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EVENTUAL SHADOWING FOR CHAIN TRANSITIVE SETS

OF C1 GENERIC DYNAMICAL SYSTEMS

Manseob Lee

Abstract. We show that given any chain transitive set of a C1 generic

diffeomorphism f , if a diffeomorphism f has the eventual shadowing prop-
erty on the locally maximal chain transitive set, then it is hyperbolic.

Moreover, given any chain transitive set of a C1 generic vector field X, if

a vector field X has the eventual shadowing property on the locally max-
imal chain transitive set, then the chain transitive set does not contain a

singular point and it is hyperbolic. We apply our results to conservative

systems (volume-preserving diffeomorphisms and divergence-free vector
fields).

1. Introduction

A main topic of study in dynamical systems is the stability of a given dy-
namical system. In 1967, Smale [61] proved that the nonwandering set of an
Axiom A diffeomorphism is a disjoint union of transitive invariant closed sets,
called basic sets. Since Smale’s study, this question was satisfactorily answered
for hyperbolic systems. In practice, the theory of dynamical systems is mo-
tivated by the behavior of the orbits of a given system, which is related to
shadowing theory. It is well known that a hyperbolic set has the shadowing
property. However, we do not know that if a diffeomorphism has the shadow-
ing property, then it is hyperbolic. Let f : M → M be a diffeomorphism of a
smooth manifold. Abdenur and Diáz [2] suggested the following problem: the
C1 generic diffeomorphism f has the shadowing property if and only if it is
hyperbolic.

This remains an open problem. However, we can find partial results [2, 3,
44, 46, 47, 51, 57, 59], from which we introduce [2, 3, 44]. Abdenur and Diáz [2]
proved that for a locally maximal transitive set Λ of a generic diffeomorphism
f , either Λ is hyperbolic or there is a small neighborhood U of Λ such that for
any g C1 close to f , g does not have the shadowing property in U. Ahn et al. [3]
proved that if a C1 generic diffeomorphism f has the shadowing property on a

Received January 28, 2019; Revised November 10, 2020; Accepted January 22, 2021.

2010 Mathematics Subject Classification. Primary 37C50; Secondary 37D20.
Key words and phrases. Shadowing, eventual shadowing, chain transitive, locally maxi-

mal, generic, hyperbolic.

c©2021 Korean Mathematical Society

1059



1060 M. LEE

locally maximal homoclinic class, then it is hyperbolic. Recently, Lee and Lee
[44] proved that if a C1 generic diffeomorphism f has the shadowing property
on chain recurrence classes, then it is hyperbolic if the chain recurrence class
contains a hyperbolic periodic point, which generalizes the result in [3].

To solve this problem, authors have used several types of shadowing proper-
ties (such as limit shadowing [14,24–26,33,48,52,57], weak shadowing [10,26],
inverse shadowing [43], orbital shadowing [27, 28, 41], periodic shadowing [29],
asymptotic orbital shadowing [39,50], asymptotic average shadowing [30,37,49],
average shadowing [37,49], specification properties [8,11,34,38,60], and ergodic
shadowing [31], etc. [35, 40,42]).

In the literature, a diffeomorphism result can be extended to vector fields.
However, it cannot be obtained directly. We say that a diffeomorphism f
satisfies a star condition if there is a C1 neighborhood U(f) of f such that for
any g ∈ U(f), every point p ∈ P (g) is hyperbolic, where P (g) is the set of all
periodic points of g. Denote by F(M) the set of all diffeomorphisms satisfying
star conditions. If f ∈ F(M), then f satisfies Axiom A without cycles [4, 21].
We say that a flow Xt satisfies a star condition if there is a C1 neighborhood
U(X) of X such that for any Y ∈ U(X), every singularity and every periodic
orbit of Y is hyperbolic. If a flow Xt satisfies a star condition, then it is not
a hyperbolic nonwandering set, as with the Lorenz attractor [20]. Further,
Komuro [22] proved that geometric Lorenz flows do not satisfy the shadowing
property.

In this study, we use another type of shadowing property to show that if a C1

generic diffeomorphism (a vector field) has this shadowing property on closed
subsets, then it is hyperbolic. Moreover, we apply this to volume-preserving
diffeomorphisms and divergence-free vector fields.

1.1. Diffeomorphisms

Let M be a closed smooth manifold with dimM ≥ 2, and let Diff(M) be
the space of diffeomorphisms of M endowed with the C1 topology. Denote by
d the distance on M induced from a Riemannian metric ‖ · ‖ on the tangent
bundle TM .

Let f ∈ Diff(M). For δ > 0, a sequence of points {xi}bi=a(−∞ ≤ a < b ≤ ∞)
in M is called a δ-pseudo-orbit of f if d(f(xi), xi+1) < δ for all a ≤ i ≤ b − 1.
We say that f has the shadowing property on Λ if, for every ε > 0, there is a
δ > 0 such that for any δ-pseudo-orbit {xi}i∈Z ⊂ Λ there is y ∈ M such that
d(f i(y), xi) < ε for all i ∈ Z. If Λ = M , then we say that f has the shadowing
property. We say that a closed invariant set Λ is transitive if there is a point
x ∈ Λ such that ω(x) = Λ, where ω(x) is the omega limit set of x.

For a given x, y ∈ M , we write x  y if for any δ > 0, there is a finite
δ-pseudo-orbit {xi}ni=0(n ≥ 1) of f such that x0 = x and xn = y. For any
x, y ∈ Λ, we write that x Λ y if x y and {xi}ni=0 ⊂ Λ(n ≥ 1). We say that
the set C(f) is chain transitive if for any x, y ∈ C(f), x  C(f) y. A closed
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invariant set Λ is locally maximal if there is a neighborhood U of Λ such that

Λ =
⋂
n∈Z

fn(U).

We say that a subset G ⊂ Diff(M) is residual if G contains the intersection
of a countable family of open and dense subsets of Diff(M); in this case, G
is dense in Diff(M). A property P is said to be C1-generic if P holds for all
diffeomorphisms that belong to some residual subset of Diff(M).

We say that a closed f -invariant set Λ admits a dominated splitting for f if
the tangent bundle TΛM has a continuous Df invariant splitting E ⊕ F and
there exist C > 0, 0 < λ < 1 such that for all x ∈ Λ and n ≥ 0, we have

||Dfn|E(x)|| · ||Df−n|F (fn(x))|| ≤ Cλn.

Abdenur et al. [1] proved that C1-generically, for any chain transitive set
C(f), either there is a dominated splitting over C(f) or the set C(f) is con-
tained in the Hausdorff limit of a sequence of periodic sinks or sources of f.
Lee [36] proved that if a C1-generic chain transitive set C(f) is locally maxi-
mal, then it admits a dominated splitting. We say that Λ is hyperbolic for f if
the tangent bundle TΛM has a Df -invariant splitting Es ⊕Eu and there exist
constants C > 0 and 0 < λ < 1 such that

‖Dxf
n|Es

x
‖ ≤ Cλn and ‖Dxf

−n|Eu
x
‖ ≤ Cλn

for all x ∈ Λ and n ≥ 0. If Λ = M , then f is said to be Anosov.
Lee and Wen [51] proved that if a C1-generic diffeomorphism f has the

shadowing property on a locally maximal chain transitive set C(f), then it is
hyperbolic. In this study, we use another type of shadowing (eventual shadow-
ing property), which is a general result for the result [51].

We say that f has the eventual shadowing property on Λ if for all ε > 0,
there is δ > 0 such that for any δ-pseudo-orbit {xi}i∈Z ⊂ Λ, there exist y ∈M
and N ∈ Z such that

d(f i(y), xi) < ε for all i ≥ N and

d(f i(y), xi) < ε for all i ≤ −N.
If Λ = M , then we say that f has the eventual shadowing property. Note that
if a diffeomorphism f has the shadowing property, then it has the eventual
shadowing property. However, the converse is not true (see [19, Example 5]).
It is not difficult to show that a diffeomorphism f has the eventual shadowing
property if and only if fk has the eventual shadowing property, for all k ∈
Z \ {0}. This proof is similar to the proof of the shadowing property (see
[5]). Let Λ be a closed invariant set of f . Then, clearly, if f has the eventual
shadowing property, then f has the eventual shadowing property on Λ.

