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UNIFORMLY CONVERGENT NUMERICAL SCHEME FOR A
SINGULARLY PERTURBED DIFFERENTIAL-DIFFERENCE

EQUATIONS ARISING IN COMPUTATIONAL
NEUROSCIENCE

IMIRU TAKELE DABA AND GEMECHIS FILE DURESSA∗

Abstract. A parameter uniform numerical scheme is proposed for solv-
ing singularly perturbed parabolic partial differential-difference convection-
diffusion equations with a small delay and advance parameters in reaction
terms and spatial variable. Taylor’s series expansion is applied to approxi-
mate problems with the delay and advance terms. The resulting singularly
perturbed parabolic convection-diffusion equation is solved by utilizing the
implicit Euler method for the temporal discretization and finite difference
method for the spatial discretization on a uniform mesh. The proposed
numerical scheme is shown to be an ε−uniformly convergent accurate of
the first order in time and second-order in space directions. The efficiency
of the scheme is proved by some numerical experiments and by comparing
the results with other results. It has been found that the proposed numeri-
cal scheme gives a more accurate approximate solution than some available
numerical methods in the literature.
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1. Introduction

A differential-difference equation with at least one delay parameter in which
the highest order derivative is multiplied by an arbitrary small parameter ε,
termed as singular perturbation parameter, is called the singularly perturbed
differential-difference equation (SPDDE). Such types of SPDDEs have a variety
of applications in modeling the neuronal variability [1], in the study of bistable
devices [2] and evolutionary biology [3], to describe the human pupil-light reflex
[4], in the study of variational problems of control theory [5]. In 1991, Musila
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and Lansky [7] gave generalization for Stein’s model [1] and proposed a model
to treat the time evolution trajectories of the membrane potential in terms of
singularly perturbed delay parabolic partial differential equations (SPDPPDEs)
as:
∂u

∂t
+
σ2

2

∂2u

∂x2
+
(
µD − x

τ

) ∂u
∂x

+λsu(x+as, t)+ωsu(x+is, t)−(λs+ωs)u(x, t) = 0,

(1)
where σ and µD are diffusion moments of Wiener process characterizing the in-
fluence of dendritic synapses on the cell excitability. The membrane potential
decays exponentially to the resting level with a membrane time constant τ .
The first derivative term is obtained because of the exponential decay between
two consecutive jumps caused by the input processes. The reaction terms cor-
respond to the superposition of excitatory and inhibitory inputs, and we can
assume that they are Poissonian [7]. This model makes available time evolution
of the trajectories of the membrane potential. The excitatory input contributes
to the membrane potential by an amplitude as with intensity λs and similarly,
the inhibitory input contributes by an amplitude is with intensity ωs. The solu-
tion of model 1 with small values of singular perturbation parameter ε exhibits
boundary layer(s). Due to the presence of the boundary layer(s) in the solution,
one can hardly derive any analytical solutions for Eq. 1. Hence, to stimulate
model 1, one has to look for suitable numerical methods.

In [8, 9, 6, 12, 13, 14, 10, 11, 15], authors developed different numerical meth-
ods to solve a class of SPDPPDEs and discussed the effect of shifts on the
boundary layer behaviour of the solutions using adaptive mesh, fitted operator,
and method of line. In [6, 8, 9, 12, 13, 14, 15], authors restricted their study to
the case when the shift arguments are less than the singular perturbation pa-
rameter and used Taylor’s series expansion to approximate the shift arguments.
In [[10],[11], authors constructed a numerical scheme that works in both cases,
i.e., small and bigger shift arguments. Nevertheless, the former method is not
a parameter uniform. However, the development of the solution methodologies
to solve SPDPPDEs with small and general shift arguments for the past decade
is still at the infant stage. This motivates the authors to construct a parameter
uniform numerical scheme for SPDPPDEs.

In this paper, we proposed an ε− uniform numerical method for solving a
second-order SPDPPDE with delay and advance parameters in the reaction
terms and the space variable using the implicit Euler scheme to discretize the
time variable and finite difference method to discretize the spatial variable on a
uniform step size. The novelty of the presented method lies in the fact that it
does not depends on a specially designed mesh

The rest of this paper is organized as follows: Section 2 is devoted to the
formulation of the problem and properties of the solution of the continuous
problem. The construction of the numerical scheme is briefly described in Section
3. Error estimates for the proposed method are presented in Section 4. In
Section 5, numerical examples and results are given to confirm the theoretical
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investigations. Finally, the conclusion of this study is given in Section 6
Notations: Throughout this paper, N and M denote the number of mesh
points in x and t directions respectively. C denotes a generic positive constant
independent of the singular perturbation parameter ε and the mesh sizes.

2. Problem Formulation

We consider a class of second-order singularly perturbed parabolic partial
differential-difference equations with small mixed shift arguments in the spatial
variable and reaction terms on the rectangular domain D = Ωx × Ωt = (0, 1)×
(0, T ] for fixed positive number T :

∂u(x,t)
∂t − ε2 ∂

2u(x,t)
∂x2 + a(x)∂u(x,t)∂x + b(x)u(x− δ, t) + c(x)u(x, t)

+d(x)u(x+ η, t) = f(x, t)(x, t) ∈ D,
u(x, 0) = u0(x), x ∈ D0 = {(x, 0) : x ∈ Ωx},
u(x, t) = ϕ(x, t), ∀(x, t) ∈ DL = {(x, t) : −δ ≤ x ≤ 0, t ∈ (0, T ]} ,
u(x, t) = ψ(x, t), ∀(x, t) ∈ DR = {(x, t) : 1 ≤ x ≤ 1 + η, t ∈ (0, T ]} ,

(2)

where ε is a small perturbation parameter 0 < ε ≪ 1, delay parameter δ and
advance parameter η are assumed to be of order o(ε). The functions a(x),
b(x), c(x), d(x), f(x, t), ϕ(x, t), ψ(x, t) and u0(x) are assumed to be sufficiently
smooth, bounded and independent of ε . It is also assumed that

b(x) + c(x) + d(x) ≥ q∗ > 0, ∀x ∈ Ωx (3)

for some positive constant q∗. When the delay and advance parameter is zero
(i.e., δ, η = 0 ), the above equation reduces to a standard singularly perturbed
parabolic convection-diffusion problem which is with small singular perturbation
parameter ε and exhibits layer(s) depending on the sign of a(x). If a(x) > 0 ,
then a boundary layer appears in the neighborhood of x = 1. If a(x) < 0, then
a boundary layer appears in the neighborhood of x = 0. The interior layer may
occur in the case of a turning point, that is where a(x) changes the sign in Ωx.
However, the layer is maintained for sufficiently small shifts δ, η ̸= 0.

