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LONG TIME BEHAVIOR OF SOLUTIONS TO SEMILINEAR
HYPERBOLIC EQUATIONS INVOLVING STRONGLY
DEGENERATE ELLIPTIC DIFFERENTIAL OPERATORS

DuoNG TRONG LUYEN AND PHUNG THI KiM YEN

ABSTRACT. The aim of this paper is to prove the existence of the global
attractor of the Cauchy problem for a semilinear degenerate hyperbolic
equation involving strongly degenerate elliptic differential operators. The
attractor is characterized as the unstable manifold of the set of stationary
points, due to the existence of a Lyapunov functional.

1. Introduction

The understanding of asymptotic behavior of dynamical systems is one of
the most important problems of modern mathematical physics. One way to
attack the problem for a dissipative dynamical system is to consider its global
attractor. The existence of global attractors has been proved for various nonlin-
ear dissipative parabolic and hyperbolic PDEs that contains elliptic operators
(see, for example [2,4,5,23,24,26] and the references therein).

One of the classes of degenerate elliptic equations that has been studied
widely in recent years is the class of equations involving strongly degenerate
elliptic differential operators (see [27])

Pag =0+ Ay + |2y’ AL, a,8>0.

Note that Py = A is the Laplacian operator and P, g, when o, 8 > 0, is
not elliptic in domains intersecting the surface x = 0 and y = 0. Many as-
pects of the theory of degenerate elliptic differential operators are presented in
monographs [30,31] (see also some recent results in [11-21,27-29]).
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In this paper we are interested in the global existence and the long-time
behavior of solutions to the following problem

(1) utt+Aut+7(X)u:Pa7ﬁu+f(X)u)7 t>0a
X = (z,y,2) € RM x RM x RN2 .= RV,
(2) w(X,0) = up(X),us(X,0) = up (X),

where X is a positive constant, ug(X) € SQ(RN) up(X) € L*(RY) and

82
Za 23 Za 27 ZGQ’Ut:: tauttzzaitga

B
N
|| 2 = (Zm ) PP =D "y7 | Nas = Ni+Nat(1+a+B)Ns > 2.
j=1

We assume that v : RV — R and f(X,€) : RY x R — R satisfy the following
conditions:

i) v : RV — R is a measurable function with the following properties:

(i1) For every 6 € (0, 00) there is a Cy € (0, 00) such that for all u € S3(RY),

(3) (X [u(X)[PdX < 0 ||ul32 gy + Co l[ull 7 -
RN !
(i2) There is a Ag > 0 such that for all u € S?(RY),
(4) Vo sul ey + [ ACOMPAX >l Fageny -

i) f:RY xR = R, (X,¢) — f(X,¢) satisfies Carathéodory condition,
i.e., for every £ € R the map X — f(X, &) is Lebesgue measurable and for a.e.,
X € RY the map ¢ — f(X,€) is continuous. The canonical primitive of f is
defined by

£
F(X.6) = /0 F(X,7)dr

and f satisfies the following properties:

(f1) f(X,0) = h(X) € L*(RY);
(f2) For all X € RY and &, & € R such that

(5) (X, &) = [(X, &)
< Cilés — &I (900) + 617 +16l?) with 0<p < ——
a,f 2
and g : RV — R is a measurable function such that for all u € S3(RY),

(6) / g OP(X)PAX < G e,

where C, Cy are positive constants.
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(f3) There are measurable functions g, g2 : RY — R, 1,92 € L'(RY) such
that

(7) F(X,6)¢ < gi(X) for ae., X e RV, £ €R,
(8) F(X,€) < go(X) for ae., X e RV £ € R.

The major techniques that seem to be valid to get a global attractor in the
natural energy space H'(R™) x L?(R¥) are: working with a weighted Sobolev
space as phase space and using the method of “tail estimates” see in [3,9,10,32].

We would like to mention the results for the case a = = 0,v(X) = 1. The
existence of a global attractor in H(R3) x L?(R3) for the problem (1)-(2) was
proved by Feireisl [8] for £ — f(X, &) = F(X, &) satisfying for Ny := N = 3 the
growth condition

F e C*R?Y), F(-,0) € HY(R?), ‘er(x,())’gc for all X € R3,

0?F .

e (X g)‘ <c(1+]¢) forall X cR%EER,
lim inf M >0 uniformlyin X € R3
RIS

and
(sr(X, €) - F(X, 0))5 >0 forall € €R,|X|>r,C > 0.