In this paper, we assume that a chain transitive set C(f) is nontrivial, which
means that C(f) is not reduced to orbit. The following is a main theorem of
the paper:



1062 M. LEE

Theorem A. There is a residual set G in Diff(M), which is such that if f ∈ G
has the eventual shadowing property on a locally maximal chain transitive set
C(f), it is hyperbolic on C(f).

1.2. Vector fields

Let M be a closed smooth manifold with dimM ≥ 3. Denote by X(M) the set
of C1 vector fields on M endowed with the C1 topology. Then, every X ∈ X(M)
generates a C1 flow Xt : M×R→M ; that is a C1 map such that Xt : M →M
is a diffeomorphism satisfying X0(x) = x and Xt+s(x) = Xt(Xs(x)) for all
s, t ∈ R and x ∈ M. For any δ > 0, a sequence {(xi, ti) : xi ∈ M, ti ≥
1, and −∞ ≤ a < i < b ≤ ∞} is a δ-pseudo-orbit of X if d(Xti(xi), xi+1) < δ
for any a ≤ i ≤ b− 1.

An increasing homeomorphism h : R → R with h(0) = 0 is called a repa-
rameterization of R. Denote by Rep(R) the set of reparameterizations of R. Fix
ε > 0 and define Rep(ε) as follows:

Rep(ε) =
{
h ∈ Rep(R) :

∣∣h(t)

t
− 1
∣∣ < ε

}
.

For a closed Xt-invariant set Λ ⊂M , we say that X has the shadowing property
on Λ if for any ε > 0, there is δ > 0 satisfying the following property: given any
δ-pseudo-orbit ξ = {(xi, ti) : ti ≥ 1, i ∈ Z} ⊂ Λ, there are a point y ∈ M and
an increasing homeomorphism h ∈ Rep(ε) such that d(Xh(t)(y), Xt−si(xi)) < ε
for any si < t < si+1, where si is defined as

si =

 t0 + t1 + · · ·+ ti−1, if i > 0,
0, if i = 0,
−t−1 − t−2 − · · · − ti, if i < 0.

The point y ∈ M is said to be a shadowing point of ξ. If Λ = M , then we say
that X has the shadowing property.

We say that Λ is locally maximal if there is a compact neighborhood U of Λ
such that

⋂
t∈RX

t(U) = Λ.
Let Λ be a closed Xt-invariant set. We say that the set Λ is transitive if

there is a point x ∈ Λ such that its positive orbit {Xt(x) : t ≥ 0} is dense in Λ.
We say that an Xt-invariant set C(X) is chain transitive if, for any x, y ∈ C(X)
and δ > 0, there is a δ-pseudo-orbit {(xi, ti) : ti ≥ 1 for 0 ≤ i ≤ n} ⊂ C(X)
with x0 = x, xn = y. It is known that if a flow is transitive, then it is chain
transitive. However, the converse is not true. We say that a subset G ⊂ X(M)
is residual if G contains the intersection of a countable family of open and dense
subsets of X(M); in this case, G is dense in X(M). A property P is said to be
C1-generic if P holds for all vector fields that belong to some residual subset
of X(M).

Let Xt be the flow of X ∈ X(M), and let Λ be an Xt-invariant compact set.
The set Λ is called hyperbolic for X if there are constants C > 0, λ > 0 and a
splitting TxM = Esx⊕〈X(x)〉⊕Eux such that the tangent flowDXt : TM → TM
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leaves invariant the continuous splitting and

‖DXt|Es
x
‖ ≤ Ce−λt and ‖DX−t|Eu

x
‖ ≤ Ce−λt

for t > 0 and x ∈ Λ. We say that X ∈ X(M) is Anosov if M is hyperbolic for
X.

Let Sing(X) = {x ∈ M : X(x) = 0} be the set of singularities of X and
Per(X) = {x ∈M : there is T > 0 such that XT (x) = x} be the set of periodic
orbits of X. Denote by Crit(X) = Sing(X) ∪ Per(X).

In [57], Ribeiro proved that, C1-generically, if a flow Xt has the shadowing
property in a locally maximal chain transitive set C(X), then it is transitive
hyperbolic.

We say that x ∈M is a regular point if x ∈M \ Sing(X). Denote by R(M)
the set of all regular points of M .

Let x ∈ R(M), and let N ⊂ TM be the subbundle such that the fiber Nx at
x ∈M is the orthogonal linear subspace of 〈X(x)〉 in TxM ; i.e., Nx = 〈X(x)〉⊥.
Here 〈X(x)〉 is the linear subspace spanned by X(x) for x ∈M. Let π : TN →
N be the projection along X, and let

Px,t(v) = π(DxX
t(v))

for v ∈ Nx and x ∈ M. It is well known that Pt : N → N is a one-parameter
transformation group.

We say that Λ is hyperbolic if the bundle NΛ has a PXt -invariant splitting
∆s ⊕∆u and there exists an l > 0 such that

‖PXl |∆s
x
‖ ≤ 1

2
and ‖PX−l|∆u

Xl(x)
‖ ≤ 1

2

for all x ∈ Λ. Doering [16] showed the following, which is a method of proving
hyperbolicity.

Remark 1.1. Let Λ ⊂M be a compact invariant set of Xt. Λ is a hyperbolic set
of Xt if and only if the linear Poincaré flow restriction on Λ has a hyperbolic
splitting NΛ = ∆s ⊕∆u, where N =

⋃
x∈MX

Nx.

From Ribeiro’s result [57], we consider a locally maximal chain transitive set
that has another type of shadowing property for C1-generic vector fields. Now,
we introduce a flow version of the concepts described in the previous section.
We say that X has the eventual shadowing property on Λ if, for any ε > 0,
there is δ > 0 such that for any (δ, 1)-pseudo-orbit {(xi, ti) : ti ≥ 1, i ∈ Z} ⊂ Λ
there exist y ∈M, tn(n ≥ 1) ∈ R and h ∈ Rep(ε) such that

d(Xh(t)(y), Xt−sn+i(xn+i)) < ε, sn+i < t < sn+i+1 and

d(Xh(t)(y), Xt−s−n−i(x−n−i)) < ε, s−n−i < t < s−n−i+1,

where si = t0+t1+· · ·+ti(i ≥ 0), s0 = 0, and s−i = −t0−t−1−· · ·−t−i(i ≥ 0).
If Λ = M , then we say that X has the eventual shadowing property. The
following is an extension of the result in Theorem A.
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Theorem B. There is a residual set R in X(M) such that if X ∈ R has the
eventual shadowing property on a locally maximal chain transitive set C(X),
then C(X) ∩ Sing(X) = ∅ and C(X) is hyperbolic.

2. Proof of Theorem A

The following lemma was obtained by Crovisier (see [15, Theorem 2]).

Lemma 2.1. There is a residual set G1 ⊂ Diff(M) such that for any f ∈ G1

and any chain transitive set C(f), there is a sequence Orb(pn) of periodic orbits
of f such that limn→∞Orb(pn) = C(f), in the sense of the Hausdorff metric.

We also recall that the Hausdorff distance between two compact subsets A
and B of M is given by

dH(A,B) = max{sup
x∈A

d(x,B), sup
y∈B

d(y,A)}.

Lemma 2.2. Given any chain transitive set C(f) of f ∈ G1, if C(f) is locally
maximal, then C(f) ∩ P (f) 6= ∅.

Proof. Let f ∈ G1 and let a chain transitive set C(f) of f be locally maximal
in U . Suppose, by contradiction, that C(f)∩P (f) = ∅. Since C(f) is compact,
there is ε > 0 such that C(f) ⊂ Bε(C(f)) ⊂ U. By Lemma 2.1, there is a
periodic orbit sequence Orb(pn) of f such that for sufficiently large n, we have

dH(Orb(pn), C(f)) <
ε

2
.

