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THE S-FINITENESS ON QUOTIENT RINGS OF
A POLYNOMIAL RING

JUNG WOOK LIM AND JUNG YOOG KANG∗

Abstract. Let R be a commutative ring with identity, R[X] the polyno-
mial ring over R and S a multiplicative subset of R. Let U = {f ∈ R[X] | f
is monic} and let N = {f ∈ R[X] | c(f) = R}. In this paper, we show
that if S is an anti-Archimedean subset of R, then R is an S-Noetherian
ring if and only if R[X]U is an S-Noetherian ring, if and only if R[X]N
is an S-Noetherian ring. We also prove that if R is an integral domain
and R[X]U is an S-principal ideal domain, then R is an S-principal ideal
domain.
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1. Introduction

Let R be a commutative ring with identity and let S be a (not necessarily
saturated) multiplicative subset of R. Recall that S is a regular multiplicative
subset of R if S consists of regular elements of R. Following [3, Definition 1],
an ideal I of R is S-finite (respectively, S-principal) if there exist an element
s ∈ S and a finitely generated ideal (respectively, principal ideal) J of R such
that sI ⊆ J ⊆ I; and R is an S-Noetherian ring (respectively, S-principal ideal
ring (S-PIR)) if every ideal of R is S-finite (respectively, S-principal). If R is an
integral domain which is an S-PIR, then R is called an S-principal ideal domain
(S-PID). The readers can refer to [3, 6, 11, 12, 13] for S-Noetherian rings and
to [3, 7] for S-PIRs.

Let R be a commutative ring with identity, X an indeterminate over R and
R[X] the polynomial ring over R. For an element f ∈ R[X], the content ideal
of f , denoted by c(f), is the ideal of R generated by the coefficients of f . Let
U be the set of monic polynomials in R[X] and let N = {f ∈ R[X] | c(f) = R}.
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Then U and N are regular multiplicative subsets of R[X] with U ⊆ N . The
quotient ring R[X]U is called the Serre’s conjecture ring of R and the quotient
ring R[X]N is said to be the Nagata ring of R. The readers can refer to [2, 8, 9]
for the Serre’s conjecture ring and to [1, 2, 4] for the Nagata ring.

Let R be a commutative ring with identity, S a multiplicative subset of R,
R[X] the polynomial ring over R, U the set of monic polynomials in R[X] and
N = {f ∈ R[X] | c(f) = R}. In this paper, we show that if S is an anti-
Archimedean subset of R, then R is an S-Noetherian ring if and only if R[X]U
is an S-Noetherian ring, if and only if R[X]N is an S-Noetherian ring (Theorem
2.3). We also prove that if R is an integral domain and R[X]U is an S-principal
ideal domain, then R is an S-principal ideal domain (Theorem 2.7).

2. Main results

In order to study the first main result, we need the following two lemmas.

Lemma 2.1. Let R be a commutative ring with identity and let S be a multiplica-
tive subset of R. If R is an S-Noetherian ring and T is a regular multiplicative
subset of R, then RT is an S-Noetherian ring.

Proof. Let A be an ideal of RT . Then A = IRT for some ideal I of R. Since R
is an S-Noetherian ring, there exist an element s ∈ S and a finitely generated
ideal J of R such that sI ⊆ J ⊆ I. Since T is a regular multiplicative subset of
R, we obtain

sA = sIRT ⊆ JRT ⊆ IRT = A.

Note that JRT is a finitely generated ideal of RT . Hence A is an S-finite ideal
of RT . Thus RT is an S-Noetherian ring. �
Lemma 2.2. Let R be a commutative ring with identity, S a multiplicative
subset of R, I an ideal of R, U the set of monic polynomials in R[X] and
N = {f ∈ R[X] | c(f) = R}. Then the following conditions are equivalent.

(1) I is an S-finite ideal of R.
(2) IR[X]U is an S-finite ideal of R[X]U .
(3) IR[X]N is an S-finite ideal of R[X]N .

Proof. (1) ⇒ (2) Suppose that I is an S-finite ideal of R. Then we can find an
element s ∈ S and a finitely generated ideal J of R such that sI ⊆ J ⊆ I; so we
obtain

sIR[X]U ⊆ JR[X]U ⊆ IR[X]U .

Note that JR[X]U is a finitely generated ideal of R[X]U . Thus IR[X]U is an
S-finite ideal of R[X]U .

(2) ⇒ (3) Suppose that IR[X]U is an S-finite ideal of R[X]U . Then we can
find an element s ∈ S and a finitely generated ideal A of R[X] such that

sIR[X]U ⊆ AR[X]U ⊆ IR[X]U .
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Since U ⊆ N , we obtain

sIR[X]N ⊆ AR[X]N ⊆ IR[X]N .

Note that AR[X]N is a finitely generated ideal of R[X]N . Thus IR[X]N is an
S-finite ideal of R[X]N .

(3) ⇒ (1) Suppose that IR[X]N is an S-finite ideal of R[X]N . Then there
exist s ∈ S and f1, . . . , fn ∈ IR[X] such that

sIR[X]N ⊆ (f1, . . . , fn)R[X]N ⊆ IR[X]N ;

so we obtain

sIR[X]N ⊆ (c(f1) + · · ·+ c(fn))R[X]N ⊆ IR[X]N .

Hence sI ⊆ c(f1) + · · ·+ c(fn) ⊆ I [2, Theorem 2.2(1)]. Note that c(f1) + · · ·+
c(fn) is a finitely generated ideal of R. Thus I is an S-finite ideal of R. �

Let R be a commutative ring with identity and let S be a (not necessarily
saturated) multiplicative subset of R. Recall that S is an anti-Archimedean
subset of R if

∩
n≥1 s

nR ∩ S ̸= ∅ for all s ∈ S. Now, we are ready to give the
first main result in this article.

