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Abstract A fuzzy relation between Xand Y as fuzzy subset of XX Y was proposed by Zadeh.
Subsequently, several researchers have applied the notion of fuzzy subsets to various branches of
mathematics and computer sciences. Murali an Nemitz have studied fuzzy relations connected with fuzzy
equivalence relations and fuzzy functions. Ounalli and Jaoua defined a fuzzy difunctional relation on a set.
difunctional relations are versatile mathematical tool, which can be used in software design and in database
theory. Their work have revealed the usefulness of difunctional relations in program specification and in
defining program correctness. The main goal of this paper is to define a fuzzy deterministic relation on a
set, characterize the fuzzy deterministic relation as its level subsets and investigate some properties in
connection with fuzzy deterministic relation. In particular we prove that a fuzzy relation R is fuzzy

deterministic iff R is a fuzzy function.
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1. Introduction

Just as the notion of fuzzy subsets of set
generalises that of crisp subsets, the concept of
ordinary relation between two elements lends
itself to the generalisation of fuzzy relations on a
set.

A fuzzy relation between Xand Y as a fuzzy
subset of XX Y was proposed by Zadeh[1].
Subsequently many researchers have studied fuzzy
relations connected with fuzzy equivalences and
fuzzy functions in various contexts.

Murali[2] defined and discussed properties of
fuzzy equivalence on a set and studied the cuts
of fuzzy equivalence relations.

Ounalli and Jaoual3] characterized in a simple
manner the fuzzy difunctional relations and
showed that the most of the properties that
characterize crip difunctional relations also hold
for fuzzy difunctional relations. In [4], Sung et al
proved that there exists a relationship between
fuzzy equivalence relations and fuzzy
difunctional relations. In this thesis, We attempts
a few elementary observations concerning fuzzy
difunctional relations and fuzzy deterministic
relations. As a result, We characterize the fuzzy

deterministic relations in the frame of fuzzy

relations and investigate some of their
properties.
In this paper, we assume that all fuzzy

relations considered here are defined a fized

universe K.

2. Preliminaries

We review some definitions that will be

needed in the seguel. For detail we refer to [2,3,5]

Definition 2.1 The scalars set of a fuzzy

relation R, written ®(R) is defined as follow:
S(R)={a=0 |

3 (2,y) EAX K R(z.y) = a}.

Definition 2.2 Let R be a fuzzy relation and
a € ®(R). The a cut relative to R, written R, is

a relation such that for all z,y € K:

[LifR(zy) =«
R (zy) = {0,0them)ise.

Definition 2.3 Let R be a relation on K. An
element of R is denoted (x,y) where x 1s an
argument and y is an image of x by R. The image
set of x € K, written

xR is defined by zR={z | (z,2)ER}.

Definition 2.4 The sup—min product £ o S for
two fuzzy relations R,S on a set KA is defined by

RS(z,y) = \/ (S(z,t) AR(ty)).z.y € K.

tEK

Definition 2.5 Let R be a fuzzy relation on a
set K. Then R
R(z,z)=1 for t €K, R is fuzzy symmetric on X
if R(z,y)=R(y,x) for all z,y €EK; and R is fuzzy
transitive on K if RR<S R. We say that R is a

fuzzy equivalence relation on K if R is fuzzy

1s fuzzy reflexive on K if

reflexive, fuzzy symmetric and fuzzy transitive on K.

Definition 2.6 A fuzzy relation R on a set K is
G—reflexive if for z =y in K.

(1) R(z,x) >0, and

(2) R(z,y) < §(R).where §(R)= /\ R(tt).

te K
A G—reflexive and transitive fuzzy relation on
K is a G—preorder on K. A symmetric G—

preorder on K is a G—equivalence on K.

Definition 2.7 Let R and S be two fuzzy
relations. We say that
(1) R is more deterministic than S if and only
if RT'TRS 5718,
(ii) R is fuzzy deterministic if and only if it is
more deterministic than the
identity 7, i.e., RT'RCS I

Definition 2.8 R is fuzzy difunctional if and
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only if it satisfies condition RR 'R < R.

Definition 2.9 A fuzzy function is a fuzzy
relation R such that for all a €&(R). R

., is a

crisp function.

3. Main Results

In this section, we deal with a few elementary

observations concerning fuzzy  deterministic

relations.