It is clear that Orb(pn) ⊂ Bε(C(f)) ⊂ U. Since C(f) is locally maximal in U,
for all i ∈ Z,

f i(Orb(pn)) ⊂ f i(U).

Thus, if C(f) is locally maximal, then C(f)∩P (f) 6= ∅, which is a contradiction.
�

Lemma 2.3. Let Λ be a compact f -invariant set of f . If f has the eventual
shadowing property on a locally maximal Λ, then the eventual shadowing points
are take from Λ.

Proof. Let U be a locally maximal neighborhood of Λ. Since Λ is compact,
there is ε > 0 such that Λ ⊂ Bε(Λ) ⊂ U. Let 0 < δ ≤ ε be the number of the
eventual shadowing property, and let {xi}i∈Z ⊂ Λ be a δ-pseudo-orbit of f . By
the eventual shadowing property on Λ, there are y ∈ M and N ∈ Z such that
d(f i(y), xi) < ε for all i ≥ N and d(f−i(y), x−i) < ε for all −i ≤ −N. Then, we
have that for all i ≥ N , f i(y) ∈ Bε(Λ) and for all −i ≤ −N, f−i(y) ∈ Bε(Λ)
and so,

f i(fN (y)) ∈ Bε(Λ) and f−i(f−N (y)) ∈ Bε(Λ).

Since Λ is locally maximal, we know that⋂
n∈Z

fn(fN+i(y)) ∈
⋂
n∈Z

fn(Bε(Λ)) ⊂
⋂
n∈Z

fn(U) = Λ.
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Then we have fN+i(y) ∈ Λ. Since Λ is an f -invariant set, y ∈ f−N−i(Λ) = Λ.
Thus the eventual shadowing point y is take from Λ. �

It is known that if p is a hyperbolic periodic point of f with period k, then
the sets

W s(p) = {x ∈M : fkn(x)→ p as n→∞} and

Wu(p) = {x ∈M : f−kn(x)→ p as n→∞}

are C1-injectively immersed submanifolds of M . Let p be a hyperbolic periodic
point of f. Then there exists an ε = ε(p) > 0 such that

W s
ε (p) = {x ∈M : d(f i(x), f i(p)) ≤ ε as i ≥ 0} and

Wu
ε (p) = {x ∈M : d(f i(x), f i(p)) ≤ ε as i ≤ 0}.

Then the set W s
ε(p)(p) is called the local stable manifold of p and the set Wu

ε(p)(p)

is called the local unstable manifold of p. Note that if a closed f -invariant set
Λ is hyperbolic, then there is η > 0 such that for any 0 < ε ≤ η, the above sets
are C1-embedded disks.

Lemma 2.4. If f has the eventual shadowing property on a locally maximal
C(f), then for any hyperbolic p, q ∈ C(f)∩ P (f), we have W s(p)∩Wu(q) 6= ∅
and Wu(p) ∩W s(q) 6= ∅.

Proof. Since C(f) is a chain transitive set of f (by [32, Lemma 2.1]), f does not
contain sinks or sources. Thus, every periodic point in C(f) is saddle. Let p and
q be hyperbolic periodic points of f. Take ε = min{ε(p), ε(q)} and let 0 < δ ≤ ε
be the number of the eventual shadowing property for f. For simplicity, we
may assume that f(p) = p and f(q) = q. Since f is chain transitive, there
is a finite δ-pseudo-orbit {xi}ni=0(n ≥ 1) ⊂ C(f) such that x0 = p, xn = q,
and d(f(xi), xi+1) < δ for i = 0, . . . , n − 1. Put xi = f i(p) for all i ≤ 0 and
xn+i = f i(q) for all i ≥ 0. Then, the sequence

{. . . , p(= x−1), p(= x0), x1, x2, . . . , q(= xn), q(= xn+1), . . .} = {xi}i∈Z ⊂ C(f)

is a δ-pseudo-orbit of f. By the eventual shadowing property on C(f), there
are z ∈M and N ∈ Z such that

d(f i(y), xi) < ε for i ≥ N and d(f i(y), xi) < ε for i ≤ −N.

Since x−i = p = f−i(p) for i ≥ 0 and fn+i(q) = q = xn+i for i ≥ 0, if N ≥ n,
then we know

f−N (y) ∈ Bε(x−N ) = Bε(p)

and

fN (y) ∈ Bε(xN ) = Bε(q).

Thus for all i ≥ N

(1) f i+N (y) = f i(fN (y)) ∈ Bε(xN+i) = Bε(q)
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and for all −i ≤ −N ,

(2) f−N−i(y) ∈ Bε(x−N−i) = Bε(p).

By (1), we have d(f i(fN (y)), q) < ε for all i ≥ 0, and by (2), we have
d(f−i(f−N (y)), p) < ε for all i ≥ 0. Then fN (y) ∈W s

ε (q) and f−N (y) ∈Wu
ε (p),

and so y ∈ fN (Wu
ε (p)) and y ∈ f−N (W s

ε (q)). Since fN (Wu
ε (p)) ⊂ Wu(p) and

f−N (W s
ε (q) ⊂W s(q), we have y ∈Wu(p)∩W s(q). Thus, Wu(p)∩W s(q) 6= ∅.

The other case is similar. �

Let q be a hyperbolic periodic point of f . We say that p and q are homo-
clinically related, and write p ∼ q if

W s(p)tWu(q) 6= ∅ and Wu(p)tW s(q) 6= ∅.
It is clear that if p ∼ q, then index(p) = index(q). That is, dimW s(p) =

dimW s(q).
A diffeomorphism f ∈ Diff(M) is said to be Kupka-Smale if the periodic

points of f are hyperbolic, and if p, q ∈ P (f), then W s(p) is transversal to
Wu(q). Denote by KS the set of all Kupka-Smale diffeomorphisms. It is known
that the set of all Kupka-Smale diffeomorphisms is C1-residual in Diff(M) (see
[56]).

Lemma 2.5. There is a residual set G2 ⊂ Diff(M) such that given any chain
transitive set C(f) of f ∈ G2, if f has the eventual shadowing property on locally
maximal C(f), then for any q ∈ C(f) ∩ P (f), we have index(p) = index(q).

Proof. Let f ∈ G2 = G1 ∩ KS and let C(f) be a locally maximal chain
transitive set of f. Suppose that f has the eventual shadowing property on
C(f). Since C(f) is locally maximal of f , then by Lemma 2.2, we know
C(f) ∩ P (f) 6= ∅. In this proof, we will derive a contradiction. We assume
that there are two hyperbolic periodic points p, q ∈ C(f) such that index(p) 6=
index(q). Since index(p) 6= index(q), we know dimW s(p) + dimWu(q) < dimM
or dimWu(p) + dimW s(q) < dimM. Then, we consider the case in which
dimW s(p) + dimWu(q) < dimM (the other case is similar). Since f ∈ KS
and dimW s(p) + dimWu(q) < dimM , we know that W s(p) ∩Wu(q) = ∅. This
is a contradiction. Because f has the eventual shadowing property on C(f),
by Lemma 2.4, W s(p) ∩Wu(q) 6= ∅. Thus, if f ∈ G2 has the eventual shad-
owing property on a locally maximal chain transitive set C(f), then for any
q ∈ C(f) ∩ P (f), we have index(p) = index(q). �

We write x! y if x  y and y  x. The set of points {x ∈ M : x! x}
is called the chain recurrent set of f and is denoted by CR(f). The chain
recurrence class of f is the set of equivalent classes ! on CR(f). Denote by
C(p, f) = {x ∈ M : x  p and p  x}, which is a closed invariant set. Let
q be a hyperbolic periodic point of f . We say that p and q are homoclinically
related, and write p ∼ q if

W s(p)tWu(q) 6= ∅ and Wu(p)tW s(q) 6= ∅.



EVENTUAL SHADOWING FOR CHAIN TRANSITIVE SETS 1067

It is clear that if p ∼ q, then index(p) = index(q). That is, dimW s(p) =

dimW s(q). Denote by H(p, f) = {p ∼ q}. It is known that H(p, f) ⊂ C(p, f)
(see [59]).

