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Reinterpretation and visualization of Omar-Khayyam's

geometric solution for the cubic equation
- 6 cases of the cubic equation with 4 terms -
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ABSTRACT. This research is devoted to investigate Omar Khayyam's
geometric solution for the cubic equation using conic sections in the
Medieval Islam as a useful alternative connecting logic geometry with
analytic geometry at a secondary school. We also introduce Omar Khayyam's
25 cases classification of the cubic equation with all positive coefficients.
Moreover we study 6 cases with 4 terms of 25 cubic equations and in
particular we reinterpret geometric methods of solving in 2015 secondary
Mathematics curriculum and visualize them by means of dynamic geometry
software.
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(a) &o] 27191 ¥ Al(Omare= ©]Z ‘simple equations’o]2t &)
O a==x ® a=12" ® a=12"
@ br =2 ® ci’ =2 ® bx ="

(b) o] 37lQ1 o] RFFAAl:

o O 71°

@D 22+bxr=a 2 4+a=bx @ 2X=bx+a

(c) ol 37 ARPGAFA O] A|TE o]ApYgAl 0.2 k= Zl
2 +ca® = bx @ & +bx = ca® @ & = ca’+ba
(d) ol 370 ARG AL
@ 2+bxr=a @ 2*+a=bx ® 2 =bxr+a
P +ea’=a @ 2*+a=cd P =ci’+ta

(e) ol 4/} xR A0 3Rl ol Fol U WA P 2o B

@

D2 ret+br =a 2 4etta=bx
@ @
2 +brta=cs’ et +br+a=2"

(f) ol 44 AR CR 2740 o ol e He) Ao} Tt 2o B:

@ *+ci’ =brta @ 2+br=cat+ta @ 2’ +a=ci®+bx

ZA| o]&% 4381A} Omar Khayyamdlo] ®23F 9]o] 2571A] ARRFEA Al o] A]
ol 4A7lQl MAAEA @ ~ @9 771A] & olu] A3y A4l s AishA
g AlZEkE @F AlQste @ ~ @9 6711 HEH. &,

1. & +ca’+ bz = a,

2. P+t +a = bz,

3) [9)l: 14742 Zobslof QUi (6t (8o 1972 A7fslo] 9lon), Hgo] (9o
offl YwaAlo] o] RE| g EAE Wl ULt



503

s Ada} 2 7kst

sl A

of 7)5te

am

F Omar Khayy

=
Jid

o &

Al
ol

2

cT ,

3. 2 +br+ta

4. ca? +bx+a= 2",

5 22 +ca?

br+a,

6. 2 +bx = ca’+a

HHo=z([11])
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1. 2+ ca? +bx = a9

2. P +c*+a
3. 2 +br+ta

CT

=X

4. cx’*+bx+a

5. 2 +cx? =br+a B
6. 2 +bx =ca’?+a 9 A
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1. & +ca’+ bz = a9 AjAT} A|Z+5}

Gix] AAPEAS] Al47l BE ofioln2 = OF®S UHEsi= OF 2
&5tol, a = OE’- OA & WASE 04 5 Aok [1Y 1ANAY OF ¢ 04
2 sxog wjdgith 2] 0A o AR SlolH ¢ = 00 & Washe A C
2 =3ttt hgoz A A2 Aus AM 049 AT H B2 Aus AA
OF o] #A1te] wde Detstol, § A5 XU g4 ED % FO 2 A2Ao
2 she 434 £E IANIY 1] AE

o + = =
A4 04 ©f 2Mel Toto] WS H, AN ED et RHe Je} gk,
E, A HE ANye= A4d 0A 9] B3gAdo] Al OF & Ty A2 K2 gt

o]

olf Aol YARWE] EJ- HJ = OF - OA 7} PojAIt}, waha]
GA - AD = OG - HG e (1-1)
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OC-0G>+ OE?- 0OG = OE*- 0A

0G?-GC = OE%-GA e (1-3)

olt], o]2 (1-2)o] tfYusre2H OG- GC = OFE - HG 7} YojxAIc},
Tetd OG- GC - HG = OE - HG?olo2, o] EAl0] (1-1)S thdstH

G?=GA - GC - (1-4)
S dg 4 9on, ole Az Bt §F2E Al o5 } HF CA
S A28 ol 9 oo FoUSES Yok ot
olAto 2 ME] MAPIGAl 2° + ca’ 4+ br = a9 Sh= [ I]OﬂHSAL g2 A=A
Yoh A oo udo ramE 1L 4 o (B, X4 0949 iy A9 2%
= 57t ofyt)
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Mol AIM 0A, AW ED o 717t v A &2 G, Jeh ot & H HE
AU AM 0A o gt AlMo] &AM OF ¢ g A2 Ko} sich ojm) A
HE A2 9o 2ojglonz (1-1)a} (1-2)7} H4astch &8 J H: 4 09
o= Eojglon2 (1-4)= AUtk