2.1. Estimates for the delay and advance parameters. When the shift
parameters δ and η are smaller than singular perturbation parameter ε, the use
of Taylor’s series expansion for the terms containing shift arguments is valid [19].
In this paper, we considered the case when δ, η < ε. Thus, to approximate the
terms with delay and advance parameters, we apply Taylor’s series expansion as
follows:

u(x− δ, t) = u(x, t)− δ
∂u(x, t)

∂x
+O(δ2), (4)

u(x+ η, t) = u(x, t) + η
∂u(x, t)

∂x
+O(η2). (5)
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Now substituting Eq.(4) and Eq. (5) into Eq. (2), we obtain:
∂u(x,t)
∂t − ε2 ∂

2u(x,t)
∂x2 + p(x)∂u(x,t)∂x + q(x)u(x, t) = f(x, t),

u(x, 0) = u0(x), x ∈ Ωx,
u(0, t) = ϕ(0, t), t ∈ Ωt,
u(1, t) = ψ(1, t), t ∈ Ωt,

(6)

where, p(x) = a(x)− δb(x) + ηd(x), q(x) = b(x) + c(x) + d(x).
Since p(x) ≥ α > 0 and q(x) ≥ q∗ > 0 for some constants α and q∗ the solution
of Eq.(6) exhibits an exponential boundary layer at x = 1. For small δ and η,
Eq.(2) and Eq.(6) are asymptotically equivalent, because the difference between
the two equations is the order of O(δ2, η2).

To avoid the presence of a singularity in the numerical solution it is required
that the given data u0(x), ϕ(x, t) and ψ(x, t) satisfy certain compatibility con-
ditions at the corner points of the given domain. The required compatibility
conditions are as follows [16]: {

u0(0) = ϕ(0, 0),
u0(1) = ψ(1, 0)

(7)

and {
∂ϕ(0,0)
∂t − ε2 ∂

2u0(0)
∂x2 + p(0)∂u0(0)

∂x + q(0)u0(0) = f(0, 0),
∂ψ(1,0)
∂t − ε2 ∂

2u0(1)
∂x2 + p(1)∂u0(1)

∂x + q(1)u0(1) = f(1, 0).
(8)

From the compatibility conditions (7) and (8) , we have,

|u(x, t)− u(x, 0)| = |u(x, t)− u0(x)| ≤ Ct, ∀(x, t) ∈ D, (9)

|u(x, t)− u(0, t)| = |u(x, t)− ϕ(0, t)| ≤ C(1− x), ∀(x, t) ∈ D. (10)
For the proof of Eqs. (9) and (10) one can refer [13]

Remark 2.1. We note that there does not exist a constant C independent of ε
such that

|u(x, t)− u(1, t)| = |u(x, t)− ψ(1, t)| ≤ Cx, ∀ (x, t) ∈ D

because a boundary layer occurs near x = 1.

2.2. Properties of the solution of the continuous problem.

Lemma 2.1. The solution u(x, t) of the continuous problem (6) is bounded by

|u(x, t)| ≤ C, ∀(x, t) ∈ D.

Proof. From the triangular inequality and Eq. (9), we have

|u(x, t)| = |u(x, t)− u(x, 0) + u(x, 0)| ≤ |u(x, t)− u0(x)|+|u0(x)| ≤ Ct+|u0(x)| .
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Since t ∈ (0, T ], so it is bounded and u0(x) ∈ C2,1(D). Therefore, Ct + |u0(x)|
is bounded by some generic positive constant C and we get

|u(x, t)| ≤ C, ∀(x, t) ∈ D.

�
The differential operator Lε = ∂

∂t − ε2 ∂2

∂x2 + p(x) ∂∂x + q(x) in Eq.(6) satisfies
the following maximum principle.

Lemma 2.2. (Continuous Maximum Principle). Let Φ(x, t) ∈ C2,1D. If
Φ(x, t) ≥ 0, ∀(x, t) ∈ ∂D and LεΦ(x, t) ≥ 0, ∀(x, t) ∈ D, then Φ(x, t) ≥
0, ∀(x, t) ∈ D.

Proof. Let (x∗, t∗) ∈ D be such that
Φ(x∗, t∗) = min

(x,t)∈D
Φ(x, t),

and suppose that Φ(x∗, t∗) < 0, then we have (x∗, t∗) /∈ ∂D. Also we have
Φx(x

∗, t∗) = 0,Φt(x
∗, t∗) = 0 and Φxx(x

∗, t∗) ≥ 0. Then

LεΦ(x
∗, t∗) =

∂Φ(x∗, t∗)

∂t
− ε2

∂2Φ(x∗, t∗)

∂x2
+ p(x)

∂Φ(x∗, t∗)

∂x
+ q(x)Φ(x∗, t∗) < 0,

which contradict to the assumption made above. It follows that Φ(x∗, t∗) ≥ 0
and hence Φ(x, t) ≥ 0, ∀(x, t) ∈ D. �
Lemma 2.3. (Continuous stability estimate). Let u(x, t) be the solution of the
problem (6), then we have

∥u∥ ≤ (q∗)
−1 ∥f∥+max {|u0 (x)| ,max {|ϕ (x, t)| , |ψ (x, t)|}} ,

where, ∥.∥ is the L∞ norm given by ∥u∥ = max(x,t)∈D |u(x, t)| .

Proof. Let Φ±(x, t) be two barrier functions defined by
Φ±(x, t) = (q∗)

−1 ∥f∥+max {|u0 (x)| ,max {|ϕ (x, t)| , |ψ (x, t)|}}±u(x, t).
Then at the initial value
Φ±(x, 0) = (q∗)

−1 ∥f∥+max {|u0 (x)| ,max {|ϕ (x, 0)| , |ψ (x, 0)|}}±u(x, 0) ≥ 0.