Lemma 2.6. There is a residual set G3 ⊂ Diff(M) such that every f ∈ G3

satisfies:

(a) A locally maximal transitive set Λ is locally maximal H(p, f) for some
periodic point p ∈ Λ (see [1]).

(b) H(p, f) = C(p, f) for some hyperbolic periodic point p (see [12]).
(c) If Cf (p) is locally maximal, then Cf (p) is robustly isolated. That

is, there are a C1 neighborhood U(f) of f and a neighborhood U of
Cf (p) such that for any g ∈ U(f), Cg(pg) = CR(g) ∩ U = Λg(U)(=⋂
n∈Z g

n(U)) (see [13]).
(d) Any chain transitive C(f) of f is a transitive Λ of f (see [15]).

The following lemma is called Franks’ lemma [18].

Lemma 2.7. Let U(f) be any given C1 neighborhood of f. Then, there exist
ε > 0 and a C1 neighborhood V(f) ⊂ U(f) of f such that for a given g ∈ V(f),
a finite set {x1, x2, . . . , xk}, a neighborhood U of {x1, x2, . . . , xk} and linear
maps Li : Txi

M → Tg(xi)M satisfying ‖Li −Dxi
g‖ ≤ ε for all 1 ≤ i ≤ k, there

exists g̃ ∈ U(f) such that g̃(x) = g(x) if x ∈ {x1, x2, . . . , xk} ∪ (M \ U) and
Dxi

g̃ = Li for all 1 ≤ i ≤ k.

For any δ > 0, we say that a hyperbolic periodic point p of f with period
π(p) is a δ weak hyperbolic periodic point if there is an eigenvalue λ of Dfπ(p)(p)
such that

(1− δ)π(p) < |λ| < (1 + δ)π(p).

Lemma 2.8. There is a residual set G4 ⊂ Diff(M) such that for any f ∈ G4

and any δ > 0, if a chain transitive set C(f) of f is locally maximal and C(f)
contains a δ weak hyperbolic periodic point p, then there is g C1 close to f
such that g has two hyperbolic periodic points p, q ∈ C(g) such that index(p) 6=
index(q), where C(g) is the chain transitive set of g.

Proof. Let f ∈ G4 = G2 ∩ G3 and let U be a locally maximal neighborhood of
C(f). Suppose that there is p ∈ C(f) ∩ P (f) such that for any δ > 0, p is a
δ weak hyperbolic periodic point. Since f ∈ G3 and C(f) is locally maximal,
C(f) is a transitive set Λ of f , and so, C(f) = Hf (p) = Cf (p) and C(f) is

robustly isolated. For simplicity, we may assume that fπ(p)(p) = f(p) = p.
p ∈ C(f) ∩ P (f) is a δ weak hyperbolic periodic point, for any δ > 0 there is
an eigenvalue λ of Dpf such that

(1− δ) < |λ| < (1 + δ).

By Lemma 2.7, there is g C1 close to f such that g(p) = f(p) = p and Dpg
has an eigenvalue λ such that |λ| = 1. Note that by Lemma 2.7, there is g1 C

1

close to f such that Dpg1 has only one eigenvalue λ with |λ| = 1. Denote by
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Ecp the eigenspace corresponding to λ. In this proof, we consider two cases: (i)
λ is real, and (ii) λ is complex.

First, we may assume that λ ∈ R (the other case is similar). By Lemma 2.7,
there are α > 0, Bα(p) ⊂ U and h C1 close to g (h ∈ U(f)) such that

· h(p) = g(p) = p,
· h(x) = expp ◦Dpg ◦ exp−1

p (x) for x ∈ Bα(p), and
· h(x) = g(x) for x 6∈ B4α(p).

Let η = α/4. Take a nonzero vector v ∈ expp(E
c
p(α)) that corresponds to λ

such that ‖v‖ = η. Here, Ecp(α) is the α-ball in Ecp with its center at
−→
0p. Then,

we have

h(expp(v)) = expp ◦Dpg ◦ exp−1
p (expp(v)) = expp(v).

Put Jp = expp({tv : −η/4 ≤ t ≤ η/4}). Then, Jp is centered at p and
h(Jp) = Jp. Since Bα(p) ⊂ U , we know that Jp ⊂ Λh(U) =

⋂
n∈Z h

n(U). Since
h(Jp) = Jp, take two endpoints q, r of Jp. Then, we know that

Dqh|Ec
p

= Drh|Ec
p

= 1.

By Lemma 2.7, there is φ C1 close to h (φ ∈ U(f)) such that index(qφ) 6=
index(rφ), where qφ and rφ are hyperbolic points in U with respect to φ. Thus,
qφ, rφ ∈ C(φ) = Λφ(U) =

⋂
n∈Z φ

n(U), where C(φ) is the chain transitive set
of φ.

Finally, we consider λ ∈ C. For simplicity, we assume that f(p) = p. As in
the proof of the case in which λ ∈ R, by Lemma 2.7, there are α > 0, Bα(p) ⊂ U
and g ∈ U(f) such that

g(p) = f(p) = p and g(x) = expp ◦Dpg ◦ exp−1
p (x)

for x ∈ Bα(p). Since λ = 1, there is n > 0 such that Dpg
n(v) = v for any

v ∈ exp−1
p (Ecp(α)). Let v ∈ expp(E

c
p(α)) such that ‖v‖ = α/4. Then, we have

a small arc

expp({tv : 0 ≤ t ≤ 1 + α/4}) = Ip ⊂ Λg(U) =
⋂
n∈Z

gn(U)

such that

(i) gi(Ip) ∩ gj(Ip) = ∅ if 0 ≤ i 6= j ≤ n− 1,
(ii) gn(Ip) = Ip, and
(iii) gn|Ip

: Ip → Ip is the identity map.

Then, we take two points q, r ∈ Ip such that the points are the endpoints
of Ip. As in the previous arguments, there is g1 C1 close to g such that
index(qg1) 6= index(rg1), where qg1 and rg1 are hyperbolic with respect to g1.
Thus, qg1 , rg1 ∈ Cg1(pg1) = Λg1(U) =

⋂
n∈Z g

n
1 (U) = C(g1), where C(g1) is the

chain transitive set of g1. This completes the proof of the lemma. �

Lemma 2.9 ([45, Lemma 2.2]). There is a residual set G5 ⊂ Diff(M) such
that for any f ∈ G5, if for any C1 neighborhood U(f) of f there is g ∈ U(f)
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such that g has two periodic points p and q with index(p) 6= index(q), then f
has two periodic points pf and qf with index(pf ) 6= index(qf )

Lemma 2.10. There is a residual set G6 ⊂ Diff(M) such that for any f ∈ G6,
if f has the eventual shadowing property on a locally maximal C(f), then there
is δ > 0 such that for any p ∈ C(f)∩P (f), p is not a δ weak hyperbolic periodic
point of f .

Proof. Let f ∈ G6 = G4∩G5 and let C(f) be a locally maximal chain transitive
set of f . Suppose, by contradiction, that for any δ > 0, there is p ∈ C(f)∩P (f)
such that p is a δ weak hyperbolic periodic point of f. Since f ∈ G3 and C(f) is
locally maximal, C(f) is robustly isolated. Since f ∈ G4 and p ∈ C(f) ∩ P (f)
is a δ weak hyperbolic periodic point of f , by Lemma 2.8, there is g C1 close to
f such that g has two hyperbolic periodic points q, r ∈ C(g) with index(q) 6=
index(r). Since f ∈ G5, f has two hyperbolic periodic points qf , rf ∈ C(f)
with index(qr) 6= index(rf ). This is a contradiction, since f has the eventual
shadowing property on C(f) by Lemma 2.5, index(p) = index(q) for every
p, q ∈ C(f) ∩ P (f). �

We say that f satisfies a star condition on C(f) if there are a C1 neighbor-
hood U(f) of f and a neighborhood U of C such that for any g ∈ U(f), every
q ∈ Λg ∩P (g) is hyperbolic. Denote by F(C(f)) the set of all diffeomorphisms
that satisfy the local star condition on C(f).