Fall [7] used the method of “tail estimates” and showed the existence of a
global attractor in the natural energy space H'(RY) x L2(R¥) for the problem
(1)-(2) (when o = 8 = 0,7(X) = 1) under strictly restrained conditions

£ = [(X,6) =€+ g1(6) — 92(X), 92(X) € L*RY),
g1 € C'(R,R), g1(0) =0, g1()¢ = CG1(€) 20, VE €R,
91(§)

0 < limsup
[§]—+o0

< 00,

where C'is a positive constant and G (&) = f(f g1(7)dr.

Very recently, in [18] the authors studied the existence of the global attractor
of the Cauchy problem for a semilinear degenerate damped hyperbolic equation
involving the Grushin operator with a locally Lipschitz nonlinearity satisfying
a subcritical growth condition.

In the present paper, by using the analytical techniques of [10,33] and the
method of “tail estimates”, we prove that there also exist global attractors of
the problem (1)-(2) in the natural energy space S3(R™) x L?(RY) under the
conditions i) and ii).

The structure of our note is as follows: In Section 2 we give some preliminary
results on the existence of global mild solutions. In Section 3 we establish the
existence of the global attractor for the problem (1)-(2). In the last section, we
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prove the existence of a global attractor which is characterized as the unstable
manifold of the set of stationary points.

2. Existence and uniqueness of a global mild solution
2.1. Function spaces and operators

We use the space S?(RY) defined as the completion of C§°(RY) in the norm

1
2
Jullgs oy = { [ (1 4 19?) dX} ,
RN

where Vo gu = (2,0, o2, 2 g2 falolylP 2 Jafely)P 2 ),

and
1

Ny N3 N3 2
ou |2 ou |2 Ou |2
Vot <§_ Joel + Xl ey |5
i=1 Jj=1 =1
Then S?(RY) is a Hilbert space with the inner product

(va)sf(nw) = (4, v)2&n) + (Va,u, Va,g0) L2 @n).
The following embedding inequality was proved in [1]

%
(/RN |ude> < C(p) HUHSf(JRN) '

where 2 <p <27 5 = ]\ZINZ'_%, C(p) > 0.

We denote by LE(RY) the set of all measurable functions u : RY — R such
that

lull @y = sup </ U(X)I”dX> <0,
YeRN \ JB(Y)

where Y e RN and BY) ={X e RV : Y < X <Y +1.,1. = (1,1,...,1)}.
The following lemma contains a condition ensuring that ~y satisfies the con-
dition (Zl)
Lemma 2.1. Let p > 1 and ¢ : RN — R be a measurable function such that
¢ € LE(RY).
(i) If p > N‘;B , then there is a C' € (0,00) such that

/RN (X)) |Ju(X)PdX < C ||u\|§%(RN) for all u € S3(RV).

(i) If p > N;’B , then for every 6 € (0,00) there is a constant Cy € (0, 00)
such that

/ L CONu(X)PAX < 0 lullgn) + Collul o for all u € SHRY).
R
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Proof. There is a family (Y;);en of points in RY such that RY = Ujen B(Y;)

Y,
and the sets B(Y;), j € N, are pairwise non-overlapping. Write B; = B (Y)
Jj €N. Let p" =p/(p—1). Since p > Ny 5/2 we have 2p’ < 27 4. Let C(2p') b
the best constant of the imbedding S2(B) — L%’ (B) where B = By (0). Then7
by translation, C(2p’) is the best constant of the imbedding S3(B;(Y)) —
L¥'(B;(Y)) for any Y € RN. Let u € S3(RY) be arbitrary. Then

[, el pax - Z/ X)l[u(X)[2dX

jeN
<Z</ PdX> (/ u(x >|2de>
jEN B B;
<ol X [, oo ax)
JjEN B,
< [l Lz ey C*( QPI)Z ||U||§’;‘(B

jEN
2
= ||¢||L';(RN) 02(21’7/) ||U||s’;‘(RN) :