At the two end points
Φ±(0, t) = (q∗)

−1 ∥f∥+max {|u0 (0)| ,max {|ϕ (0, t)| , |ψ (0, t)|}}±u(0, t) ≥ 0,

Φ±(1, t) = (q∗)
−1 ∥f∥+max {|u0 (1)| ,max {|ϕ (1, t)| , |ψ (1, t)|}}±u(1, t) ≥ 0.

and
LεΦ

±(x, t) = ∂Φ±(x,t)
∂t − ε2 ∂

2Φ±(x,t)
∂x2 + p(x)∂Φ

±(x,t)
∂x + q(x)Φ±(x, t)

= q(x)
(
(q∗)

−1 ∥f∥+max {|u0 (x)| ,max {|ϕ (x, t)| , |ψ (x, t)|}}
)
±Lεu(x, t)

= q(x)
(
(q∗)

−1 ∥f∥+max {|u0 (x)| ,max {|ϕ (1, t)| , |ψ (x, t)|}}
)
±f(x, t)

≥ q∗ (max {|u0 (x)| ,max {|ϕ (x, t)| , |ψ (x, t)|}}) + ∥f∥±f(x, t)
≥ 0, since q∗ > 0, and ∥f∥ ≥ f(x, t).
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This implies that LεΦ±(x, t) ≥ 0. Hence by Lemma (2.2) we have, Φ±(x, t) ≥
0 ∀(x, t) ∈ D, which gives

∥u∥ ≤ (q∗)
−1 ∥f∥+max {|u0 (x)| ,max {|ϕ (x, t)| , |ψ (x, t)|}}

the proof is completed. �

Lemma 2.4. The bound on the derivative of the solution u(x, t) of the problem
in (6) with respect to x is given by∣∣∣∣∂iu(x, t)∂xi

∣∣∣∣ ≤ C

(
1 + (ε2)−i exp

(
−(p∗(1− x))

ε2

))
, (x, t) ∈ D, 0 ≤ i ≤ 4.

Proof. The details proof of the lemma is given in [18]. �

3. Construction of the Numerical Scheme

3.1. Temporal Discretization. In this section, we discretize Eq. (6) by
utilizing the implicit Euler method on a uniform mesh ∆t is defined by:

ΩMt = {ti = t0 + i∆t, i = 1, 2, ...,M, t0 = 0,∆t = T/M} ,

we obtain a system of ODEs:
−ε2Uxx(x, tj+1) + p(x)Ux(x, tj+1) +Q(x)U(x, tj+1) = g(x, tj+1),
u(x, 0) = u0(x), x ∈ Ωx,
u(0, tj+1) = ϕ(0, tj+1), t ∈ Ωt,
u(1, tj+1) = ψ(1, tj+1), t ∈ Ωt,

(11)

where,

Q(x) =

(
q(x) +

1

∆t

)
, g(x, tj+1) =

(
f(x, tj+1) +

U(x, tj)

∆t

)
.

The following lemmas show the consistency and stability of the solution of Eq.
(11).

Lemma 3.1. (Semi-discrete Maximum Principle). Let Φ(x, tj+1) ∈ C2Ωx. If
Φ(0, tj+1) ≥ 0 , Φ(1, tj+1) ≥ 0, and LεΦ(x, tj+1) ≥ 0, ∀x ∈ Ωx, then Φ(x, tj+1) ≥
0, ∀(x) ∈ Ωx.

Proof. Let (x∗, tj+1) ∈
{
(x, tj+1) : x ∈ Ωx

}
�be such that

Φ(x∗, tj+1) = min
x∈Ωx

Φ(x, tj+1),

and suppose that Φ(x∗, tj+1) < 0, then we have (x∗, tj+1) /∈ {(0, tj+1) , (1, tj+1)}.
Also we have Φx(x

∗, tj+1) = 0, and Φxx(x
∗, tj+1) ≥ 0. Then

LεΦ(x
∗, tj+1) = −ε2Φxx(x∗, tj+1) + p(x)Φx(x

∗, tj+1) +Q(x)Φ(x∗, tj+1) < 0,
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which is contradict to our assumption. It follows that Φ(x∗, tj+1) ≥ 0 and hence
Φ(x, tj+1) ≥ 0, ∀x ∈ Ωx. �

Lemma 3.2. Suppose
∣∣∣∂ku(x,t)

∂xk

∣∣∣ ≤ C, ∀ (x, t) ∈ D, k = 0, 1, 2. Then the local
error estimate in the temporal direction is given by

∥ej+1∥ ≤ C (∆t)
2
,

where ej+1 = u(x, tj+1) − U(x, tj+1) is the local error estimate in the temporal
direction at jth time level.

Proof. Since the function U(x, tj+1) satisfies
LMε U(x, tj+1) = g(x, tj+1) (12)

and the solution of the continuous problem (2) is smooth enough, we have

g(x, tj+1) = LMε u(x, tj+1) +
∫ tj+1

tj
(tj − ξ) ∂

2u
∂t2 (ξ) dξ

= LMε u(x, tj+1) +O
(
(∆t)

2
)
.

(13)

From Eqs. (12) and (13), the local truncation error corresponding to (11) is
given by ej+1 = u(x, tj+1)−U(x, tj+1) and satisfy the following boundary value
problem:

LMε ej+1 = O
(
(∆t)

2
)
,

ej+1 =
(
LMε
)−1

O
(
(∆t)

2
)
, (14)

ej+1(0) = ej+1(1) = 0.

An application of maximum principle on the above operator LMε gives

∥ej+1∥ ≤ C (∆t)
2

the proof is completed. �

Lemma 3.3. Under the hypothesis of the Lemma 3.2 global error estimate in
the temporal direction is given by

∥Ej∥∞ ≤ C(∆t), ∀ j ≤ T/∆t,

where Ej is the global error estimate in the temporal direction at (j)th time level.

Proof. Using local error estimates up to jth time step given in Lemma 3.2, we
get the following global error estimates at (j + 1)th time step

∥Ej∥∞ =
∥∥∥∑j

i=1 ei

∥∥∥
∞
, j ≤ T/∆t

≤ ∥e1∥∞ + ∥e2∥∞ + ∥e3∥∞ + · · ·+ ∥ej∥∞
≤ c1j (∆t)

2 by Lemma 3.2
≤ c1 (j∆t)∆t
≤ c1T (∆t) (j∆t ≤ T )
≤ C (∆t) ,



662 Imiru Takele Daba and Gemechis File Duressa

where C is a positive constant independent of ε and ∆t. Therefore, the time
semi-discretization process is uniformly convergent of first order. �

3.2. Spatial Discretization. In this section, we use the finite difference
method for the spatial discretization of the problem (11) with a uniform step
size, which can be written in the form of (denoting U ′′

(x) = U j+1
xx (x), U

′
(x) =

U j+1
x (x), U(x) = U j+1(x) and g(x) = g(x, tj+1) for 0 ≤ j ≤M) :

−ε2U
′′
(x) + p(x)U

′
(x) +Q(x)U(x) = g(x), 0 ≤ x ≤ 1, (15)

subject to the boundary conditions
U(0) = ϕ(0), U(1) = ψ. (16)

For problems with a layer at the right end of the interval, from the theory of
singular perturbations, it is known that the solution of Eqs. (15) and (16) is of
the form [17] (page 22-26):

U(x) ≈ U0(x) +
p(1)

p(x)
(ψ − U0(x)) exp

(
−p(x)1− x

ε2

)
+O(ε), (17)

where U0(x) is the solution of reduced problem

p(x)U
′

0(x) +Q(x)U0(x) = g(x), with, U0(1) = ψ(1).