GC = 0G + 0C, GA = OA — OG oloz, o=
0G?- (0OG+0C) = OE*- (OA — OG) o|t}. thA] TajA]
+

OG?+ 0C- 0G’+ OE’- OG = OE®- OA

oln], ety OG = AAMAA o +ca’ +ba = a0 % ot

o] st
olch. wah, ZFofzl ARMEAlYl B ot AERA aly+m) =mwit 9

(z—w)z+ec)+y =02 A0 U=t FoMap 90 wio] patmo|ct E
sh, O A& /ddsich

2. & +ca’+a = bz A|AT} A|Z+s}
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AM 049 243 A EE AU AM OE 9 24ue] 28 D2t stol, A
A% AYn MM ED S BEOS A2MOR ste ARA 5 & IUtH(IY 2
R,

olF] WAl 2’ +ca’+a= b2 YU HIL OG 2t stol, A GolA A A
A 0A 9 Mol 3t thipes AE H, A2 ED 9 e Z& 12t gt
T, 4 HE Aues A4 04 9 g3yt AXM

ol BZAMe] YAZHE HJ-HI = OA - OF 7} ¥ojx|uz

HK - HI = OA - OJ o|t}.

J39] HK = GA, OJ = GH, HI = JE = OE — GH 0|22,

AG - (OE—HG)= (OG- AG)-HG, = AG - OE = OG - HG o|t}.
wha}A]

4G’ - OE” = 0G” - HG” s (21)
o] 4YTH W 0G £ Zolal AxMH A sjolnz
0G*+ 0C - OG>+ OE® - OA = OB - 0G e (2°2)

olct.
2t OG?(OE + OG) = OE*(0G—0A), = 0OG?-CG = OE*- AG
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— 2.
ooz 06t = CEAL ook o] $4g (2-1)9) Hilet
AG - 0G - HG" - (2-3)
2 @2 4 9o, ol A U)W AG - (CA + AG) = HG oIt}
ol2RE A HE AU $ol CA o, olfuA7t CA 9 AZbaEA 5, ol
ol9lge & 4 A1y 2] &%)

otk wetd 0G?- (0C+ 0G) = OF*- (0G — OA) olg], thA] TajA (2-2)
£ A2 4 otk ol2H 0G & FolAl AAHA o+ o’ +a = bro] F2 3
Ue & 4 9tk

2 2 = 372 (m—w)
2(x+e)=m"(z—w) = E = )
= 22mt=(r—w): (z+ec)

ojo,

_ 2 2
O|2HE ZFoJXl MAPLGPAY 5f z= HHA x+czw) _yzz(c;w) U
4 z(m—y) = mw& A0 WESIER FZHu Aol wdol xxtmEo]
of. ®3h 3 g& Agysiet
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AE] 9" b= OE'Z WEst: OE S st OE 9 M 9jo)A
a= OE’-ED S W%&st= ED & Aot (13 3-1AA™ FAd EOGM
& et 32l = 0Ca sk, 0G o AFA old A0 = ED 5 953}
= A2 gt ooz 4 D2 Auke AX 0D 9 HMT A G & ALY
£ AM 0G o pMate] we Hetstol, A HE AUn A4 EM3t ED 2
Aodoz she #3AH vg 1dh( 1Y 3] %)

Ol Al WAl 2f + bz ta =ca’0 YA ADS OJe} st A Jolq A AA
0G 9 40| weote] wAg refsta, A4 EM o] wde ket gtk &, A
12 Ate A4 0G o] Bagalo] AM OD o whi= Ae Lojat g} ojnj 4
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7b gojzich. a%E] OF & WRAlY 2oz

0J% + OF* - 0J + OF* - ED = OC - 0J° e (3-2)
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g8 A0 = DE = HM, OG = OF = EM 0|22, o] S4g (3-1)o] tigat
o2 M

EK-IK = OE - AO (3-3)
2 9g 29It} J8jug EA 0J-1J = EK - OF + EK - IK 9] (3-3) tjls}
W EK = 0JolB&
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2 4L 4 9k 3G AJ = A0+ 0J, JC = 0C—0Jol2g (3-7)&
OE*-(0J+A0) = 0J*- (0C—0J)
olt}, tj§o] A0 = ED o|n&
0J*+ OE?-0J + OE2-ED = OC - 0J2
o2 WFHh mep 0J & AAWAEA & +bet+a = ca’ o A sfolck
BE vob g oo ® ohe @A Pold KM 0G o Y 40 Bg et
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[o: = - —
o ARPIAA B bz ta = e S WA 2+fr+niv =’ 2 R

