1, z2)) ≤ max{(λµ × λδ)((x1, x2) ∗ ((y1, y2) ∗
(z1, z2))), (λµ × λδ)((x1, x2) ∗ (y1, y2))},

(P10) (νµ × νδ)((x1, x2) ∗ (z1, z2)) ≥ min{(νµ × νδ)((x1, x2) ∗ ((y1, y2) ∗
(z1, z2))), (νµ × νδ)((x1, x2) ∗ (y1, y2))}.

Theorem 4.8. Let Ã = ⟨A,µ⟩ and B̃ = ⟨B, δ⟩ be cubic intuitionistic

fuzzy implicative filters of U and V , respectively. Then Ã× B̃ is a cubic
intuitionistic fuzzy implicative filter of U × V .

Proof. Let (x1, x2), (y1, y2), (x3, y3) ∈ U × V . Then we have

(MA ×MB)(1, 1) =rmin{MA(1),MB(1)}
≫rmin{MA(x1),MB(x2)} = (MA ×MB)(x1, x2),

(NA ×NB)(1, 1) =rmax{NA(1), NB(1)}
≪rmax{NA(x1), NB(x2)} = (NA ×NB)(x1, x2),

(λµ × λδ)(1, 1) =max{λµ(1), λδ(1)} ≤ max{λµ(x1), λδ(x2)}
=max(λµ × λδ)(x1, x2) and

(νµ × νδ)(1, 1) =min{νµ(1), νδ(1)} ≥ min{νµ(x1), νδ(x2)}
=min(νµ × νδ)(x1, x2).

(MA ×MB)((x1, x2) ∗ (z1, z2)) = (MA ×MB)(x1 ∗ z1, x2 ∗ z2)
=rmin{MA(x1 ∗ z1),MB(x2 ∗ z2)}
≫rmin{rmin{MA(x1 ∗ (y1 ∗ z1)),MA(x1 ∗ y1)},
rmin{MB(x2 ∗ (y2 ∗ z2)),MB(x2 ∗ y2)}}

=rmin{rmin{MA(x1 ∗ (y1 ∗ z1)),MB(x2 ∗ (y2 ∗ z2))},
rmin{MA(x1 ∗ y1),MB(x2 ∗ y2)}}

=rmin{(MA ×MB)(x1 ∗ (y1 ∗ z1), x2 ∗ (y2 ∗ z2)),
(MA ×MB)(x1 ∗ y1, x2 ∗ y2)}

=rmin{(MA ×MB)((x1, x2) ∗ ((y1, y2) ∗ (z1, z2)),
(MA ×MB)((x1, y1) ∗ (y1, y2))},
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(NA ×NB)((x1, x2) ∗ (z1, z2)) = (NA ×NB)(x1 ∗ z1, x2 ∗ z2)
=rmax{NA(x1 ∗ z1), NB(x2 ∗ z2)}
≪rmax{rmax{NA(x1 ∗ (y1 ∗ z1)), NA(x1 ∗ y1)},

rmax{NB(x2 ∗ (y2 ∗ z2)), NB(x2 ∗ y2)}}
=rmax{rmax{NA(x1 ∗ (y1 ∗ z1)), NB(x2 ∗ (y2 ∗ z2))},
rmax{NA(x1 ∗ y1), NB(x2 ∗ y2)}}

=rmax{(NA ×NB)(x1 ∗ (y1 ∗ z1), x2 ∗ (y2 ∗ z2)),
(NA ×NB)(x1 ∗ y1, x2 ∗ y2)}

=rmax{(NA ×NB)((x1, x2) ∗ ((y1, y2) ∗ (z1, z2)),
(NA ×NB)((x1, y1) ∗ (y1, y2))},

(λµ × λδ)((x1, x2) ∗ (z1, z2)) = (λµ × λδ)(x1 ∗ z1, x2 ∗ z2)
=max{λµ(x1 ∗ z1), λδ(x2 ∗ z2)}
≤max{max{λµ(x1 ∗ (y1 ∗ z1)), λµ(x1 ∗ y1)},
max{λδ(x2 ∗ (y2 ∗ z2)), λδ(x2 ∗ y2)}}

=max{max{λµ(x1 ∗ (y1 ∗ z1)), λδ(x2 ∗ (y2 ∗ z2))},
max{λµ(x1 ∗ y1), λδ(x2 ∗ y2)}}

=max{(λµ × λδ)(x1 ∗ (y1 ∗ z1), x2 ∗ (y2 ∗ z2)),
(λµ × λδ)(x1 ∗ y1, x2 ∗ y2)}

=max{(λµ × λδ)((x1, x2) ∗ ((y1, y2) ∗ (z1, z2)),
(λµ × λδ)((x1, y1) ∗ (y1, y2))} and

(νµ × νδ)((x1, x2) ∗ (z1, z2)) = (νµ × νδ)(x1 ∗ z1, x2 ∗ z2)
=min{νµ(x1 ∗ z1), νδ(x2 ∗ z2)}
≥min{min{νµ(x1 ∗ (y1 ∗ z1)), νµ(x1 ∗ y1)},
min{νδ(x2 ∗ (y2 ∗ z2)), νδ(x2 ∗ y2)}}

=min{min{νµ(x1 ∗ (y1 ∗ z1)), νδ(x2 ∗ (y2 ∗ z2))},
min{νµ(x1 ∗ y1), νδ(x2 ∗ y2)}}

=min{(νµ × νδ)(x1 ∗ (y1 ∗ z1), x2 ∗ (y2 ∗ z2)),
(νµ × νδ)(x1 ∗ y1, x2 ∗ y2)}

=min{(νµ × νδ)((x1, x2) ∗ ((y1, y2) ∗ (z1, z2)),
(νµ × νδ)((x1, y1) ∗ (y1, y2))}.
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Therefore Ã× B̃ is a cubic intuitionistic fuzzy implicative filter of U ×
V .

5. Conclusion

Jun [9] defined the notion of a cubic intuitionistic fuzzy set, which
is extending the concept of a cubic set. He investigated some related
properties of it. Senapati et al. [15, 16] applied to this structure to ideals
of BCI-algebras and B-algebras. In this paper, we defined the notion of
cubic intuitionistic fuzzy filters and cubic intuitionistic fuzzy implicative
filters of BE-algebras and studied some related properties of them. We
investigated relations between cubic intuitionistic fuzzy filters with cubic
intuitionistic fuzzy implicative filters of BE-algebras. These definitions
and results can be similarity extended to some algebraic systems such
as Lie algebras, Hyper algebras and lattices.
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