By taking the Taylor’s series expansion for p(x) about the point ′1′ and restrict-
ing to their first terms, Eq. (17) becomes

U(x) ≈ U0(x) + (ψ − U0(1)) exp

(
−p(1)

(
1− x

ε2

))
+O(ε). (18)

Now we divide the interval [0, 1] into N equal parts with h = 1/N . Let
0 = x0, x1, x2, · · · , xN = 1 be the mesh points. Then, we have xi = ih, i =
0, 1, 2, · · · , N . By considering Eq. (18) at xi = ih as h→ 0, we obtain

lim
h→0

U(ih) ≈ U0(0) + (ψ − U0(1)) exp

(
−p(1)

(
1

ε2
− iρ

))
+O(ε), (19)

where ρ = h
ε2 .

Let U(x) be smooth function in the interval [0, 1]. Then by applying Taylor’s
series expansion, we have:

U(xi+1) ≈ Ui+1 ≈ Ui + hU
′

i +
h2

2! U
′′

i + h3

3! U
(3)
i + h4

4! U
(4)
i + h5

5! U
(5)
i + h6

2! U
(6)
i

+h7

7! U
(7)
i + h8

8! U
(8)
i +O(h9),

(20)
and
U(xi−1) ≈ Ui−1 ≈ Ui − hU

′

i +
h2

2! U
′′

i − h3

3! U
(3)
i + h4

4! U
(4)
i − h5

5! U
(5)
i + h6

2! U
(6)
i

−h7

7! U
(7)
i + h8

8! U
(8)
i −O(h9).

(21)
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Adding Eq. (20) and Eq. (21), we get

Ui−1 − 2Ui + Ui+1 =
2h2

2!
U

′′

i +
2h4

4!
U

(4)
i +

2h6

2!
U

(6)
i +

2h8

8!
U

(8)
i +O(h10), (22)

and the relation

U
′′

i−1 − 2U
′′

i + U
′′

i+1 =
2h2

2!
U

(4)
i +

2h4

4!
U

(6)
i +

2h6

6!
U

(8)
i +

2h8

8!
U

(10)
i +O(h12).

Substituting h4

12U
(6)
i from the above Eq. in (22), we obtain

Ui−1 − 2Ui + Ui+1 =
h2

30

(
U

′′

i−1 + 28U
′′

i + U
′′

i+1

)
+R, (23)

where, R = h4

20U
(4)
i − 13h6

302400U
(8)
i +O(h(10))

Now from Eq. (15), we have

ε2U
′′

i+1 = pi+1U
′

i+1 +Qi+1Ui+1 − gi+1, (24)

ε2U
′′

i = piU
′

i +QiUi − gi, (25)
and

ε2U
′′

i−1 = pi−1U
′

i−1 +Qi−1Ui−1 − gi−1 (26)
where we approximate U ′

i+1, U
′

i and U
′

i−1 using non symmetric finite differences

U
′

i ≈
Ui+1 − Ui−1

2h
+O

(
h2
)
, (27)

U
′

i+1 ≈ 3Ui+1 − 4Ui + Ui−1

2h
− hU”

i +O
(
h2
)
, (28)

and
U

′

i−1 ≈ −Ui+1 + 4Ui − 3Ui−1

2h
+ hU”

i +O
(
h2
)
. (29)

Substituting Eqs. (27), (28) and (29) in Eqs. (25), (24) and (29) respectively
and simplifying the Eq. (23), we get(

ε2 + pi+1h
30 − pi−1h

30

)(
Ui−1−2Ui+Ui+1

h2

)
=
(

−pi−1

20h + Qi−1

30 − 7pi
15h + pi+1

60h

)
Ui−1 +

(
pi−1

15h + 14Qi

15 − pi+1

15h

)
Ui

+
(

−pi−1

60h + 7pi
15h + pi+1

20h + Qi+1

30

)
Ui+1 − 1

30 (gi−1 + 28gi + gi+1) .

(30)

Now by introducing a constant fitting factor σ(ρ) in Eq. (30), we obtain(
σ(ρ)ε2 + pi+1h

30 − pi−1h
30

)(
Ui−1−2Ui+Ui+1

h2

)
=
(

−pi−1

20h + Qi−1

30 − 7pi
15h + pi+1

60h

)
Ui−1 +

(
pi−1

15h + 14Qi

15 − pi+1

15h

)
Ui

+
(

−pi−1

60h + 7pi
15h + pi+1

20h + Qi+1

30

)
Ui+1 − 1

30 (gi−1 + 28gi + gi+1) .

(31)

Multiplying Eq. (31) by h and taking the limit as h→ 0, we get

lim
h→0

σ(ρ)ε2
(
Ui−1 − 2Ui + Ui+1

h

)
=
p(0)

2
(Ui+1 − Ui−1) . (32)
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Now using Eq. (19) in Eq. (32), we get
σ(ρ)

ρ

(
ep(1)ρ − 2 + e−p(1)ρ

)
=
p(0)

2

(
ep(1)ρ − e−p(1)ρ

)
.

On simplifying, we get

σ (ρ) =
p(0)ρ

2
coth

(
p(1)ρ

2

)
, (33)

which is the required value of the constant fitting factor σ (ρ). Finally, using
Eq. (31) and the value of σ (ρ) given by Eq. (33), we obtain the recurrence
relationship:

EiUi−1 + FiUi +GiUi+1 = Hi, i = 1, 2, · · · , N − 1, (34)
where,

Ei = −σ(ρ)ε2

h2 − pi−1

60h − 28pi
60h − pi+1

60h + Qi−1

30 ,

Fi = 2σ(ρ)ε2

h2 + 28Qi

30 ,

Gi = −σ(ρ)ε2

h2 + pi−1

60h − pi+1

60h + 28pi
60h + Qi+1

30 ,
Hi = 1

30 (gi−1 + 28gi + gi+1) .

