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Testing the Equality of Two Linear Regression Models

Comparison between Chow Test and a Permutation Test

Yonghwan Um*

*Professor, Dept. of Industrial and Management Engineering, Sungkyul University, Anyang, Korea

[Abstract]

Regression analysis is a well-known statistical technique useful to explain the relationship between
response variable and predictor variables. In particular, Researchers are interested in comparing the
regression coefficients(intercepts and slopes) of the models in two independent populations. The Chow
test, proposed by Gregory Chow, is one of the most commonly used methods for comparing regression
models and for testing the presence of a structural break in linear models. In this study, we propose
the use of permutation method and compare it with Chow test analysis for testing the equality of two
independent linear regression models. Then simulation study is conducted to examine the powers of

permutation test and Chow test.
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I. Introduction
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II. Comparison of Two Regression

Models
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Fig. 1. Comparison of regression models
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1. Chow Test
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(RSS, +RSS,)/(n; +n,—2(k+1)) 2) Table 1. Artificial data for regression analysis
X |40 50 30 60 70 60 30 60 55 65
APS : ZF Aol gEo]l 37 group 1
OPIA ny, ny -2 AT B2 370, Y, |87 108 69 135 148 132 73 128 112 130
X |30 4540 50 60 55 70 65
! ~ group 2
RSS, = X (Y, —Y,) Y, |68 79 75 105 110 102 130 128
i=1
DA S AEOIAC] A,
Table 2. Results of regression analysis
group 1 group 2 group 1 & group 2

regression line YA1= 12.624+1.915- X

Y,=10.982+1.709. X

Y, =11.393+1.833 X

RSS 178.497

261.123 1148.433
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2. Permutation Test

HREold ARe Ay 1ol 3554 g )
tero 2 ALBEIE o ZAoln Fd 71 sl
e B4 473t fArgE 20HE AlsRic). O'Gorman
NPYRPEAOIN AL 4 Q= HREOIH PHES

crea} o] Metatoict

g 1 7h Rlcko] Hlo|E 2 o] Rste] &3 YR
B RRFS(Y ;= Y i3 Yo — Vo) Z12hol] ool m&

2
Ho] S XI¥sta o] ZHSg 7+ ol EZHY, T} Y, ) S0l

gy 21 FA Ho[HE olgste] AT 2l HEYY
RRFE(Y ; — Y )0l ohsl  gEfol 4 AIsgstar o] 3t

g 3 AR5 2 AR s SHEHY
=0l sk mFEo]d2 Ayttt

gy 4 A golEe] S50 Y ;)=0l thsl

HREo]d e FIsict,

2 me 3590 Y ;)=S0 dish HRHEelde

glo[Elof] tfsh RSS;, RSS,, RSSE @2 £ 44
(4)5 olgsto] WAE Fl(=F )& ARt

@ 7IA| tlojele] F&%I40] Y, )Eol ool =7
o]dg Algsto]l Mz F&WAo] ZHY (S dedt
® o] F4HA) ZHY ()5S AMRSHL BA|1L v
ro2x AZo] RSS,, RSS,, RSS,& 15l F £7
& Azt
@ ©A29F HA3S N¥ YhEst N Fo| F &

ot IAY 22 FtE9 vle2 pler et

o

oo

0

(@)

pot=(F B0 IAY 22 FlEe] &) / N

III. Data Simulation

£ 7)) SRy vDg 98l Bag dojel S
HA7E 1Y mi-let 2k-2)2 T} ARy ER
Pistol Apdstsich. 717} n, =n, = 109] HojelS
YL VIt § 7j) Seigug(egl @
20 28l SPHA7} 2] e 230 234 9
I Agetick

rok

ogh

olr

2L Y =+ By X+
282 Yy, =ay+ 3y X+e
BP0 Yy =g+ 0 X+ X e
RBP4 1Yy =y + 05Xy + 820X g0 €9,

