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ABSTRACT

I performed a semi-analytical numerical analysis of the effects of core size and electric field intensity on the light

emission wavelength of CdSe/ZnS quantum dots (QDs). The analysis used a quantum mechanical approach; I solved

the Schrédinger equation describing the electron-hole pairs of QDs. The numerical solutions are described using a

basis set composed of the eigenstates of the Schrddinger equation; they are thus equivalent to analytical solutions.

This semi-analytical numerical method made it simple and reliable to evaluate the dependency of QD characteristics

on the QD core size and electric field intensity. As the QD core diameter changed from 9.9 to 2.5 nm, the light
emission wavelength of CdSe core-only QDs varied from 262.9 to 643.8 nm, and that of CdSe/ZnS core/shell QDs
from 279.9 to 697.2 nm. On application of an electric field of 8 x 10° V/cm, the emission wavelengths of green-

emitting CdSe and CdSe/ZnS QDs increased by 7.7 and 3.8 nm, respectively. This semi-analytical numerical analysis

will aid the choice of QD size and material, and promote the development of improved QD light-emitting devices.
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1. Introduction

Quantum dots (QDs) are expected to replace the organic
light-emitting diodes (OLEDs) currently extensively used in
displays. The QD emission wavelength can be readily
changed by varying QD size and the emission spectra are
sharp[1]. Thus, QDs will replace OLED|2] and liquid crystal
(LC) displays[3]. Even now, large televisions using QD films
as color-converting layers are being produced; these devices
exploit QD photoluminescence[4,5]. Quantum-dot light-
emitting diode (QDLED) technology exploiting QD electro-
luminescence is being actively developed by many research
groups|[6—10]; however a few issues must be addressed prior

to widespread commercialization, including QDLED lifetime
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[11,12] and efficiency[13,14]. The light emission spectra of
QDs differ from those of bulk materials because of quantum
confinement effects. Different primary colors can be obtained
from QDs made of the same material by varying the QD size.
Thus, fabrication is much simpler than that of OLEDs, which
require different materials for generating different colors.

The quantum-confined Stark effect (QCSE) is readily
observed in the electroluminescence spectra of QDs[15-17].
The QCSE causes QD spectral shifts depending on the
driving voltage. Hence, QDLEDs must be carefully driven to
obtain the desired colors. Detailed studies on the dependency
of emission spectra on QD size and driving conditions are
required to establish a reliable QDLED technology. Numeri-
cal approaches can be effective. Emission wavelength varia-
tion by QD size and the applied electric field should be
examined before designing and fabricating a QDLED device.
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This requires the solving of a Schrédinger equation that
considers the internal potential QD profile, and the Coulomb
interaction between the electron and hole that constitute an
exciton. Although differential equation-solving methods
based on the finite difference method[18] or finite element
method[19] can be used to this end, an analytical method
using the basis set of a single-particle Hamiltonian and the
perturbation caused by the electron/hole interaction is more
appropriate to understand QD characteristics. However, it is
difficult and inefficient to obtain analytical solutions of QD
emission behaviors for QDs of various sizes exposed to
different electric fields. Here, I adopt a semi-analytical ap-
proach to overcome this difficulty, and designed a numerical
method imitating an analytical one[20]. The numerical me-
thod was used to evaluate quantum mechanical properties. It
is based on solving the single-particle Schrodinger equation,
with consideration of the perturbation terms associated with
electron/hole interaction and the potential profile. The
numerical method is relatively undemanding in terms of
calculations, so the dependency of emission wavelength on
QD size and electric field intensity was calculated using only
a personal computer.