Lemma 2.11 ([6, Lemma 5.1(2)]). There is a residual set G7 ⊂ Diff(M) such
that for any f ∈ G7, for any δ > 0 and any C1 neighborhood U(f) of f , if
there are g ∈ U(f) and a hyperbolic p ∈ P (g) such that p is a δ weak hyperbolic
periodic point, then there is a hyperbolic pf ∈ P (f) with 2δ weak hyperbolic
periodic points.

Proposition 2.12. There is a residual set G8 ⊂ Diff(M) such that given any
chain transitive set C(f) of f ∈ G8, if f has the eventual shadowing property
on locally maximal C(f), then f ∈ F(C(f)).

Proof. Let f ∈ G8 = G6∩G7 and let C(f) be a locally maximal chain transitive
set of f. Suppose, by contradiction, that f 6∈ F(C(f)). Then, there is g C1

close to f such that for any δ > 0, g has a δ/2 weak hyperbolic periodic point
p ∈ C(g). Since f ∈ G7, there is pf ∈ C(f) ∩ P (f) such that pf is a δ weak
hyperbolic periodic point. This is a contradiction; since f has the eventual
shadowing property on C(f), by Lemma 2.10 every periodic point in C(f) is
not a δ weak hyperbolic periodic point. Thus, if f has the eventual shadowing
property on C(f), then f ∈ F(C(f)). �

The following result is from Lee and Wen [51, Proposition 2.1].

Proposition 2.13. Given any chain transitive set C(f) of f ∈ G8, if C(f)
is locally maximal and f ∈ F(C(f)), then there exist constants m > 0 and
0 < λ < 1 such that for any p ∈ Λ ∩ P (f), we have the following:
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(a)
π(p)−1∏
i=0

‖Dfm|Es(fim(p))‖ < λπ(p) and,

π(p)−1∏
i=0

‖Df−m|Eu(f−im(p))‖ < λπ(p).

(b) ‖Dfm|Es(p)‖ · ‖Df−1|Eu(fm(p)) < λ2,

where π(p) denotes the period of p.

In [53], Mañé gave a result on the approximation of periodic orbit from a
theoretical viewpoint. We say that a point x ∈ M is well-closable for f ∈
Diff(M) if, for any ε > 0, there are g ∈ Diff(M) with d1(f, g) < ε and p ∈ M
such that d(fn(x), gn(p)) < ε for any 0 ≤ n ≤ π(p), where π(p) is the period
of p, and d1 is the C1 metric. Let Σf denote the set of well-closable points of
f . In [53], Mañé showed that for any f -invariant Borel probability measure µ
on M , µ(Σf ) = 1. Let M be the space of all Borel measures µ on M with the
weak∗-topology. Then, we know that for any ergodic measure µ ∈ M of f , µ
is supported on a periodic orbit Orb(p) = {p, f(p), . . . , fπ(p)−1(p)} if and only
if

µ =
1

π(p)

π(p)−1∑
i=0

δfi(p),

where δx is the atomic measure respecting x.

Lemma 2.14 ([1, Theorem 3.8]). There is a residual set G9 ⊂ Diff(M) such
that for any f ∈ G9, any ergodic measure µn of f , there is a sequence of periodic
orbit Orb(pn) such that µn → µ in weak∗ topology and Orb(pn)→ Supp(µ) in
the Hausdorff metric.

Lemma 2.15 ([54, Lemma 1.5]). Let Λ ⊂ M be a closed f -invariant set and
E ⊂ TΛM be a continuous invariant subbundle. If there exists m > 0 such that∫

log ‖Dfm|E‖dµ < 0

for any ergodic µ ∈ M(fm|Λ), then E is contracting, where M(fm|Λ) is the
set of invariant probabilities on the Borel σ-algebra of Λ.

Proof of Theorem A. Let f ∈ G = G8 ∩ G9 and let C(f) be a locally maximal
chain transitive set of f . Suppose that f has the eventual shadowing property
on C(f). Since f ∈ G, and C(f) is locally maximal, we know that C(f) =
Hf (p) for some hyperbolic periodic point p. Then, by Proposition 2.12, f ∈
F(C(f)) = F(Hf (p)). Thus, by Proposition 2.13, TC(f)(=Hf (p))M = E⊕F with
dimE = index(p). Suppose, by contradiction, that E is not contracting (the
other case is similar). Let µ ∈ M(f |Hf (p)) such that µ is an ergodic measure
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supported on Hf (p). Take pn ∈ Orb(pn) with period π(pn). For simplicity, we

assume that fπ(pn)(pn) = f(pn) = pn. Then, by Lemma 2.14, we have∫
‖Df |E‖dµ = lim

n→∞

∫
‖Df |Es(pn)‖dµpn < 0.

Thus, by Lemma 2.15, E is contracting. This is a contradiction. Thus, if f
has the eventual shadowing property on C(f), then C(f) is hyperbolic. �

3. Proof of Theorem B

We define the strong stable and unstable manifolds of a hyperbolic periodic
point p respectively as follows:

W ss(p) = {x ∈M : d(Xt(x), Xt(p))→ 0 as t→∞}
and

W s(OrbX(p)) =
⋃
t∈R

W ss(Xt(p)),

where OrbX(p) is the orbit of p. If ε > 0, the local strong stable manifold is
defined as

W ss
ε(p)(p) = {x ∈M : d(Xt(x), Xt(p)) < ε as t ≥ 0}.

By the stable manifold theorem, there is an ε = ε(p) > 0 such that

W ss(p) =
⋃
t≥0

X−t(W ss
ε(p)(X

t(p))).

We can define this similarly for the unstable manifolds.
If σ is a hyperbolic singularity of X, then there exists an ε = ε(σ) > 0 such

that

W s
ε (σ) = {x ∈M : d(Xt(x), σ) ≤ ε as t ≥ 0} and

W s(σ) =
⋂
t≥0

Xt(W s
ε (σ)).

Analogous definitions hold for unstable manifolds.

Lemma 3.1. If X ∈ X(M) has the eventual shadowing property on a locally
maximal set C(X), then for any hyperbolic γ, η ∈ C(X) ∩ Crit(X), we have
W s(γ) ∩Wu(η) 6= ∅ and Wu(γ) ∩W s(η) 6= ∅.

Proof. Let γ, η ∈ C(X) ∩ Crit(X) be hyperbolic. Then, we show three cases
for the orbits.

Case 1. We consider that γ, η ∈ C(X) ∩ Per(X) are hyperbolic. Let p ∈ γ
and q ∈ η. Take ε = min{ε(p), ε(q)}. Let 0 < δ = δ(ε) ≤ ε be the number of the
eventual shadowing property for X. Since C(X) is a chain transitive set of X,
there is a finite (δ, 1)-pseudo-orbit of X such that x0 = p and d(Xti(xi), xi+1) <
δ for ti ≥ 1, i = 0, . . . , n − 1 and xn = q. Then, we construct a (δ, 1)-pseudo-
orbit {(xi, ti) : ti ≥ 1, i ∈ Z} ⊂ C(X) such that (i) xi = Xi(p), ti = 1, i ≤ 0,
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(ii) d(Xti(xi), xi+1) < δ for ti ≥ 1 and i = 0, . . . , n − 1 and (iii) xi = Xi(q),
ti = 1, i ≥ n. Then, {(xi, ti) : ti = 1, i ∈ Z} = {. . . , p, x0(= p), x1, x2, . . . , xn(=
q), q, q, . . .} ⊂ C(X) is a (δ, 1)-pseudo-orbit of X. Since X has the eventual
shadowing property on a locally maximal set C(X), there is a point z ∈ C(X),
tn ∈ R and an increasing homeomorphism h : R→ R with h(0) = 0 such that

d(Xh(t)(z), Xt−s−n−i(x−n−i)) < ε, s−n−i < t < s−n−i+1, and(3)

d(Xh(t)(z), Xt−sn+i(xn+i)) < ε, sn+i < t < sn+i+1,(4)

where s−n = −t0 − t−1 − · · · − t−n, s0 = 0, and sn = t0 + t1 + · · · + tn. Since
ti = 1 for i ≤ 0, x−n = X−n(p) and therefore,

Xt−s−n(x−n) = Xt+n(X−n(p)) = Xt(p).