The relation (34) represents a system of (N−1) equations with (N+1) unknowns.
These (N − 1) equations together with the boundary conditions U(0, tj+1) and
U(1, tj+1) given by (11) are sufficient to solve for the unknowns U(x1, tj+1) to
U(xN−1, tj+1).

4. Convergence Analysis

In this section, we prove an ε-uniform convergence of the proposed scheme.

Lemma 4.1. If U ∈ C3(I), then

|τi| ≤ max
xi−1≤x≤xi+1

{
28ph2

180

∣∣∣U (3)(x)
∣∣∣}+O

(
h3
)
, i = 1, 2, · · · , N − 1. (35)

Proof. By definition

τi = −σε2
{
Ui−1−2Ui+Ui+1

h2 − U
′′

i

}
+ pi−1

30

{(
−3Ui−1+4Ui−Ui−1

2h + hU
′′

i

)
− U

′

i−1

}
+ 28pi

30

{
Ui+1−Ui−1

2h − U
′

i

}
+ pi+1

30

{(
Ui+1−4Ui+3Ui−1

2h − hU
′′

i

)
− U

′

i+1

}
,

i = 1(1)N − 1,

⇒ τi = −σε2
{
h2

12U
(4)
i + h4

360U
(6)
i + · · ·

}
+ pi−1

30

{
hU

′′

i − 2h2

3 U
(3)
i +

}
‘ + 28pi

30

{
h2

6 U
(3)
i + h4

120U
(5)
i + · · ·

}
+ pi+1

30

{
−hU ′′

i − 2h2

3 U
(3)
i + · · ·

}
,

⇒ |τi| ≤ max
xi−1≤x≤xi+1

{
σh2ε

12

∣∣∣U (4)(x)
∣∣∣}+ max

xi−1≤x≤xi+1

{
28

180
ph2

∣∣∣U (3)(x)
∣∣∣} .

Using the relation (34) with M = p(0)
2 coth

(
p(1)ρ

2

)
we get,



Uniformly Convergent Numerical Scheme for a SPDDEs 665

⇒ |ei| ≤ max
xi−1≤x≤xi+1

{
Mh3

12

∣∣∣U (4)(x)
∣∣∣}+ max

xi−1≤x≤xi+1

{
28

180
ph2

∣∣∣U (3)(x)
∣∣∣} ,

⇒ |τi| ≤ max
xi−1≤x≤xi+1

{
28

180
ph2

∣∣∣U (3)(x)
∣∣∣}+O

(
h3
)
,

⇒ |τi| ≤ C
(
h2
)
, i = 1, 2, · · · , N − 1.

Thus the desired result is obtained. �
Lemma 4.2. Let U(xi, tj+1) be the solution of problem (11) and Ui,j+1 be the
solution of the discrete problem (35). Then, we have the following estimate:

|U(xi, tj+1)− Ui,j+1| ≤ O
(
h2
)
. (36)

Proof. . Rewriting Eq. (34) in matrix vector form as:
Y U = C, (37)

where Y = (ai,j) , 1 ≤ i, j ≤ N − 1 is a tri-diagonal matrix of order N − 1 with

ai,i−1 = −σ(ρ)ε2

h2 − pi−1

60h − 28pi
60h − pi+1

60h + Qi−1

30 ,

ai,i = 2σ(ρ)ε2

h2 + 28Qi

30 ,

ai,i+1 = −σ(ρ)ε2

h2 + pi−1

60h − pi+1

60h + 28pi
60h + Qi+1

30 ,

and C = Hi is a column vector with Hi = 1
30 (gi−1 + 2gi + gi+1) for i =

1, 2, · · · , N − 1, with local truncation error ei :
|τi| ≤ C

(
h2
)
, (38)

we also have
Y U − e(h) = C, (39)

where, U =
(
U0, U1, , · · · , UN

)T and e(h) = (e1(h), e2(h), , e2(h), · · · , eN (h))
T

denote the actual solution and the local truncation error respectively.
From Eqs. (37) and (39), we get

Y (U − U) = τ(h). (40)
Thus, the error equation is

Y E = τ(h), (41)
where, E = U − U = (e0, e1, e2, · · · , eN )

t. Let S be the sum of elements of the
ith row of Y , then we have

S1 =

N−1∑
j=1

a1,j =
σε2

h2
+
pi+1

60h
+
pi−1

60h
+

28Qi
30

+
Qi+1

30
+

28pi
60h

SN−1 =

N−1∑
j=1

aN−1,j =
σε2

h2
− pi+1

60h
− pi−1

60h
+

28Qi
30

+
Qi−1

30
− 28pi

60h
,

Si =
∑N−1
j=1 ai,j =

1
30 (gi−1 + 28gi + gi+1) ,

= si +O
(
h2
)
= Bi0; i = 2 (1)N − 2,
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where, Bi0 = si =
1
30 (gi−1 + 28gi + gi+1).

Since 0 < ε << 1, for sufficiently small h the matrix Y is irreducible and mono-
tone [20]. Then, it follows that Y −1 exists and its elements are non-negative.
Hence, from Eq. (41), we obtain

E = Y −1τ(h), (42)

and
∥E∥ ≤

∥∥Y −1
∥∥ ∥τ(h)∥ . (43)

Let aki be the (ki) th elements of Y −1. Since aki ≥ 0 by the definition of
multiplication of matrices with its inverses, we have

N−1∑
i=1

akiSi = 1, k = 1, 2, · · · , N − 1. (44)

Therefore, it follows that
N−1∑
i=1

aki ≤
1

min0≤i≤N−1 Si
=

1

Bi,0
≤ 1

|Bi0|
, (45)

for some i0 between 1 and N − 1, and Bi0 = si From equations (37), (43) and
(45), we obtain

ei =

N−1∑
i=1

akiτ(h), i = 1 (1)N − 1,

which implies

ei ≤
C
(
h2
)

|si|
i = 1 (1)N − 1. (46)

Therefore,
∥E∥ ≤ C

(
h2
)
. (47)

This implies that the spatial semi-discretization process is uniformly convergent
of second order.