2. Methods

To examine QD properties, the Schrodinger quantum
mechanical equation for an electron/hole pair was solved
numerically. The equation considered the kinetic energy
terms, potential energy terms associated with the conduction
and valence band profiles of the QD core and shell, and
Coulomb energy terms caused by interaction between the
electron and hole that constitute an exciton. The Hamiltonian
H is the sum of the electron kinetic energy T,, the hole
kinetic energy Ty, the electron potential energy 7, the hole
potential energy V},, and the Coulomb interaction energy

Hine, calculated as follows:

H=T,+T,+ V7, + VU + Hine
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where m}, mj, V2, V2, 7, 7, €, and e are the electron

effective mass, hole effective mass, Laplacian operator of an
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electron, Laplacian operator of a hole, electron position
vector, hole position vector, permittivity, and elementary
charge, respectively.

For efficient calculation, the system was approximated
using one-dimensional equations, as follows:

Hip = Terp + Thap + Vern + Vnap + Hineans
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where Hip, Te1ps Thin» Vein» Vaips Hinerps Xe, and
Xy, are the Hamiltonian, electron kinetic energy, hole kinetic
energy, electron potential energy, hole potential energy,
Coulomb interaction energy, electron position, and hole
position in one dimension, respectively. The electron-hole
distance
distance |x, — x| is used to calculate the Coulomb

is underestimated when the one-dimensional

interaction energy term. To compensate for this, v3|x, —
xp| served as the electron-hole distance in the one-
dimensional equation, given that |7, — 7| = V3|x, — xp|
for the symmetrical case of |x, —xp| = |y, —yul =
|ze — z,|. Hence, the electron-hole distance v3]x, — x|
of Eq. (2) corresponds to the |7, — 7| of Eq. (1). Therefore
—1/4me - €2 /\/3|x, — x| corresponds to the three-
dimensional Coulomb interaction energy. Given this, a
modification factor of 1/3 was applied to the Hjpeqp term
to yield the Coulomb interaction energy in one dimension.

The basis set of the system consisted of the single-particle
basis sets for an electron and a hole. For numerical cal-
culation, the number of bases was restricted to a number Nmax
that could be handled by a personal computer. A momentum
basis set was defined by reference to the kinetic energy
operator for a single particle and the infinite well boundary
condition. The nmax bases were selected from the lowest
energy state in increasing energy order. The electron and hole
system basis set was constructed using the tensor product of
the single-particle basis sets, as follows:

[n, i) = [n)®|A), for n, @i € {1,2,3,, Nynaxt 3

where |n) and |7i) are the bases of an electron and a hole
in infinite wells, respectively. In addition to the momentum
basis set described above, a position basis set was defined to
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handle the potential energy and Coulomb interaction energy
terms. Equally spaced nmax points in the potential well were
used to create this basis. The basis set was defined as follows:

|]) = \/ZZZZ'Q” (;bn(x])ln) for j € {1,2,-, nmax} “

In the equation above, A is the spacing between the
equally spaced nma points and ¢, (x) is the spatial
wavefunction at position x (defined as (x|n), where |x)
is the Dirac position basis). The electron and hole system
basis sets were constructed using the tensor product of the

single particle basis sets, as follows:
|]']~> = |])®|]~)7f0r }rj € {1‘2r3,"';nmax} (5)
where [j) and |j) are the single electron and single hole

position bases, respectively.
The kinetic energy terms T,,p and Ty, represented by

the momentum basis set are Yo" T,p.|n)(n| and
ZE’!{”‘Tm,ﬁlﬁ)(ﬁl, respectively. Teipn and  Typs are
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momentum basis representation was transformed into a

ﬁ>, respectively. The

position basis representation using a discrete Fourier
transform. Then, the matrix representation of the kinetic
energy terms T,., + Tp1p was obtained using the tensor
products, as follows:

n n, -3 . .
(Zjl";af 2 Tean jy, j, 1) (12|) ®I, +
n n T ~ ~

1® (T B Ty g7, 170) Gl ), ©)
where Te1pj;, and  Thipj,j, are the position-basis
matrix elements transformed from the momentum-basis
matrix elements by the discrete Fourier transform, and Iy
and I, are the identity matrices. Using the position basis set,
the matrix representation of the potential energy terms,
Vo1p + Vhip, is obtained as follows:

(T Verp j 1) GD®I + L®(Z7 Viap 511 (1), (7)

where VelD,j and Vth‘j are (jl‘?eu) |]> and <j|‘7h1D |j>,
respectively and I; and I, are the identity matrices. The
matrix representation of the Coulomb interaction term,

Hine1p, is written in the position basis, as follows:

i R Vineap iU D G T @®)

where Viypqp j; is G, /| Hinein|j, 7). The Coulomb interac-
tion energy term exhibits a singularity when the electron and
hole are in the same position (x, = x3); a modified relation
was used to avoid this singularity. The distance in one
dimension, |x, — x|, was replaced with a fixed value, §,
when the electron and hole approached each other within §.
The value of § was set to 0.5 nm, given the distance
between the lattice points of the QD materials evaluated in
this work.

The representation of the total Hamiltonian matrix (}A[ 1 D)
in the position basis was obtained by adding the kinetic,
potential, and Coulomb interaction energy terms described
above. Wolfram Mathematica [21] was used to perform the
matrix operations and Fourier transform, and to calculate the
eigenvalues and eigenstates of the H;p. The total energies
for three-dimensional QDs were estimated by adding the
one-dimensional total energies in the x, y, and z directions.

3. Results and Discussion

The dependency of the emitted light wavelength on QD
size was examined for core-only and core/shell QDs. The
core-only QD was modeled as a one-dimensional infinite
potential well, and the core/shell QD as a one-dimensional
infinite potential well with a stepped potential profile (Figure
1). The core diameter and shell thickness, tgpep, of the one-
dimensional infinite potential wells were set to i/1r—/6dcore
and 3/7/6 tgpen, respectively. The weighting factor 3\/7r—/6
was extracted by comparing the volume of the cube-shaped
QD explored in this work to that of the spherical QD. The
core material was CdSe and the shell material was ZnS
[22,23]. The bandgap energy of the CdSe core, Eg, was 1.74
eV. The conduction band barrier, AEc, and valence band
barrier, AEv, at the core/shell interface were 1.27 eV and 0.6
eV[24], respectively. Effective mass approximations were
used for modeling; the effective masses of the electron and
hole were set to 0.12- and 0.45-fold the electron rest mass,
given the properties of the CdSe core material[25]. For
efficient calculation, the same effective mass values were
used for the core and shell of the QDs. When an electric field
was applied, it was assumed to affect the x-direction only.
Thus, the total energies of three-dimensional QDs with an
applied electric field were estimated by adding two one-
dimensional total energies (in the y and z directions) without
applied electric fields and one-dimensional total energy (in

Journal of KSDT Vol. 20, No. 3, 2021
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the x direction) with such a field. The total energies of three-
dimensional QDs without an applied electric field were three
times the total energy of a one-dimensional total energy
without a field.

oo oo oo oo
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Fig. 1. Schematics of a core-only QD and potential profile
model (left), and of a core/shell QD and potential
profile model (right).

The band gap energy and the light emission wavelength
are shown in Fig. 2 as functions of the QD diameter, d¢qre,-
For the core/shell QDs, the tgpe Was 2.5 nm. The QD core
diameter was varied from 2.5 to 9.9 nm. The QD band gap
energy was estimated by adding the electron and hole ground
state energies to the CdSe bulk band gap energy. Even for the
largest-diameter (9.9 nm) dcore, the band gap energy increased
considerably. For core-only QDs, the band gap energy and
light emission wavelength varied from 1.93 eV and 643.8 nm
for the 9.9-nm decore to 4.72 €V and 262.9 nm, respectively, for
the 2.5-nm deore. For core/shell QDs, the band gap energy and
light emission wavelength varied from 1.78 eV and 697.2 nm
for the 9.9-nm dcore to 4.43 eV and 279.9 nm, respectively, for
the 2.5-nm deore. Hence, the emission color changed from red
to ultraviolet as the core diameter changed from 9.9 to 2.5
nm. This smaller band gap energy of the core/shell QDs
(compared to core-only QDs) is explained by the fact that the
shell region contributes to wavefunction spreading in the
core/shell QDs, thus alleviating the quantum confinement
effects.