Then, we have d(Xh(t)(z), Xt(p)) < ε for all t < 0. Since xn = q, and xn+i =
Xti(q) = Xi(q) = q for ti = 1 and i ≥ 0, we have Xt−sn(xn) = Xt−sn(q), and
so Xt−sn+i(xn+i) = Xt−sn(Xi(q)) for all i ≥ 0. By (2) and (3), we have

Orb(z) ∩Wu(p) ∩W s(q) 6= ∅.

Thus, Wu(γ) ∩W s(η) 6= ∅. Similarly, we have W s(γ) ∩Wu(η) 6= ∅.
Case 2. We consider that σ1, σ2 ∈ C(X) ∩ Sing(X) are hyperbolic. Since

σ1,∈ σ2 ∈ C(X) ∩ Sing(X) are hyperbolic, there are ε(σ1) > 0 and ε(σ2) > 0
such thatWu

ε(σ1)(σ1) andW s
ε(σ2)(σ2) are well defined. Take ε=min{ε(σ1), ε(σ2)}

and let 0 < δ ≤ ε be the number of the eventual shadowing property for X.
Since σ1, σ2 ∈ C(X) ∩ Sing(X), there is a finite (δ, 1)-pseudo-orbit {(xi, ti) :
ti ≥ 1, i = 0, . . . , k − 1} ⊂ C(X) such that x0 = σ1, d(Xti(xi), xi+1) < δ for
i = 0, . . . , k − 1 and xk = σ2. Construct the following sequence:

(i) xi = Xi(σ1) for ti = 1, i ≤ 0,
(ii) d(Xti(xi), xi+1) < δ for ti ≥ 1, i = 0, . . . , k − 1,
(iii) xi = Xi(σ2) for ti = 1, i ≥ k.

Then, the sequence {(xi, ti) : ti ≥ 1, i ∈ Z} ⊂ C(X) is a (δ, 1)-pseudo-orbit
of X. Since X has the eventual shadowing property on a locally maximal set
C(X), there are a point z ∈ C(X), tk ∈ R and an increasing homeomorphism
h : R→ R with h(0) = 0 such that

d(Xh(t)(z), Xt−s−k−i(x−k−i)) < ε, s−k−i < t < s−k−i+1, and(5)

d(Xh(t)(z), Xt−sk+i(xk+i)) < ε, sk+i < t < sk+i+1,(6)

where s−n = −t0−t−1−· · ·−t−n−· · · , s0 = 0, and sn = t0 +t1 + · · ·+tn+ · · · .
Note that by the construction of the (δ, 1)-pseudo-orbit {(xi, ti) : ti ≥

1, i ∈ Z}, we know sk+i = sk + i and s−k−i = −k − i for i ≥ 0. Since
Xt−s−k−i(x−k−i) = Xt+k+i(X−k−i(σ1)) = Xt(σ1) = σ1, by (4), we know
that

d(Xh(t)(z), Xt−s−k−i(x−k−i)) = d(Xh(t)(z), Xt(σ1)) = d(Xh(t)(z), σ1) < ε

for all t < 0. Then, we have Orb(z) ∩Wu(σ1) 6= ∅.



EVENTUAL SHADOWING FOR CHAIN TRANSITIVE SETS 1073

Since Xt−sk+i(xk+i) = Xt−sk−i(Xi(σ2)) = Xt−sk(σ2) = σ2, by (5), we
know that

d(Xh(t)(z), Xt−sk+i(xk+i)) = d(Xh(t)(z), Xt−sk(σ2)) = d(Xh(t)(z), σ2) < ε

for all t > k. Then, we have Orb(z) ∩W s(σ2) 6= ∅. Thus, Orb(z) ∩Wu(σ1) ∩
Wu(σ2) 6= ∅. Similarly, we have W s(σ1) ∩Wu(σ2) 6= ∅.

Case 3. We consider that σ ∈ C(X)∩Sing(X) and p ∈ γ ∈ C(X)∩Per(X)
are hyperbolic. This proof is similar to those of Cases 1 and 2. Thus, we have
W s(σ) ∩Wu(γ) 6= ∅ and Wu(σ) ∩W s(γ) 6= ∅. �

Lemma 3.2 ([57, Lemma 7]). There is a residual set R0 ⊂ X(M) such that
given any chain transitive set C(X) of X ∈ R0, if C(X) is locally maximal
and W s(γ) ∩ Wu(η) 6= ∅ for any hyperbolic γ, η ∈ C(X) ∩ Crit(X), then
C(X) ∩ Sing(X) = ∅.

Lemma 3.3 ([57, Theorem 9]). There is a residual set R1 ⊂ X(M) such that
given any chain transitive set C(X) of X ∈ R1, if C(X) is locally maximal and
W s(γ) ∩Wu(η) 6= ∅ for any γ, η ∈ P (X), then C(X) is a transitive hyperbolic
set.

We say that X ∈ X(M) is Kupka-Smale if every p ∈ Crit(X) is hyperbolic
and its invariant manifolds intersect transversely. Denote by KS the set of
Kupka-Smale vector fields. It is known that KS is a residual set of X(M) (see
[23]).

Proof of Theorem B. Let X ∈ R0 ∩ R1 ∩ KS and C(X) be a locally maximal
chain transitive set of X. Suppose that X has the eventual shadowing property
on C(X). Since X ∈ KS and C(X) is locally maximal, every critical point in
C(X) is hyperbolic. Since X has the eventual shadowing property on C(X),
by Lemmas 3.1, 3.2, and 3.3, we know C(X) ∩ Sing(X) = ∅, and C(X) is
transitive hyperbolic. �

4. Conservative systems

4.1. Volume-preserving diffeomorphisms

Let M be a closed smooth manifold with dimM ≥ 3, let µ denote the
Lebesgue measure induced by the Riemannian volume form on M , and let
Diffµ(M) denote the set of volume-preserving diffeomorphisms defined on M .
Consider this space endowed with the C1 Whitney topology. For a point x ∈M,
we say that x is a nonwandering point if, for any neighborhood U of x, there
is n ∈ Z such that fn(U)∩U 6= ∅. Denote by Ω(f) the set of all nonwandering

points of f. It is clear that P (f) ⊂ Ω(f), where P (f) is the set of periodic

points of f , and P (f) is the closure of P (f). We say that f satisfies Axiom A

if Ω(f) = P (f) is hyperbolic. In the volume-preserving case, by the Poincaré
Recurrence Theorem, we have Ω(f) = M . Thus, if f satisfies Axiom A, then
f is Anosov.
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Lemma 4.1 ([12, Theorem 1.3]). There is a residual set T1 ⊂ Diffµ(M) such
that for any f ∈ T1, f is transitive.

We say that f ∈ Diffµ(M) is Kupka-Smale if every periodic point is hyper-
bolic and its invariant manifolds intersect transversely. Robinson [58] showed
that the set of Kupka-Smale volume-preserving diffeomorphisms is a C1-residual
subset of Diffµ(M). Denote by Kµ the Kupka-Smale volume-preserving diffeo-
morphisms. The following lemma was proved by Bessa, Lee, and Wen [11].

Lemma 4.2 ([11, Proposition 2.4]). There is a residual set T2 ⊂ Diffµ(M) such
that for any f ∈ T2, if there is g C1 close to f such that g has two hyperbolic
periodic points p, q with different indices, then f has two hyperbolic periodic
points pf , qf with different indices.

Lemma 4.3. There is a residual set T3 ⊂ Diffµ(M) such that for any f ∈ T3,
if f has the eventual shadowing property, then there is δ > 0 such that for any
p ∈ P (f), p is not a δ weak hyperbolic periodic point.