�

Theorem 4.3. Let u(x, t) be the solution of the problem (2) and Ui,j+1 be the
numerical solution obtained by the proposed scheme (35). Then, for sufficiently
small h the error estimate for the totally discrete scheme is given by

|u (xi, tj+1)− Ui,j+1| ≤ C
(
∆t+ (h)2

)
. (48)

Proof. The triangle inequality gives

|u (xi, tj+1)− Ui,j+1| = maxi,j |u (xi, tj+1)− U(xi, tj+1) + U(xi, tj+1)− Ui,j+1|
≤ maxi,j |u (xi, tj+1)− U(xi, tj+1)|+maxi,j |U(xi, tj+1)− Ui,j+1| .

Using Lemma 3.3 and Lemma 4.2, we get the desired result. �



Uniformly Convergent Numerical Scheme for a SPDDEs 667

5. Numerical Examples and Results

The applicability and efficiency of the proposed numerical scheme for problem
(2) have been checked by considering two model examples. As the exact solutions
of these examples are not known, the maximum pointwise error for the given
examples are computed by using the double mesh principle [21] defined by:

EN,Mε,δ,η = max
1≤i,j≤N−1,M−1

∣∣∣UN,Mi,j − U2N,2M
i,j

∣∣∣ ,
where UN,Mi,j are computed numerical solutions obtained on the mesh DN,M =

ΩNx × ΩMt with N mesh intervals in the spatial direction and M mesh intervals
in the temporal direction, whereas U2N,2M

i,j are computed numerical solutions on
the mesh D2N,2M = Ω2N

x ×Ω2M
t by adding the midpoint xi+1/2 = (xi+1 + xi)/2

and tj+1/2 = (tj+1 + tj)/2 into the mesh points. For any value of N and M ,
the ε-uniform maximum pointwise errors are calculated using

EN,M = max
ε,δ,η

EN,Mε,δ,η .

The rate of convergence of the scheme is calculated by the formula

rN,Mε,δ,η =
log(EN,Mε,δ,η )− log(E2N,2M

ε,δ,η )

log(2)
,

and the ε-uniform rate of convergence is calculated by:

rN,M =
log
(
EN,M

)
− log

(
E2N,2M

)
log(2)

.

Example 5.1. In this example, we consider the following singularly perturbed
delay parabolic differential equation with interval boundary conditions and the
initial condition:


∂u(x,t)
∂t − ε2 ∂

2u(x,t)
∂x2 + (2− x2)∂u(x,t)∂x + 2u(x− δ, t)

+(x− 3)u(x, t) + u(x+ η, t) = 10t2 exp(−t)x(1− x),
u(x, 0) = 0, x ∈ D0 = {(x, 0) : x ∈ Ωx},
u(x, t) = 0, ∀(x, t) ∈ DL = {(x, t) : −δ ≤ x ≤ 0, t ∈ (0, 3]} ,
u(x, t) = 0, ∀(x, t) ∈ DR = {(x, t) : 1 ≤ x ≤ 1 + η, t ∈ (0, 3]} .

Example 5.2. Now, we consider the following singularly perturbed delay par-
abolic differential equation with interval boundary conditions and the initial
condition:


∂u(x,t)
∂t − ε2 ∂

2u(x,t)
∂x2 +

(
2− x2

) ∂u(x,t)
∂x + (1 + x)u(x− δ, t)+

(x2 + 1 + cos(πx))u(x, t) + 3u(x+ η, t) = sin (πx) ,
u(x, 0) = 0, x ∈ D0 = {(x, 0) : x ∈ Ωx},
ϕ(x, t) = 0, ∀(x, t) ∈ DL = {(x, t) : −δ ≤ x ≤ 0, t ∈ (0, 3]} ,
ψ(x, t) = 0, ∀(x, t) ∈ DR = {(x, t) : 1 ≤ x ≤ 1 + η, t ∈ (0, 3]} .
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The EN,Mε,δ,η , r
N,M
ε,δ,η , EN,M and rN,M for Example 5.1 obtained by the proposed

method and comparison with results in [12] are presented in Table 1 for various
values of ε and N . Besides, a comparison of numerical results of Example 5.1

Table 1. Example 5.1 EN,Mε,δ,η , r
N,M
ε,δ,η , E

N,M and rN,M for the
proposed method and results in [12] with T = 1.0, δ = 0.5 ×
ε,M = N

ε ↓ N=32 N=64 N=128 N=256 N=512 1024
Our Result

100 1.6354e-04 8.3357e-05 4.2110e-05 2.1180e-05 1.0621e-05 5.3186e-06
10−1 2.6447e-03 8.5157e-04 3.9013e-04 2.1208e-04 1.1070e-04 5.6559e-05
10−2 3.6361e-03 2.1975e-03 1.2043e-03 6.2974e-04 3.2190e-04 1.6168e-04
10−3 3.6277e-03 2.1901e-03 1.2002e-03 6.2754e-04 3.2078e-04 1.6216e-04
10−4 3.6268e-03 2.1894e-03 1.1998e-03 6.2732e-04 3.2067e-04 1.6210e-04
10−5 3.6268e-03 2.1894e-03 1.1998e-03 6.2732e-04 3.2067e-04 1.6210e-04
10−6 3.6268e-03 2.1894e-03 1.1998e-03 6.2732e-04 3.2067e-04 1.6210e-04
10−8 3.6268e-03 2.1894e-03 1.1998e-03 6.2732e-04 3.2067e-04 1.6210e-04
EN,M 3.6361e-03 2.1975e-03 1.2043e-03 6.2974e-04 3.2190e-04 1.6168e-04
rN,M 7.2653e-01 8.6767e-01 9.3537e-01 9.6814e-01 9.9347e-01

Results in [12]
100 1.49e-03 7.21e-04 3.56e-04 1.77e-04 8.83e-05 4.41e-05
10−1 3.71e-03 1.90e-03 1.03e-03 5.29e-4 2.66e-04 1.34e-04
10−2 5.20e-03 3.02e-03 1.67e-03 9.10e-04 4.93e-04 2.66e04
10−3 4.70e-03 2.84e-03 1.68e-03 9.56e-04 5.31e-04 2.88e-04
10−4 4.71e-03 2.74e-03 1.60e-03 9.05e-04 5.05e-04 2.79e-04
10−5 4.71e-03 2.72e-03 1.59e-03 8.95e-04 4.95e-04 2.71e-04
10−6 4.71e-03 2.72e-03 1.59e-03 8.95e-04 4.95e-04 2.71e-04
10−8 4.71e-03 2.72e-03 1.59e-03 8.95e-04 4.95e-04 2.71e-04
EN,M 5.20e-03 3.02e-03 1.68e-03 9.56e-04 5.31e-04 2.88e-04
rN,M .78 .85 .81 .85 .88