Theorem 3.1 Let R be a fuzzy reflexive
relation. If R is fuzzy difunctional, then R is a

fuzzy equivalence relation.

Proof. First, we show that R is fuzzy symmetric:

R(z,y) =RR 'R(z,y)
=VzEK(R(z,2) AN (VwEKR(w,z) AR(w,y)))
> R(z,z) A (Vwe K(R(w,z) AR(w,y)))
=VwEKR(w,z) ANR(w,y))
> R(y,x) AR(y,y), as R is reflexive
= R(y,x).

Hence R(y,z) > R(z,y) for all z,y € K.
Similarly, interchanging the roles of z and y,
we get that R(z,y) > R(y,z) for all z,y€E K

Hence we have R=R .

Next, we show below that R is transitive:

R(z,y) = RR™'R(z.y)
=VvzeK(R(z,z)N (VweEKR(w,z) /\R(w,y)))
> Rlz,2) AN (VweEK(R(w,z) /\R(w,y)))
=VweEKR(w,z) /\R(w,y))
=VweEKR(z,w) /\R(w,y))
:RR(x,y).
Thus RR € R. Therefore, R is fuzzy difunctional.
Theorem 3.2 If R is fuzzy symmetric and fuzzy

transitive, then R is fuzzy difunctional.

Proof. RR"'R=RRR < RR < R. Which yields

R is fuzzy difunctional.

Theorem 3.3 If R is fuzzy deterministic, then

R is fuzzy difuntional.

Proof. RR'R=R(R'R) € RI=R, and so R

1s fuzzy difunctional.

Theorem 3.4 If R is fuzzy deterministic, then

aR is fuzzy deterministic for all a € &(R).

Proof. (aR) ' (aR)=(aR V(aR)=a(R'R)

CalS L
Which yields R is fuzzy deterministic.

Theorem 3.5 Let R be a fuzzy symmetric

relation. Then R is fuzzy deteministic iff B~ ' is

fuzzy deterministic.

Proof. Assume R is fuzzy deterministic. Then
(R")T'R'=RR'=R'R<1I and so R™' is
fuzzy deterministic. Conversely, assume R s
fuzzy deterministic, as seen in above argument,

R=(R Y7 is fuzzy deterministic.

Theorem 3.6 Let R,S be fuzzy deterministic.

Then RS is fuzzy deterministic.

Proof. (RS) ' (RS) = (S 'R H(RS)

=S Y R 'R)Sc S 'S I and so RS is fuzzy

deterministic.

Theorem 3.7 Let R,S be fuzzy deterministic.
Then RNS is fuzzy deterministic.
Proof. (RNS)"HRNS)=(R'NS H(RNS)
cR'RNSTIST T
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, which yields NS is fuzzy deterministic,

Theorem 3.8 R is fuzzy deterministic if and
only if R, is deterministic for all o € ®(R).

Proof. Suppose zR,NyR,# @,z,y €K Then
there exists w €K such that wez R NyR,, and
so, R(z,w)> o and R(y,w) > . Since R is

deterministic, we have R 'R< I
On the other hand,

R 'R(zy) =\ [R(z,2) AR Y(z,y)]

zEK

\ [R(z,2) AR(y,2)]

zEK
R(z,w) /\R(y,w)

> a N

\%

= .

This entails I(J:,y) > «a >0, and so =z =y.

Conversely, assume that R, is deterministic for
all « €®(R). Then. we also prove that R is fuzzy
deterministic 1.e., RflR(x,y) < [(x,y) for all
z,y € U. If z=y, then Iz,y) =1. The equality is
obvious. Hence we may assume that = # y. Then
Iz,y) =0, and we claim that R 'R(z,y)=0.
Suppose not, then RflR(x,y) > (0. This means
that there exists z < K such that R(z,z) >0 and
R(y,z) > 0. Now, letting R(x,z) =ay, R(y,2) =,
and o =a; Aa,. Then we have R(z,z) >« and
R(y,z) > «, this (z,2) €R,, and

(y,2) € R,, which implies zE xR, and zE yR,.

means

Thus we have zR NyR,= &. Since R, is

deterministic. we obtain that x=gy. This

contradicts, Therefore R is fuzzy deterministic.

Theorem 3.9 If R and S are fuzzy
deterministic, then RS ' is fuzzy difunctional.
Proof. RS MRS ') "' (RS™")

=RS SR V(RS

=R(S'9(R RSS!
c RS,

Which yields RS~ ! is fuzzy difunctional.