At
2e—z) = m(zt+w) & ai? = E:j;ﬂ))
= 22 m=(z+w): (c—2x)
2 @2 4 gonz
(x:m)-(z:m)=((z+w):y)-(y: (c—x))
7} et mhepa

xr:im = (x+w):y:y: (c—2x)
olpi, ol2BE| Zolxl AxMFAS] & s= ATH aly-—m)=muwi 9
(z+w)z—c)+ ¢y =02 A0 srEsto g F3Mnt Qo] wAlo] gatmo|ct.
g 1 o Hdh

4. ci*+bx+a = 2°9 As|A T} A|Z+s}

HE| WA b= OE'ZE WAsSI: OE S ®stol, OF © %@ 9]l A

HE AD 54 BGo ED 2 %

d

oM WA e’ +bata=a"0 FA A2 OLolgt sk, A LojA Al
A OF ©] 24l0] £, ato] wAS Met st A4 EG oto] wAde K e} st
T, " Mg AUE AM 0L WMol A4 OD ¢ Y= e Nolet gt
o) RAI0] HA R

K - EN — EG - ED e (41)
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a%d] EG = OE, ED = AO°|22 EK - EN = AO - OE o]t, tj2o0]
OL - LM = AL - OE,

= OL*-LM*= AL®- OE* e (4-2)
ojc}y. gHH OL & ZFojxl WrgAle] Folug

0

C-OL*+ OE*- OL + OE” - ED s (4-3)

oo HEl MRFIFA ca’ +ba+
L 50 wgY parE Y 2 Qo (B 50 5,9 vl A9 x &

S8\ (27 498A"E A 57 5,9 wEe Mol shd, (4-1)F
(4-5)7F et d2iez (4-2)= it (4-5)5 (4-2)o tidsto (4-4)=
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A2 o den, 7)o 54

CL = OL — . AL = OA + OL

Q

J[=3
ChAl WalA] (4-3)0] AAsict web OL -2 Zojl ARPAIAle] st

=0 - : —
S350/ ARPIAA B 4brta=calsS YA P+ nfrtniv =l 2 B

A=| 9 b= OE*g UEst: OE S ®ote, OE9 ARA oA
a=OE’-ED & W&ste ED g Ao}, [23 SMAY HAHE EOFG &
Feth 391 = 0Ce 3la, OF o AgA §lolAl A0 = DE & W&sh:
d AZ E%h 0goR A DE Ae AM 0D AT A FE ALE
AM OF 9 fAute] wAe Hetstol, @ HE A4 AN EGS ED S A
Mo st HRN £ T 1F 5] AX).
olAl WA o +ca’ = br+a2 ¥ ATE OLOJZ} s, H LA Al
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&, 8 Mg AU A OF o) Waxol A4 0D o whbe
ot} HTHO) HA2RE

EK - EN = EG - ED
ED OE

L-LM = AL - OE
olch. $HH OL & Zojzl wgale] Zojag
OL®*+ OC - OL® = OE?- OL + OE*- ED
o}y, Jug
OL*-CL = OE*- AL
ojtt. (5-2)% (5-4)o thystH
OL - CL = OE - LM

olty, E, OL = OL + OC 0|22 (5-5)=

Ae Nojg} gt

coeeeeees (5-1)

, EG = OE°l8& EK -EN = AO - OE 0|y,

- (5-2)
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OL®+ OL - OC = OE - LM seeeees (5-6)

o2 1A 2 4 k. oA LA

- - A2
(OL+OC) 0 -(LM+OE)
A

2

(23 5lo] o= mA Mo tleiN WAl AmusE s A Mo A
=My £2M rejo scjglonz (5-2)9 (5-6)0] AUt (5-6)°] Aol

oo}, ol23E ZojAl AIRRYAAlS] s mEA




6. 2*+bax = ca® + a0 AMojAut A]Z+e}

AZ | 9ix b= OE* ¢ WEsts OF & stol, a = OE®- OA & WEste
OA & Zol, [2 6lAAY OES9 0A =S 2A A b 121
¢c=0Cza} 5l] OA © ARA oo A ¢ 2 ERsi}. t}2o2 & A oA A
v A 0A 9 £4% A EE Alde A 04 9 Hedue] wAS Het gt
t} ol A A 2 AU AM EH 9 AA FO & AaHo=z st= A2H v I
doH(2 6] &=x).
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e

ro e Pl gy
o)

olA] WAA &P +bx = ca®+a9 FQ
AN 04 9 2Ma yute] wAe K et
E, ] KE Alu= Al 04 9 H3jido] A
2ol 0C9 £4¥g Pt st & S o
oz OC®=40E-OR < W&st= 7S
OA ] B & P oA Al A 0C 9

2<% OLolg} stx, A LA A&
1, A4 EH 9] WAL Nzt g
1 OF ¢ Rhi= 8g M olzf ottt E1
= stct. A4 OF 9ol 59
o, d RS %
SRR B
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