obtained by the proposed method and results in [9] is tabulated in Table 2. It
can be concluded from Tables 1 and 2 that the proposed method provides more
accurate solutions than recent results in [12] and [9].
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Table 2. Example 5.1: EN,Mε,δ,η , E
N,M and rN,M for the pro-

posed method and results in [9] with T = 3.0, δ = 0.5× ε,M =
N

ε M=60 M=120 M=240 M=480 M=960 1920
↓ N=32 N=64 N=128 N=256 N=512 1024

Our Result
2−6 5.7119e-03 3.0954e-03 1.6719e-03 8.7253e-04 4.3743e-04 1.8654e-04
2−8 5.6564e-03 3.0651e-03 1.6551e-03 8.6397e-04 4.4129e-04 2.2300e-04
2−10 5.6427e-03 3.0576e-03 1.6510e-03 8.6180e-04 4.4019e-04 2.2244e-04
2−12 5.6393e-03 3.0557e-03 1.6500e-03 8.6126e-04 4.3991e-04 2.2230e-04
2−14 5.6384e-03 3.0552e-03 1.6497e-03 8.6112e-04 4.3984e-04 2.2227e-04
2−16 5.6382e-03 3.0551e-03 1.6496e-03 8.6109e-04 4.3982e-04 2.2226e-04
2−18 5.6382e-03 3.0551e-03 1.6496e-03 8.6109e-04 4.3982e-04 2.2226e-04
2−20 5.6382e-03 3.0551e-03 1.6496e-03 8.6109e-04 4.3982e-04 2.2226e-04
EN,M 5.7119e-03 3.0954e-03 1.6719e-03 8.7253e-04 4.4129e-04 2.2300e-04
rN,M 8.8384e-01 8.8864e-01 9.3821e-01 9.8348e-01 9.8468e-01

Results in [9]
2−6 7.3811e-03 4.3778e-03 2.1211e-03 1.0929e-03 5.5057e-04 2.7589e-04
2−8 7.4985e-03 4.4456e-03 2.3806e-03 1.2446e-03 5.7770e-04 2.7788e-04
2−10 7.5020e-03 4.4954e-03 2.4363e-03 1.2530e-03 6.2975e-04 3.2015e-04
2−12 7.4982e-03 4.4966e-03 2.4448e-03 1.2716e-03 6.4618e-04 3.2225e-04
2−14 7.4970e-03 4.4961e-03 2.4450e-03 1.2728e-03 6.4893e-04 3.2545e-04
2−16 7.4966e-03 4.4959e-03 2.4450e-03 1.2728e-03 6.4909e-04 3.2774e-04
2−18 7.4966e-03 4.4958e-03 2.4449e-03 1.2728e-03 6.4909e-04 3.2774e-04
2−20 7.4965e-03 4.4958e-03 2.4449e-03 1.2728e-03 6.4909e-04 3.2774e-04
EN,M 7.5020e-03 4.4966e-03 2.4450e-03 1.2728e-03 6.4909e-04 3.2774e-04
rN,M 0.7384 0.8791 0.9418 0.9715 0.9859

Table 3 shows a computed EN.Mε,δ,η , r
N.M
ε,δ,η , E

N.M and rN.M for Example 5.2 with
δ = η = 0.5×ε and for different values of ε andN . Moreover, a comparison of the
computed numerical results by the proposed method for T = 3, δ = 0.6× ε, η =
0.5 × ε and different values of ε and N is presented in Table 4 with the results
in [9]. From this table, one can observe that the proposed scheme gives more
accurate results than results in [9].
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Table 3. Example 5.2: EN,Mε,δ,η , r
N,M
ε,δ,η , E

N,M and rN,M for the
proposed method with T = 3.0, δ = η = 0.5× ε,M = N

ε ↓ N=32 N=64 N=128 N=256 N=512 1024
100 4.5117e-03 2.8946e-03 1.7893e-03 9.9653e-04 5.3027e-04 2.7393e-04

6.4031e-01 6.9397e-01 8.4441e-01 9.1019e-01 9.5292e-01
10−1 7.9508e-03 4.8116e-03 2.7152e-03 1.4522e-03 7.5168e-04 3.8219e-04

7.2458e-01 8.2546e-01 9.0282e-01 9.5005e-01 9.7583e-01
10−2 8.0520e-03 5.0091e-03 2.8755e-03 1.5525e-03 8.0567e-04 4.1008e-04

6.8480e-01 8.0074e-01 8.8922e-01 9.4633e-01 9.7428e-01
10−3 8.0491e-03 5.0051e-03 2.8716e-03 1.5497e-03 8.0408e-04 4.0925e-04

6.8543e-01 8.0154e-01 8.8987e-01 9.4658e-01 9.7143e-01
10−4 8.0488e-03 5.0047e-03 2.8712e-03 1.5494e-03 8.0392e-04 4.0917e-04

6.8554e-01 8.0163e-01 8.8994e-01 9.4659e-01 9.7435e-01
10−5 8.0488e-03 5.0046e-03 2.8712e-03 1.5494e-03 8.0390e-04 4.0916e-04

6.8552e-01 8.0160e-01 8.8994e-01 9.4662e-01 9.7435e-01
10−6 8.0488e-03 5.0046e-03 2.8712e-03 1.5494e-03 8.0390e-04 4.0916e-04

6.8552e-01 8.0160e-01 8.8994e-01 9.4662e-01 9.7435e-01
10−8 8.0488e-03 5.0046e-03 2.8712e-03 1.5494e-03 8.0390e-04 4.0916e-04

6.8552e-01 8.0160e-01 8.8994e-01 9.4662e-01 9.7435e-01
EN,M 8.0520e-03 5.0091e-03 2.8755e-03 1.5525e-03 8.0567e-04 4.1008e-04
rN,M 6.8480e-01 8.0074e-01 8.8922e-01 9.4633e-01 9.7428e-01

Table 4. Example 5.2: EN,Mε,δ,η , r
N,M
ε,δ,η , E

N,M and rN,M for the
proposed method and results in [9] with T = 3.0, δ = 0.6×ε, η =
0.5× ε,M = N