o714 2 1at BY20IA XO| Loz (L, 2, . , 1015
o] 851%0m, By3H BRAE X7t X, 9] ZhO.
2 {1l 2., 10/ AFESIAT, X, 0 X, Bl
1/2Q) AALLZRE YA ¢ T o= BIRE
NO, 1) B FURECL DRHE SuNo A
Aok E3 £ 23S vliLsh] 95 BRLIAE a,=0,
Buu=12 s, RN 27} o, = 03, 06,
0.9, 1.2, 1.5, 1.8}, 3,; = {1.05, 1.10, 1.15, 1.20, 1.25,
1.30}2 a9l 22]n BE3oME a,=0, £,,=1, Gy
=12 AAstIT 2E404 o, = {0.3, 0.6, 0.9, 1.2,
1.5 1.8}, By, = {1.05, 1.10, 1.15, 1.20, 1.25, 1.30},
By = {2, 3, 4. 52 o] 235} DS vlstolct.
Je)m Y el ol 88 Chow At TlRE]o]
M 7RS Aol 78S AEstd. ol 98 &
1000749] o} BEES Z5to] Chow Z70] 25
g b, 7 o] ois) N = 1000749 o] Wi s
AR mREo| S AAgto A HRE0l Aol
A2l stk HEEold 2R Hgle AR
1000749} LEE FoIA O}2%(0.05) Bet &AL 2
o mREIY p3he 2 BRSO u]g2A At
= Ao clolE] RS BlEstel pgt A, A
AL o] BE AS R m2 o] ojs) Astor



Testing the Equality of Two Linear Regression Models : Comparison between Chow Test and a Permutation Test 161
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Table 3. Powers of the tests(Chow, Permutation) when «,=0, 5,,=1 and for different values of «, and (3,

€~N(0,1), ~N(0,1) ¢, ~uniform(-1,1), €,~uniform(-1,1)

Q powers ﬁgl powers (&%) powers ﬂgl powers

0.3 (0.075, 0.073) 1.05 (0.072, 0.074) 0.3 (0.145, 0.145) 1.05 (0.146, 0.141)

0.6 (0.163, 0.165) 1.10 (0.176, 0.171) 0.6 (0.418, 0.416) 1.10 (0.440, 0.431)

0.9 (0.341, 0.338) 1.15 (0.369, 0.361) 0.9 (0.803, 0.799) 1.15 (0.839, 0.831)

1.2 (0.553, 0.556) 1.20 (0.592, 0.588) 1.2 (0.985, 0.983) 1.20 (0.987, 0.987)

1.5 (0.795, 0.796) 1.25 (0.812, 0.811) 15 (1.000, 1.000) 1.25 (1.000, 1.000)

1.8 (0.927, 0.921) 1.30 (0.943, 0.939) 1.8 (1.000, 1.000) 1.30 (1.000, 1.000)
Table 4. Powers of the tests(Chow, Permutation) when «,=0, 5,,=1, ¢,~N(0,1) and €,~N(0,1)

Bay
@
1.05 1.10 1.15 1.20 1.25 1.30

0.3 (0.155, 0.153) (0.342, 0.331) (0.563, 0.557) (0.792, 0.794) (0.927, 0.923) (0.987, 0.989)
0.6 (0.332, 0.331) (0.544, 0.54¢) (0.775, 0.779) (0.916, 0.914) (0.985, 0.986) (0.999, 1.000)
0.9 (0.547, 0.542) (0.773, 0.771) (0.911. 0.909) (0.983, 0.983) (0.999, 1.000) (1.000, 1.000)
1.2 (0.772, 0.776) (0.917, 0.914) (0.982. 0.982) (0.998, 0.999) (1.000, 1.000) (1.000, 1.000)
1.5 (0.920, 0.916) (0.980, 0.980) (0.999, 0.999) (1.000, 1.000) (1.000, 1.000) (1.000, 1.000)
1.8 (0.980, 0.982) (0.999, 0.999) (1.000, 1.000) (1.000, 1.000) (1.000, 1.000) (1.000, 1.000)

Table 5. Powers of the tests(Chow, Permutation) when «,=0, ;=1

, €g~uniform(-1,1) and e,~uniform(-1,1)

Boy
@
1.05 1.10 1.15 1.20
0.3 (0.409, 0.400) (0.800, 0.794) (0.984, 0.981) (1.000, 1.000)
0.6 (0.789, 0.794) (0.979, 0.975) (1.000, 1.000) (1.000, 1.000)
0.9 (0.980, 0.977) (1.000, 1.000) (1.000, 1.000) (1.000, 1.000)
1.2 (1.000, 1.000) (1.000, 1.000) (1.000, 1.000) (1.000, 1.000)