Hence (i) holds. If p > N, g/2 we may choose ¢ such that 2p’ < g and ¢ < 255
We may then interpolate between 2 and ¢ and so, for every 6 € (0,00) there is
a constant Cy € (0,00) such that for all j € N,u € S}(RY)

(/ \u(X)FP'dx)W < 9(/ |u(X)|qu)E +09(/ \u(X)Fdxf
< 60(q) [[ullsz s, + Co lul 2

Hence

([ Wx)Pax)” < 20°C%q) Il s, + 263 lulfacs,)
B 1 J J

J

Thus, by the above computation,

[ EOIEOPAX < olugan 3 ( [, o dx>

jeN

.
Y

IA

81l p ) 229202 H“Hs?(B + 20§ HU”L2
JEN

= ||¢||L5(RN) <29202(Q) HU”;f(RN) +20§ u||2L2(RN)>-

Now an obvious change of notation completes the proof of the second part of
the lemma. (I
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Lemma 2.2. Assume i), let 0 < k < \g,0 < 6 < 1. Then for all u € S?(RY)
G lullgmy < 1apullan) + [ ACORGOPAX = & [alxm
< 6'\2 ||UH§§(RN) )

where C; = min{(\o — k)(1 — 0)/2(Ao + 0 + Cp), (Ao — £)/2}, Ca = max{1 +
0,0+ Cp}, and 6,Cy are as in (3).

Proof. This is just a simple computation. O
From Lemma 2.2, we have:
Lemma 2.3. Assumei). For u,v € S}(RN) define
((Uav))gf(nw) = (Va,ﬂuvva,ﬁv)m(nw) + (7u7v)L2(]RN)-

Then ((+,-))s2r~y is a scalar product on S2(RYN) and the norm defined by this
scalar product is equivalent to the usual norm on S3(RY).

UZ(Z)’ A:<Pa7ﬂ—07(x)1 é)

FU)X) = ( —\w(X) +0f(X,U(X)) ) o= ( " )

where I is the unit operator on S?(R"). Then the problem (1)-(2) can be
formulated as an abstract evolutionary equation

‘We put

(9) Yo av+ rw),

We set H = S2(RY) x L2(RY). We regard H as a Hilbert space with the inner

product
— u B B
(U,U)u = ( ( v ) ; ( ) ) = ((u, 1))z mry + (v, 0) L2(rN)-
The domains D(A) of A is given by

D(A) = {( :j ) s, v € SHRNY); P gu— y(X)u € L2(RN)} .

Lemma 2.4. The adjoint A* of A is given by

. 0 I
A __(Pa,ﬁ_’\/(X)I O)

SRS

with

D) = { (X )i xw SR Pax - 100 e 2R
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Proof. The proof is similar to the one of Lemma 1 in [17]. We therefore omit
the details. O

2.2. Global solutions

Lemma 2.5. Suppose that f(X,&) satisfies the conditions ii)(f1) and ii)(f2).
Then
a) The Nemytskii map

[ S3(RYN) — L2(RYN)

ur— f(u)(X) = f(X,u(X))
is Lipschitzian on every bounded set of S2(RY).
b) The map
ff:H—H
U= 1U) = ( “M(X) +(;”(X,U(X)) )
is Lipschitzian on every bounded set of H.

Proof. This is just a simple computation use the Sobolev embedding and the
Hoélder inequality. ([l

Lemma 2.4 together with Theorem 10.8 (p. 41) in [22] imply that A generates
a Cy-semi-group et on H.

Definition (see [25]). Let T > 0, T € R. A (strongly) continuous mapping
U:[0,T) — H is said to be a mild solution of the problem (9)-(10) if it solves
the following integral equation

¢
U(X,t) = e Uy + / e (U (s))ds, tel0,T).
0
If U is (strongly) differentiable almost everywhere in [0,7) with U; and AU

in L}, .([0,T), H), and satisfies the differential equation

d7U a._e.
da
then U is called a strong solution of the problem (9)-(10).