Theorem 3.10 If R is fuzzy deterministic, then

R 'R is fuzzy difunctional.

Proof. (R'R"HY(R'R™ ) YR 'R
=(R 'R YRR)(R 'R
=R YR 'R)RR 'R!
SR 'RR'R!
=(R'RR'R!
SR 'R!
=R 'R

Which yields R 'R ™! is fuzzy difunctional.

Theorem 3.11 Let R be fuzzy reflexive and
fuzzy symmetric. Then R is fuzzy deterministic if

and only if R is a fuzzy function.

Proof. Assume that R is fuzzy deterministic,
then R, is deterministic for all aEP(R). We
prove that R 1s a fuzzy function. It suffices to

show that R, is a function. Let z €K be given.

Since R, is reflexive, then (z,z)ER,. Let
(v,y,)€ER, and (x,y,)ER, Since R, Iis
symmetric, then we have (y,x)E R, and

(ypz) ER,, which implies z €y, R, and z € y,R,.
Hence we have y, R, Ny,lt, = &, because F, is
deterministic, we obtain that y, =y, and £, is a
function.

Conversely, suppose that R is a fuzzy function.
Then R, is a ordinary function. We must prove

that R is a fuzzy deterministic. It suffices to show
that R

«

is deterministic. Assume
zsRNyR#= J,x,y =K Then there exists zE K
such that zE€ xR NyR,, and so (z,2)ER, and

(y,2)ER,. Since R is symmetric, we have
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(2,z)ER, and (z,y)ER,. Also, since R is a

function, we get that x =y. Therefore, R, is

deterministic.

Theorem 3.12 Let R be fuzzy reflexive and R,

be anti—symmetric for all « €E®(R). Then R is a

fuzzy function if and only if R is fuzzy difunctional.

Proof. Assume that R is a fuzzy function, then
R_is a ordinary function for all «a €®(R). We

«
prove that R is fuzzy difunctional. It suffices to
show that R is

sR,NyR, = &,
(:mz])ERa,.

exists z,&K such that z,EzR NyR

«’

Suppose
Then

difunctional.
v,y €K Let z€aR,.
there

which

zR,NyR, > & meas that

implies (z,2,) €ER, and (y,2,) ER,. Since R, is an

ordinary  function, from  (x,z,)€ER, and

(2,2y) ER,, we obtain z; =z,. Hence we have
xR, © yR,. Similarly, if z,€yR,,

Therefore, R

«

then z,€xzR,.
This means yR, S zR,. is
difunctional for all a € #(R). Conversely, assume
that R is fuzzy difunctional, then R, is difunctional
for all @« € #(R). Hence we must prove that R is
fuzzy function. It suffices to show that R, is a

function. Let & K be given. Since R, is
reflexive, then (z,z)ER,. Next, let (x,y,)ER,
and (z,y,)ER,. Then y,€xR, and y,ExR,.
Since R, is reflexive, y,€y, R, and y,= y,R,, and
so xRNy R, # <& and xR, Ny,R, = <. This

zR, =y, R, and zR,=y,R

« «’

implies and so

y, 12, =y, k. Thus, we have

yQEle(w thlS

Y€y, R, and
means that (y,,y,)ER, and
(yz,yl)ERa. Since R, is anti—symmetric, we
obtain that y, =y,. Therefore, R, is a function.
Theorem 3.13 Let R be fuzzy reflexive and
R, be anti—symmetric for all « € ®(R). Then R

is fuzzy difunctional if and only if R is fuzzy

deterministic.

Proof. Suppose that R is fuzzy difunctional, then

R is difunctional for all a €P(R).

«

We must

prove that R is fuzzy deterministic. It suffices to

show that £, is deterministic. Assume that £, is
difucntional and xR, Ny,R, = &, v,y EK. Then
xR, =yR,. Since R is reflexive, R, is reflexive.
Also, since R, is anti—symmetric, then we have
x=y. Hence R, is deterministic. Conversely, let
R is fuzzy deterministic.
Then R 'R<
RRT'Rc R.

R(R'R) € RI  and

Thus R is fuzzy difunctional.

Theorem 3.14 If a fuzzy relation R on X is

G—reflexive, then the reflexive closure B of R

1s G—reflexive.