Table 6. Powers of the tests(Chow, Permutation) when ¢,~N(0,1) and ¢,~N(0,1) and for

@y, By and By

different values of

a =0, By =0y =0y =P =1 =0 =0, f);, =0, =05,=1 =0 =0, 5, =0,=05,=1

o powers Boq powers Bys powers

0.3 (0.0725 0.0738) 1.05 (0.0630, 0.0725) 2 (0.187, 0.186)
0.6 (0.126, 0.130) 1.10 (0.150, 0.155) 3 (0.554, 0.556)
0.9 (0.257, 0.259) 1.15 (0.285, 0.286) 4 (0.828, 0.829)
1.2 (0.463, 0.463) 1.20 (0.490, 0.498) 5 (0.934, 0.935)
1.5 (0.680, 0.685) 1.25 (0.710, 0.710)

1.8 (0.836, 0.846) 1.30 (0.873, 0.871)
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Table 7. Powers of the tests(Chow, Permutation) when «, =0, 5, =08, =0 =1, ¢,~N(0,1) and ¢,~N(0,1).

B

) 1.05 1.10 1.15 1.20 1.25 1.30

0.3 (0.145, 0.144) (0.266, 0.269) (0.461, 0.475) (0.681, 0.678) (0.858, 0.859) (0.949, 0.951)
0.6 (0.260, 0.270) (0.458, 0.465) (0.664, 0.665) (0.846, 0.844) (0.940, 0.946) (0.988, 0.988)
0.9 (0.457, 0.456) (0.660, 0.661) (0.844, 0.840) (0.936, 0.944) (0.988, 0.988) (0.995, 0.995)
1.2 (0.668, 0.674) (0.841, 0.838) (0.940, 0.939) (0.988, 0.986) (0.995, 0.995) (0.999, 0.999)
1.5 (0.838, 0.834) (0.938, 0.939) (0.987, 0.986) (0.996, 0.996) (0.999, 0.999) (1.000, 1.000)
1.8 (0.942, 0.941) (0.988, 0.989) (0.998, 0.998) (0.999, 0.999) (0.999, 1.000) (1.000, 1.000)

Table 8. Powers of the tests(Chow, Permutation) when «, =0, 8,, =5, =0, =1, ¢~N(0,1) and ¢~N(0,1)

Bys

@ 2 3 4 5

0.3 (0.298, 0.299) (0.691, 0.694) (0.885, 0.888) (0.965, 0.964)
0.6 (0.454, 0.459) (0.813, 0.818) (0.949, 0.949) (0.984, 0.986)
0.9 (0.661, 0.655) (0.911, 0.913) (0.980. 0.980) (0.996, 0.994)
1.2 (0.826, 0.829) (0.966, 0.965) (0.991, 0.991) (0.999, 0.999)
15 (0.935, 0.931) (0.986, 0.989) (0.999, 0.999) (1.000, 1.000)
1.8 (0.981, 0.979) (0.998, 0.998) (1.000, 1.000) (1.000, 1.000)

Table 9. Powers of the tests(Chow, Permutation) when «, =a, =0, 5},

=0, =1, ¢~N(0,1) and €,~N(0,1)

3
Bor

1.05 1.10 1.15 1.20 1.25 1.30
2 (0.290, 0.300) (0.436, 0.438) (0.661, 0.656) (0.820, 0.821) (0.934. 0.936) (0.981, 0.979)
3 (0.691, 0.686) (0.818, 0.818) (0.906, 0.908) (0.961, 0.964) (1.000, 1.000) (1.000, 1.000)
4 (0.881, 0.879) (0.941, 0.945) (0.974, 0.975) (0.991, 0.993) (1.000, 1.000) (1.000, 1.000)
5 (0.966, 0.966) (0.983, 0.983) (0.994, 0.994) (0.999, 0.999) (1.000, 1.000) (1.000, 1.000)

Table 10. Powers of the tests(Chow, Permutation) when e,~unif(-1,1) and e,~unif(-1,1) and for different
values of a,, (B, and 0,

a =0, By =01y =0y =P =1 =0 =0, f);, =0, =05,=1 =0 =0, 5, =0,=05,=1

I powers B powers Bas powers

0.3 (0.101, 0.099) 1.05 (0.104, 0.115) 2 (0.443, 0.453)