Theorem 2.3. (cf. [10, Theorem 4]) Let R be a commutative ring with identity,
S an anti-Archimedean subset of R, U the set of monic polynomials in R[X] and
N = {f ∈ R[X] | c(f) = R}. Then the following statements are equivalent.

(1) R is an S-Noetherian ring.
(2) R[X] is an S-Noetherian ring.
(3) R[X]U is an S-Noetherian ring.
(4) R[X]N is an S-Noetherian ring.

Proof. (1) ⇒ (2) This implication was shown in [3, Proposition 9] (or [5, Corol-
lary 3.3]).

(2) ⇒ (3) This comes directly from Lemma 2.1.
(3) ⇒ (4) Let I be an ideal of R[X]N . Then I = AR[X]N for some ideal A of

R[X]. Since R[X]U is an S-Noetherian ring, we can find an element s ∈ S and
a finitely generated ideal F of R[X] such that

sAR[X]U ⊆ FR[X]U ⊆ AR[X]U .

Note that N contains U ; so we have

sI = sAR[X]N ⊆ FR[X]N ⊆ AR[X]N = I.

Note that FR[X]N is a finitely generated ideal of R[X]N . Hence I is an S-finite
ideal of R[X]N . Thus R[X]N is an S-Noetherian ring.

(4) ⇒ (1) Let I be an ideal of R. Then IR[X]N is an ideal of R[X]N . Since
R[X]N is an S-Noetherian ring, IR[X]N is an S-finite ideal of R[X]N ; so by
Lemma 2.2, I is an S-finite ideal of R. Thus R is an S-Noetherian ring. �
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Let R be a commutative ring with identity and let U(R) be the set of units
of R. Recall that R is a Noetherian ring if every ideal of R is finitely generated
(or equivalently, the ascending chain condition on integral ideals of R holds).
Let I be an ideal of R and let S be a multiplicative subset of U(R). Then it is
easy to see that I is S-finite if and only if I is finitely generated; so R is an S-
Noetherian ring if and only if R is a Noetherian ring. Also, it is clear that U(R)
is an anti-Archimedean subset of R. Hence by putting S = U(R) in Theorem
2.3, we have

Corollary 2.4. Let R be a commutative ring with identity, U the set of monic
polynomials in R[X] and N = {f ∈ R[X] | c(f) = R}. Then the following
assertions are equivalent.

(1) R is a Noetherian ring.
(2) R[X] is a Noetherian ring.
(3) R[X]U is a Noetherian ring.
(4) R[X]N is a Noetherian ring.

As a particular case of S-finiteness, we next study the S-principal property
on the Serre’s conjecture ring.

Remark 2.1. Let R be a commutative ring with identity, S a multiplicative
subset of R, I an ideal of R and U the set of monic polynomials in R[X]. If I
is an S-principal ideal of R, then IR[X]U is an S-principal ideal of R[X]U . To
see this, we suppose that I is an S-principal ideal of R. Then we can find s ∈ S
and a ∈ R such that sI ⊆ (a) ⊆ I. Hence we obtain

sIR[X]U ⊆ aR[X]U ⊆ IR[X]U .
Thus IR[X]U is an S-principal ideal of R[X]U .

Let R be a commutative ring with identity, S a multiplicative subset of R
and I an ideal of R. If S is a subset of U(R), then I is S-principal if and only
if I is principal; so R is an S-PIR if and only if R is a principal ideal ring. Let
U be the set of monic polynomials in R[X]. In [9, Proposition 2.6], the author
showed that if R is a principal ideal ring, then R[X]U is also a principal ideal
ring. In the manner of a relation between Lemma 2.2 and Theorem 2.3, it is
natural to ask the following question.

Question 2.5. Let R be a commutative ring with identity, S a multiplicative
subset of R and U the set of monic polynomials in R[X]. Is it true that if R is
an S-PIR, then R[X]U is an S-PIR?

While we could not give the answer to the above question, we can prove that
the converse of the above question is true when R is an integral domain. To
show this, we need the following lemma.

Lemma 2.6. Let R be an integral domain, S a multiplicative subset of R, I
an ideal of R and U the set of monic polynomials in R[X]. If IR[X]U is an
S-principal ideal of R[X]U , then I is an S-principal ideal of R.
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Proof. Suppose that IR[X]U is an S-principal ideal of R[X]U . Then there exist
s ∈ S and f = a0 + · · ·+ anX

n ∈ R[X] such that

sIR[X]U ⊆ fR[X]U ⊆ IR[X]U .

Let r ∈ I. Then sr ∈ fR[X]U ; so srg ∈ fR[X] for some g ∈ U . Since g is monic
and R is an integral domain, sr ∈ (an). Hence sI ⊆ (an). On the other hand,
we can find an element h ∈ U such that fh ∈ IR[X]. Since h is monic, an ∈ I.
Hence (an) ⊆ I. Thus I is an S-principal ideal of R. �

We now give the second main result in this article.

Theorem 2.7. Let R be an integral domain, S a multiplicative subset of R and
U the set of monic polynomials in R[X]. If R[X]U is an S-PID, then R is an
S-PID.

Proof. Let I be an ideal of R. Then IR[X]U is an ideal of R[X]U . Since R[X]U
is an S-PID, IR[X]U is an S-principal ideal of R[X]U . Hence by Lemma 2.6, I
is an S-principal ideal of R. Thus R is an S-PID. �

When S = U(R) in Theorem 2.7, we recover the ‘if’ part of [9, Proposition
2.5].

Corollary 2.8. Let R be an integral domain and let U be the set of monic
polynomials in R[X]. If R[X]U is a principal ideal domain, then R is also a
principal ideal domain.
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