ε M=30 M=60 M=120 M=240 M=480 M=960
↓ N=16 N=32 N=64 N=128 N=256 N=512

Our Result
2−6 7.7532e-03 4.6663e-03 2.6329e-03 1.4068e-03 7.2606e-04 3.6799e-04
2−8 7.7495e-03 4.6613e-03 2.6279e-03 1.4033e-03 7.2404e-04 3.6736e-04
2−10 7.7485e-03 4.6601e-03 2.6266e-03 1.4024e-03 7.2353e-04 3.6709e-04
2−12 7.7482e-03 4.6597e-03 2.6263e-03 1.4022e-03 7.2341e-04 3.6703e-04
2−14 7.7482e-03 4.6597e-03 2.6262e-03 1.4021e-03 7.2337e-04 3.6701e-04
2−16 7.7482e-03 4.6596e-03 2.6262e-03 1.4021e-03 7.2337e-04 3.6701e-04
2−18 7.7482e-03 4.6596e-03 2.6262e-03 1.4021e-03 7.2337e-04 3.6701e-04
2−20 7.7482e-03 4.6596e-03 2.6262e-03 1.4021e-03 7.2337e-04 3.6701e-04
EN,M 7.7532e-03 4.6663e-03 2.6329e-03 1.4068e-03 7.2606e-04 3.6799e-04
rN,M 7.3251e-01 8.2563e-01 9.0424e-01 9.5426e-01 9.8042e-01
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ε M=30 M=60 M=120 M=240 M=480 M=960
↓ N=16 N=32 N=64 N=128 N=256 N=512

Results in [9]
2−6 1.5094e-02 7.5604e-03 3.8074e-03 1.9127e-03 9.5839e-04 4.7957e-04
2−8 1.5222e-02 7.6300e-03 3.8341e-03 1.9259e-03 9.6541e-04 4.8335e-04
2−10 1.5237e-02 7.6373e-03 3.8377e-03 1.9274e-03 9.6613e-04 4.8372e-04
2−12 1.5240e-02 7.6385e-03 3.8382e-03 1.9277e-03 9.6624e-04 4.8378e-04
2−14 1.5240e-02 7.6387e-03 3.8383e-03 1.9277e-03 9.6627e-04 4.8378e-04
2−16 1.5241e-02 7.6388e-03 3.8384e-03 1.9277e-03 9.6627e-04 4.8379e-04
2−18 1.5241e-02 7.6388e-03 3.8384e-03 1.9277e-03 9.6627e-04 4.8379e-04
2−20 1.5241e-02 7.6388e-03 3.8384e-03 1.9277e-03 9.6627e-04 4.8379e-04
EN,M 1.5241e-02 7.6388e-03 3.8384e-03 1.9277e-03 9.6627e-04 4.8379e-04
rN,M 0.9924 0.9925 0.9925 0.9964 0.9981

The graphical representations of the computed numerical solutions for Ex-
amples 5.1 and 5.2 at different values of time t and by taking ε = 2−3, N =
100,M = 120 are shown in Figures 1(A) and (B) respectively.

(a) Example 5.1 (b) Example 5.2

Figure 1. The numerical solution profiles for T = 3.0, ε =
2−3, δ = 0.6× ε, η = 0.5× ε,N = 100,M = 120 and at different
time step size t.

To show the effect of singular perturbation parameter and shifts on the bound-
ary layer behaviour of the solutions, we solved the considered test examples for
the varying values of ε, δ and η and have plotted the graphs of the solution in
Figures 2-4. Figures 2(A) and (B)represent the graphs of the solution for various
values of ε with fixed δ = 0.6× and η = 0.5× ε.
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(a) Example 5.1 (b) Example 5.2

Figure 2. Effect of ε on the solution behavior at T = 3,, δ =
0.6× ε and η = 0.5× ε

Figures 3(A) and (B)represent the graphs of the solution for different values of
δ with fixed ε = 2−3 and η = 0.5×ε, whereas Figures 4(A) and (B)represent the
graphs of the solution for various values of η with fixed ε = 2−3 and δ = 0.6×ε. It

(a) Example 5.1 (b) Example 5.2

Figure 3. Effect of δ on the solution behavior at ε = 2−3, η =
0.5× ε,N =M = 128.

has been observed from Figures 4 (A) and (B), when the perturbation parameter
tends to zero strong boundary layer is formed at the right endpoints of the
underlying interval.

As the size of the delay parameter increases, the thickness of the layer in-
creases (see 3(A) and (B)). On the other hand, if the size of the advance param-
eter increases, the thickness of the layer decreases (see 4(A) and (B)).
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(a) Example 5.1 (b) Example 5.2

Figure 4. Effect of η on the solution behavior at ε = 2−3, δ =
0.6× ε,N =M = 128.

(a) ε = 2−2 (b) ε = 2−20

Figure 5. Numerical solution profiles for Example 5.1 for T =
3.0, δ = 0.6× ε, η = 0.5× ε,N =M = 128.

Figure 5(A) and (B) depict the numerical solution profiles for Example 5.1
at (A) ε = 2−2, T = 3, δ = 0.6 × ε, η = 0.5 × ε,N = M = 128 and (B)
ε = 2−20, T = 3, δ = 0.6× ε, η = 0.5× ε,N =M = 128 respectively.

The numerical solution profiles for Example (5.2) is displayed in Figure (6)
(A) and (B) at (A) ε = 2−2, T = 3, δ = 0.6 × ε, η = 0.5 × ε,N = 128 and
(B) ε = 2−20, T = 3, δ = 0.6 × ε, η = 0.5 × ε,N = 128 respectively. From
Tables 1-4 , we observe that the numerical results obtained by the proposed
method is in agreement with the theoretical results stated in Theorem 4.3. It is
pertinent to claim that the proposed method provides ε−uniform, more accurate
and improves the numerical results as compared to some existing methods
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(a) ε = 2−2 (b) ε = 2−20

Figure 6. Numerical solution profiles for Example 5.1 for T =
3.0, δ = 0.6× ε, η = 0.5× ε,N =M = 128.

6. Conclusions

An exponentially fitted numerical scheme has been proposed for solving SPDP-
PDEs with small mixed shifts in the reaction terms and spatial variable arising
in computational neuroscience whose solution exhibits a boundary layer located
at x = 1. The scheme has shown to be ε−uniformly convergent of first-order in
the time direction and second-order in the space direction.The efficiency of the
proposed scheme has been shown by taking two model examples and compar-
ing them with the numerical results in [9] and [12]. It has been observed that
the proposed numerical scheme provides more accurate numerical results than
numerical schemes in [9] and [12]. One can observe from Tables 1-4 that EN,Mε,δ

decreases as ε → 0 and mesh size decreases, which indicates that the scheme is
ε− uniformly convergent and stable.
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