0.6 (0.334, 0.344) 1.10 (0.361, 0.364) 3 (0.893, 0.895)

0.9 (0.699, 0.704) 1.15 (0.731, 0.738) 4 (0.983,0.983)

1.2 (0.944, 0.943) 1.20 (0.965, 0.963) 5 (1.000, 1.000)

15 (0.998, 0.998) 1.25 (1.000, 1.000)

1.8 (1.000, 1.000) 1.30 (1.000, 1.000)
Table 11. Powers of the tests(Chow, Permutation) when «, =0, 8, =0,=0»=1, ¢~unif(-1,1)
and e,~unif(-1,1).

Bay

[0} 1.05 1.10 1.15 1.20 1.25 1.30

0.3 (0.325, 0.336) (0.694, 0.700) (0.945, 0.941) (0.997, 0.997) (1.000, 1.000) (1.000, 1.000)
0.6 (0.689, 0.694) (0.936, 0.936) (0.997, 0.997) (1.000, 1.000) (1.000, 1.000) (1.000, 1.000)
0.9 (0.940, 0.938) (0.998, 0.998) (1.000, 1.000) (1.000, 1.000) (1.000, 1.000) (1.000, 1.000)
1.2 (0.996, 0.998) (1.000, 1.000) (1.000, 1.000) (1.000, 1.000) (1.000, 1.000) (1.000, 1.000)
1.5 (1.000, 1.000) (1.000, 1.000) (1.000, 1.000) (1.000, 1.000) (1.000, 1.000) (1.000, 1.000)
1.8 (1.000, 1.000) (1.000, 1.000) (1.000, 1.000) (1.000, 1.000) (1.000, 1.000) (1.000, 1.000)
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Table 12. Powers of the tests(Chow, Permutation) when a; =0, 8, =08,,=0y =1, ¢~unif(-1,1) and
e,~unif(-1,1)
Bas
@ 3 4 5
0.3 (0.673, 0.673) (0.970, 0.969) (0.990, 0.990) (1.000, 1.000)
0.6 (0.909, 0.915) (0.991, 0.989) (1.000, 1.000) (1.000, 1.000)
0.9 (0.990, 0.988) (1.000, 1.000) (1.000, 1.000) (1.000, 1.000)
1.2 (1.000, 1.000) (1.000, 1.000) (1.000, 1.000) (1.000, 1.000)
15 (1.000, 1.000) (1.000, 1.000) (1.000, 1.000) (1.000, 1.000)
1.8 (1.000, 1.000) (1.000, 1.000) (1.000, 1.000) (1.000, 1.000)
Table 13. Powers the tests(Chow, Permutation) when «a,=a,=0, 3, =08,=1, ¢~unif(-1,1)
and e,~unif(-1,1)
[5“ ﬂ21
> 1.05 1.10 1.15 1.20 1.25 1.30
2 (0.668, 0.671) (0.909, 0.908) (0.990, 0.990) (1.000, 1.000) (1.000, 1.000) (1.000, 1.000)
3 (0.964, 0.964) (0.993, 0.991) (1.000, 1.000) (1.000, 1.000) (1.000, 1.000) (1.000, 1.000)
4 (0.990, 0.990) (1.000, 1.000) (1.000, 1.000) (1.000, 1.000) (1.000, 1.000) (1.000, 1.000)
5 (1.000, 1.000) (1.000, 1.000) (1.000, 1.000) (1.000, 1.000) (1.000, 1.000) (1.000, 1.000)

Table 14. Type I error rate for the tests(Chow, Permutation)

¢'s and ¢'s Type I error

Y, =y + 8y Xo 80X 0n 65,

models S
distributions rate
Y, =a,+5; X+e N(0,1) (0.0493, 0.0486)
Y,=a,+08y X+e uniform(-1,1) (0.0460, 0.0490)
Y, =a;+ 613Xy +BpX g e, N(C,1) (0.0467, 0.0477)

uniform(-1,1) (0.053, 0.053)

% sRdse 571

V. Example
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Table 15. Results for real data

SOl B Ty 7k 217123
9047005014 7|7}5}A]

observed value p-value
Chow test 2.023 0.110
Permutation test - 0.112

VI. Conclusion
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