Proof. Let f ∈ T3 = T1 ∩ T2 ∩ Kµ have the eventual shadowing property.
Suppose, by contradiction, that for any δ > 0, there is p ∈ P (f) such that p is
a δ weak hyperbolic periodic point. Since f ∈ T1, f is transitive, and so it is
chain transitive. As in the proof of Lemma 2.8, there is g C1 close to f such
that g has two hyperbolic periodic points p and q with index(p) 6= index(q).
Since f ∈ T3, by Lemma 4.2, f has two hyperbolic periodic points pf and
qf with index(pf ) 6= index(qf ). Since f is chain transitive and f has the
eventual shadowing property, as in the previous section for Lemma 2.4, we
have W s(s) ∩Wu(r) 6= ∅ and Wu(s) ∩W s(r) 6= ∅ for any s, r ∈ P (f). Since
f ∈ Kµ, index(s) = index(r) for all s, r ∈ P (f). This is a contradiction. Thus,
if f ∈ T3 has the eventual shadowing property, then every p ∈ P (f) is not a δ
weak hyperbolic periodic point. �

Lemma 4.4 ([11, Lemma 2.8]). There is a residual set T4 ⊂ Diffµ(M) such
that for any f ∈ T4, for any δ > 0, if any C1 neighborhood U(f) ⊂ Diffµ(M),
there is g ∈ U(f) and a hyperbolic p ∈ P (g) such that p is not a δ weak
hyperbolic periodic point, then there is a hyperbolic pf ∈ P (f) such that pf is
not a 2δ weak hyperbolic periodic point.

We say that f ∈ Diffµ(M) is a star if there is a C1 neighborhood U(f) ⊂
Diffµ(M) such that for any g ∈ U(f), every p ∈ P (g) is hyperbolic. Denote
by Fµ(M) the set of all star diffeomorphisms. Newhouse [55] proved that if
f ∈ Fµ(M) and dimM+2, then f is Anosov. For any dimensional case, Arbieto
and Catalan [7] proved that if f ∈ Diffµ(M) is a star, then it is Anosov.

Theorem 4.5 ([7, Theorem 1.1]). Let f ∈ Diffµ(M). If f ∈ Fµ(M), then f is
Anosov.

Theorem C. For C1-generic f ∈ Diffµ(M), if f has the eventual shadowing
property, then it is Anosov.
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Proof of Theorem C. Let f ∈ T3 ∩ T4 have the eventual shadowing property.
If f ∈ Diffµ(M) is a star, then it is Anosov. To prove this, it is enough to
show that f ∈ Fµ(M). By contradiction, we may assume that f 6∈ Fµ(M).
Then, for any δ > 0, there is g C1 close to f such that g has a periodic point
p that is a δ/2 weak hyperbolic periodic point. Since f ∈ T4, f has a periodic
point pf that is a δ weak hyperbolic periodic point. This is a contradiction,
since f ∈ T3 ∩ T4 has the eventual shadowing property. By Lemma 4.3, every
p ∈ P (f) is not a δ weak hyperbolic periodic point. Thus, if f ∈ T3 ∩ T4 has
the eventual shadowing property, then it is Anosov. �

4.2. Divergence-free vector fields

Let M be a closed smooth manifold with dimM ≥ 4 and let µ denote the
Lebesgue measure induced by the Riemannian volume form on M . Consider
this space endowed with the C1 Whitney topology. Given a Cr (r ≥ 1) vector
field X : M → TM , the solution of the equation x′ = X(x) generates a Cr

flow Xt; by the other side, given a Cr flow, we can define a Cr−1 vector field

by considering X(x) = dXt(x)
dt |t=0. We say that X is divergence-free if its

divergence is equal to zero, that is, ∇ ·X = 0 or equivalently, if the measure µ
is invariant for the associated flow.

Let Xµ(M) denote the space of C1 divergence-free vector fields and consider
the usual C1 Whitney topology on this space. Bessa et al. [11] proved that C1-
generically, if a divergence-free vector field X is expansive, then it is Anosov.

Lemma 4.6 ([9, Theorem 1.1]). There is a residual set S1 ⊂ Xµ(M) such that
for any X ∈ S1, X is transitive. Moreover, it is mixing.

We say that X ∈ Xµ(M) is Kupka-Smale if any element of Crit(X) is
hyperbolic and its invariant manifolds intersect transversely. Robinson [58]
showed that the set of Kupka-Smale divergence-free vector fields is a C1-residual
subset of Xµ(M). Denote by KSµ the Kupka-Smale divergence-free vector
fields.

Lemma 4.7. There is a residual set S2 ⊂ X(M) such that for any X ∈ S2, if
X has the eventual shadowing property, then Sing(X) = ∅.

Proof. Let X ∈ S2 = S1 ∩ KSµ have the eventual shadowing property. Since
X ∈ S1, X is transitive, and so X is chain transitive. Since X ∈ KSµ, as in
the proofs of Lemma 3.1 and [57, Lemma 7], for any p, q ∈ Crit(X), we have
W s(p) ∩Wu(q) 6= ∅ and Wu(p) ∩W s(q) 6= ∅, and therefore Sing(X) = ∅. �

Lemma 4.8. For X ∈ S2, if X has the eventual shadowing property, then for
any γ, η ∈ Per(X),

index(γ) = index(η).

Proof. Let X ∈ S2 have the eventual shadowing property. Since X is chain
transitive, as in the proof of Lemma 3.1, for any hyperbolic γ, η ∈ Per(X), we
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have

W s(γ) ∩Wu(η) 6= ∅, and Wu(γ) ∩Wu(η) 6= ∅.
Since X ∈ KSµ, W s(γ) t Wu(η) 6= ∅, and Wu(γ) t Wu(η) 6= ∅, and so
index(γ) = index(η). �

Lemma 4.9 ([11, Lemma 4.4]). There is a residual set S3 ⊂ Xµ(M) such that
for any X ∈ S3, if for any C1 neighborhood U(X) there are Y ∈ U(X) and two
hyperbolic periodic orbits γ, η ∈ Per(Y ) such that index(γ) 6= index(η), then
X has two hyperbolic periodic orbits γX , ηX ∈ Per(X) such that index(γX) 6=
index(ηX).

Lemma 4.10. There is a residual set S4 ⊂ Xµ(M) such that for any X ∈ S4,
if X has the eventual shadowing property, then there is δ > 0 such that every
p ∈ γ ∈ Per(X) is not a δ weak hyperbolic periodic point.

Proof. Let X ∈ S4 = S2 ∩ S3 have the eventual shadowing property. Suppose,
by contradiction, that for any δ > 0 there is a point p ∈ γ ∈ Per(X) such that p
is a δ weak hyperbolic periodic point. Then, by [11, Lemma 4.6], there is Y C1

close to X such that Y has two orbits γ, η ∈ Per(Y ) with index(γ) 6= index(η).
Since X ∈ S3, X has two orbits γX , ηX ∈ Per(X) with index(γX) 6= index(ηX).
Since X has the eventual shadowing property, by Lemma 4.8, index(γX) =
index(ηX). This is a contradiction. �

Lemma 4.11 ([11, Lemma 4.9]). There is a residual set S5 ⊂ Xµ(M) such that
for any X ∈ S5, if for any C1 neighborhood U(X) of X, there are Y ∈ U(X)
and p ∈ γ ∈ Per(Y ) such that p is a δ weak hyperbolic periodic point, then
there is a p ∈ γf ∈ Per(X) such that pf is a 2δ weak hyperbolic periodic point.

A divergence-free vector field X ∈ Xµ(M) is said to be a star if there is a C1

neighborhood U(X) of X such that for any Y ∈ U(X), every p ∈ Crit(X) is
hyperbolic. The set of star divergence-free vector fields is denoted by G∗µ(M).
Ferreira [17] proved the following:

Theorem 4.12 ([17, Theorem 1]). Let X ∈ Xµ(M). If X ∈ G∗µ(M), then
Sing(X) = ∅ and X is Anosov.