The effects of an applied electric field were estimated for
core-only and core/shell QDs (Fig. 3). The core diameters of
the core-only and core/shell QDs were 5.0 and 3.7 nm,
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Fig. 2. Band gap energy and light emission wavelength as
functions of the diameter of (a) core-only QDs and

(b) core/shell QDs.
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Fig. 3. Band gap energy and light emission wavelength as
functions of the applied electric field intensity of (a)
core-only QDs and (b) core/shell QDs.
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respectively. These core diameters are the same as those of
green-emitting QDs in the absence of an applied field; both
emission wavelengths were about 545 nm. As shown in Fig.
3, the band gap energy decreases, and the emission wave-
length increases, as the electric field increases. With an
applied electric field of 8.0 X 105 V/cm, the emission
wavelength shifted by 7.7 nm for the core-only QD and by
3.8 nm for the core/shell QD. Hence, the emission color can
be controlled by application of an electric field. The QCSE
explains the color shifts.

The spatial wavefunction distributions are shown in Fig. 4.
Fig. 4(a) and (c) show the ground state wavefunction dis-
tributions of the core-only and core/shell QDs in the absence
of an applied electric field, respectively, as functions of the
electron and hole positions. Fig. 4(b) and (d) show the ground
state wavefunction distributions of the core-only and core/
shell QDs under an applied electric field of 8 X 105 V/cm,
as functions of the electron and hole positions. Only the core
regions are shown; the shell regions are excluded. When
there is no electric field, the electron and hole gather in the
center. When an electric field is applied, the wavefunction
distributions of the electron and hole move in opposite
directions to the core edges. However, the electron move-
ment induced by an applied electric field is smaller than the
hole movement. The electron and hole separate by moving
in opposite directions toward the core edges when an electric
field is applied. However, the Coulomb attraction
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Fig. 4. Spatial wavefunction distribution of a core-only QD
(a) without an applied electric field and (b) with an
applied electric field, and of a core/shell QD (c)
without an applied electric field and (d) with an
applied electric field.

between the electron and hole prohibits full separation. The
electron effective mass is lighter than the hole effective mass;
it is easier for the electron to be pulled toward the hole by
Coulomb interaction than it is to pull the hole toward the
electron. Hence, electron movement toward the core edge is
limited.

4. Conclusions

I designed a simple QD model amenable to effective
numerical analysis. 1 studied the effects of core size and
applied electric field intensity on the emission wavelength.
The model and analysis were based on a quantum mecha-
nical approach; I solved a Schrédinger equation that included
kinetic, potential, and Coulomb interaction energies. The
numerically obtained solutions were described using a basis
set composed of the eigenstates of the quantum mechanical
Schrodinger equation. Hence, the results of our numerical
analysis are equivalent to analytical solutions, so the results
are easy to understand and unlikely to be misinterpreted. By
applying the semi-analytical numerical method to an
electron/hole pair in a QD, the dependency of the QD
characteristics on QD core size and electric field intensity can
be examined in a simple and reliable manner.

Green emissions from core-only CdSe QDs and core/shell
QDs with diameters of 5.0 and 3.7-nm, respectively, were
confirmed; these core diameters accord with those of pre-
vious reports [26,27]. Hence, my modeling/solving method
allows simple and reliable design of QD structures and aids
in the choice of QD material. I found that the light emission
wavelength was affected by the applied electric field intensity.
Hence, the emission wavelengths of adjustable QDLEDs
can be varied by controlling the intensity. My modeling/
solving methods will aid the design and development of
emission wavelength-adjustable QDLEDs. 1 am currently
modeling emission color-controllable QDLEDs; in the near
future, I plan to report an improved modeling and numerical
analysis method, and experimental data on emission color-
controllable QDLEDs.
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