Proof. We note that R =RUZL Now let z be
any element in X, then R (z.z)=(RUD(z.x)
= R(x,x) >0. Assume that z=vy in X. Then
R(z,2)=(RUD(z,y)=R(z,y) < 6(R), and so

R is G—reflexive.

REFERENCES

[1] L.A.Zadeh. (1971). Similarity Relations and Fuzzy
orderings. /nf, Sci, 3,177—200

[2] V,Murali. (1980). Fuzzy Equivalence Relations. Fuzzy
Sets and System, 30, 153—163.
DOI : 10.1016/0165—0114(89)90077—8

[3] H.Ounalli and A.Jaoua. (1996). On Fuzzy Difunctional
Relations, Information Sciences. 96, 219—232.
DOI : 10.1016/S0020-0255(96)00142—-9

[4] C.H.Seo, K.H.Han, Y.0.Sung and H.C.Eun (2000). On
the relationships between Fuzzy equivalence relations
and Fuzzy difunctional relations, and their properties.
Fuzzy Sets and Systems. 109, 459—462.

DOI : 10.1016/S0165—0114(98)00114—6

[5] Nemitz, W. C. (1986). Fuzzy relations and fuzzy
functions. Fuzzy Sets and Systems, 19(2), 177—191.
DOI : 10.1016/0165-0114(86)90036—9

[6] Chakraborty, M. K., & Das, M. (1983). On fuzzy



382 HAEFHTAT A9 A0S

equivalence 1. Fuzzy sets and Systems, 11(1), 185—193.

[7] Chakraborty, M. K., & Das, M. (1983). On fuzzy
equivalence II. Fuzzy sets and Systems, 11(1), 299—307.

[8] Ovchinnikov, S. V. (1981). Structure of fuzzy binary
relations. Fuzzy Sets and Systems, 6(2), 169—195.
DOI : 10.1016/0165-0114(81)90023—3

[9] Ovchinnikov, S. (1991). Similarity relations, fuzzy
partitions, and fuzzy orderings. Fuzzy Sets and
Systems, 40(1), 107—126.

DOI : 10.1016/0165—0114(91)90048—-U

[10] Ovchinnikov, S. (2002). Numerical representation of
transitive fuzzy relations. Fuzzy Sets and Systems,
126(2), 225—-232.

DOI : 10.1016/S0165-0114(01)00027—6

[11] Sanchez, E. (1976). Resolution of composite fuzzy
relation equations. [nformation and control, 30(1),
38—48.

[12

—

Sung, Y. O., & Seo, D. W. (2015). Fuzzy idempotent
relations. Far East Journal of Mathematical Sciences,
96(8), 967-980.

DOI : 10.17654/FIMSOct2015_365_374

[13] Sung, Y. O. (2019). NOTES OF (G—CONGRUENCES.
Far East Journal of Mathematical Sciences, 114(2),
155—-165

DOI : 10.17654/MS114020155

[14] Y.O.Sung and H.K.Lee (2020), Further Relations on
Fuzzy Difuctional Relations. Far FEast J.Math, Sci,
124(1), 75—85.

[15] Valverde, L. (1985). On the structure of
F—indistinguishability = operators. Fuzzy Sets and
Systems, 17(3), 313—328.

DOI : 10.1016/0165—0114(85)90096—X

[16] L.A.Zadeh. (1965). Fuzzy Sets, Information and
Control. 8, 338—353

4 € =(Yeoul Ouk Sung) Peskl

1979 29 ¢ FFAPH S St
(o] 8FAL)

1984 29 mefdigtal k(o] g}
AAH

- 1992 29 : ghdoshul =8k (o] g}
HFA})

1998 3Y ~ A : FF &

- E—Mail : yosung@kongju.ac.kr

o] & Jf(Hyun Kyu Lee) skl

<2011 29 @ FFUlEtal S8t
(e]3HA])

- 20149 8¢ T gt FEka(o)st
AAH)

- 20204 24 @ FFoishal ek (o) st
ukA})

L 20199 99 ~ A TSt AL

SRRk BAO)E, N, B

- E—Mail : lee1414000@kongju.ac.kr

F & - (Eunmok Yang) =5

- 2000 24 @ g EhaL I AbA LS
(o] BHA})

- 2002 2¢ @ FFd gL A ApA LS
(o] A AL)

2016 84 @ FFd gL (o]
shukA})

<2020 79 ~ AA IS A