Theorem D. For C1-generic X ∈ Xµ(M), if X has the eventual shadowing
property, then it is Anosov.

Proof of Theorem D. Let X ∈ S4 ∩ S5 have the eventual shadowing property.
Suppose, by contradiction, that X 6∈ G∗µ(M). Then, for any δ > 0, there

is Y C1 close to X such that Y has a δ/2 weak hyperbolic periodic point
p ∈ γ ∈ Per(Y ). Since X ∈ S5, by Lemma 4.11, pf ∈ γf ∈ Per(X) is a δ weak
hyperbolic periodic point. Since X ∈ S4 and X has the eventual shadowing
property, by Lemma 4.10, this is a contradiction. Thus, if X ∈ S4 ∩ S5 has
the eventual shadowing property, then by Lemma 4.7 and Theorem 4.12, X is
transitive Anosov. �
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[23] I. Kupka, Contribution à la théorie des champs génériques, Contributions to Differential

Equations 2 (1963), 457–484 and 3 (1964), 411–420.
[24] M. Lee, Usual limit shadowable homoclinic classes of generic diffeomorphisms, Adv.

Difference Equ. 2012 (2012), 91, 8 pp. https://doi.org/10.1186/1687-1847-2012-91

[25] , Vector fields with stably limit shadowing, Adv. Difference Equ. 2013 (2013),
255, 6 pp. https://doi.org/10.1186/1687-1847-2013-255

[26] , Volume preserving diffeomorphisms with weak and limit weak shadowing, Dyn.

Contin. Discrete Impuls. Syst. Ser. A Math. Anal. 20 (2013), no. 3, 319–325.
[27] , Orbital shadowing for C1-generic volume-preserving diffeomorphisms, Abstr.

Appl. Anal. 2013 (2013), Art. ID 693032, 4 pp. https://doi.org/10.1155/2013/693032
[28] , Orbital shadowing property for generic divergence-free vector fields, Chaos Soli-

tons Fractals 54 (2013), 71–75. https://doi.org/10.1016/j.chaos.2013.05.013

[29] , Volume-preserving diffeomorphisms with periodic shadowing, Int. J. Math.
Anal. 7 (2013), 2379–2383. http://dx.doi.org/10.12988/ijma.2013.37187

[30] , Asymptotic average shadowing property for volume preserving diffeomorphisms,

Far. East J. Math. Sci. 75 (2013), 47–56.
[31] , The ergodic shadowing property from the robust and generic view point, Adv.

Difference Equ. 2014 (2014), 170, 7 pp. https://doi.org/10.1186/1687-1847-2014-

170

[32] , Robustly chain transitive diffeomorphisms, J. Inequal. Appl. 2015 (2015), 230,

6 pp. https://doi.org/10.1186/s13660-015-0752-y

[33] , Volume-preserving diffeomorphisms with various limit shadowing, Internat. J.
Bifur. Chaos Appl. Sci. Engrg. 25 (2015), no. 2, 1550018, 8 pp. https://doi.org/10.

1142/S0218127415500182

[34] , The barycenter property for robust and generic diffeomorphisms, Acta Math.

Sin. (Engl. Ser.) 32 (2016), no. 8, 975–981. https://doi.org/10.1007/s10114-016-

5123-1

[35] , Locally maximal homoclinic classes for generic diffeomorphisms, Balkan J.

Geom. Appl. 22 (2017), no. 2, 44–49.

[36] , Chain transitive sets and dominated splitting for generic diffeomorphisms, J.
Chungcheong Math. Soc. 30 (2017), no. 2, 177–181. https://doi.org/10.14403/jcms.

2017.30.2.177

[37] , A type of the shadowing properties for generic view points, Axioms 7 (2018),
no. 1, 18 pp.

[38] , Vector fields satisfying the barycenter property, Open Math. 16 (2018), no. 1,
429–436. https://doi.org/10.1515/math-2018-0040

[39] , Asymptotic orbital shadowing property for diffeomorphisms, Open Math. 17

(2019), no. 1, 191–201. https://doi.org/10.1515/math-2019-0002
[40] , Lyapunov stable homoclinic classes for smooth vector fields, Open Math. 17

(2019), no. 1, 990–997. https://doi.org/10.1515/math-2019-0068

[41] , Orbital shadowing property on chain transitive sets for generic diffeomor-
phisms, Acta Univ. Sapientiae Math. 12 (2020), no. 1, 146–154. https://doi.org/10.

2478/ausm-2020-0009

[42] , Topologically stable chain recurrence classes for diffeomorpisms, Math. 8
(2020), 1912.

https://doi.org/10.2969/jmsj/03730489
https://doi.org/10.1186/1687-1847-2012-91
https://doi.org/10.1186/1687-1847-2013-255
https://doi.org/10.1155/2013/693032
https://doi.org/10.1016/j.chaos.2013.05.013
http://dx.doi.org/10.12988/ijma.2013.37187
https://doi.org/10.1186/1687-1847-2014-170
https://doi.org/10.1186/1687-1847-2014-170
https://doi.org/10.1186/s13660-015-0752-y
https://doi.org/10.1142/S0218127415500182
https://doi.org/10.1142/S0218127415500182
https://doi.org/10.1007/s10114-016-5123-1
https://doi.org/10.1007/s10114-016-5123-1
https://doi.org/10.14403/jcms.2017.30.2.177
https://doi.org/10.14403/jcms.2017.30.2.177
https://doi.org/10.1515/math-2018-0040
https://doi.org/10.1515/math-2019-0002
https://doi.org/10.1515/math-2019-0068
https://doi.org/10.2478/ausm-2020-0009
https://doi.org/10.2478/ausm-2020-0009


EVENTUAL SHADOWING FOR CHAIN TRANSITIVE SETS 1079

[43] K. Lee and M. Lee, Divergence-free vector fields with inverse shadowing, Adv. Difference

Equ. 2013 (2013), 337, 7 pp. https://doi.org/10.1186/1687-1847-2013-337

[44] , Shadowable chain recurrence classes for generic diffeomorphisms, Taiwanese J.
Math. 20 (2016), no. 2, 399–409. https://doi.org/10.11650/tjm.20.2016.5815

[45] M. Lee and S. Lee, Generic diffeomorphisms with robustly transitive sets, Commun.
Korean Math. Soc. 28 (2013), no. 3, 581–587. https://doi.org/10.4134/CKMS.2013.

28.3.581

[46] K. Lee, M. Lee, and S. Lee, Hyperbolicity of homoclinic classes of C1 vector
fields, J. Aust. Math. Soc. 98 (2015), no. 3, 375–389. https://doi.org/10.1017/

S1446788714000640

[47] M. Lee, S. Lee, and J. Park, Shadowable chain components and hyperbolicity, Bull.
Korean Math. Soc. 52 (2015), no. 1, 149–157. https://doi.org/10.4134/BKMS.2015.

52.1.149

[48] M. Lee and J. Park, Chain components with stably limit shadowing property are hyper-
bolic, Adv. Difference Equ. 2014 (2014), 104, 11 pp. https://doi.org/10.1186/1687-

1847-2014-104

[49] , Diffeomorphisms with average and asymptotic average shadowing, Dyn. Contin.

Discrete Impuls. Syst. Ser. A Math. Anal. 23 (2016), no. 4, 285–294.

[50] , Vector fields with the asymptotic orbital pseudo-orbit tracing property, Qual.
Theory Dyn. Syst. 19 (2020), no. 2, Paper No. 52, 16 pp. https://doi.org/10.1007/

s12346-020-00388-z

[51] K. Lee and X. Wen, Shadowable chain transitive sets of C1-generic diffeomorphisms,
Bull. Korean Math. Soc. 49 (2012), no. 2, 263–270. https://doi.org/10.4134/BKMS.

2012.49.2.263

[52] G. Lu, K. Lee, and M. Lee, Generic diffeomorphisms with weak limit shadowing, Adv.
Difference Equ. 2013 (2013), 27, 5 pp. https://doi.org/10.1186/1687-1847-2013-27
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