AU + f*(U) on (0,T), and U(0) = Uy,

Using Lemma 2.5 and Theorem 46.1 (p. 235), Theorem 46.2 (p. 236) in [25]
it is not difficult to establish the following

Proposition 2.6. Assume i) and ii). Then for any R > 0 and Uy € H such
that ||Uol|; < R, there exists T = T(R) > 0 such that the Cauchy problem
(9)-(10) has a unique (mild) solution U(t) in H satisfying

t
U(X,t):eAtUoJr/ A=) (U (s))ds, tel0,T),
0
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on the time interval [0,T). The solution can be extended to a mazimal life span
[0,7), and we have either T = 400 or lim ||U(t)|, = +oo.
t—71—

From conditions ii)(f1) and ii)(f2) we obtain

F(X,9)] < Cg(X)Ie + g2 + £, 0)lg])-

Hence
[ PG wiax e [ (GOl + P+ Ol )
RN RN
< Cu (Il + 16l 5 ny + 1Al ey Nl ey )
= $2(RN) L2+e(RN) r2®~) 142 ®)
(11) < 400

for all u € S}(RY).

Lemma 2.7. Assume i) andii). Then any solution u(t) of the problem (1)-(2)
satisfies

2 2
(12) [ullse @y + luellpo @y < M, VE=0,

where M is a constant depending only on v(X), g(X), g1(X), g2(X) and R when
||u0“§f(RN) + ||u1||2L2(RN) S R

Proof. Let U(t) be the solution of the problem (9)-(10) with the initial condition
Uy. Define

Bult),we(0) = [V elagamy + [ OGOMOOPAX + el ey
Letting x, 60 in Lemma 2.2 be fixed, we have, for ¢t > 0,
(13) G (Il ey + el F ey ) < BCu®), ui(t))

< Co (Il + leallF oy )
where
C5:min{01,1}, ngmaX{Cg—l—,%,l}.

Taking an inner product of (1) with u.(X,t) in L?(RY) and integrating over
[0,t] with respect to time, we get

(1) B )+ A [ ), o
- %E(U(O),ut(O))Jr / F(X,u(X,0)dX — [ F(X,u(X,0))dX
RN RN

S B((0), u(0) +

IN

/ F(X,u(X,0))dX
]RN

+ /R F(Xu(X, £)dX.
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From (11) and (8), we have the following basic inequalities:

[ IFCE (X 0] < Cr oy e,
]RN

/ F(X,u(X,t)dX < / g2(X)dX.
]RN ]RN

Hence

3P0, (1) < 5B, 0(0) + Cr Juolan, + [ w(X)dX,

DN | =

or
2 2
el oy + el Zany < M, V2 > 0. 0

Remark 2.8. From the proof of Lemma 2.7, we have a byproduct: let B be a
bounded subset in H, then there exists a constant Cg = C(B) such that for
any solution U = (u(t), u:(t)) with initial data (ug,u1) € B and for any t > 0,

t
(15) /0 ||ut(7—)“i2(RN) dr < Cs.

Theorem 2.9. Assume i), ii) and Uy € H. Then the problem (1)-(2) has a
unique global solution U € C([0,00); H). Moreover, for each fixed t the map
Uop — S(t)Up :=U(t) is continuous on H.

Proof. The proof is just a simple modification of the proof of Theorem 2.6 in
[18]. O

3. Existence of a global attractor in S?(RY) x L%(RY)

In view of Theorem 2.9, we can define a continuous semigroup S(¢) : H — H

as follows
S(t)Uo = U(2),

where U (t) is the unique global mild solution of the problem (1)-(2) subject to
Uy as the initial datum.

From Lemma 2.7, the semigroup {S(¢)}:>0 is ultimate bounded in the sense
for any bounded subset B in H, there exists a bounded subset B in H, which
depends on B such that

(16) U swscs.

>0
Lemma 3.1. Assumei), ii) and B is a bounded subset in H. Then any solution
Ut) = (u(X,t),u(X,t)) of the problem (9)-(10) with initial data Uy € B
satisfies
(17)

1
lim

T
= X)) X, )2+ |Vapu(X, t)?)dXdt=0,
cdm [ (OO D T st 0F)
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where
1
‘Xla,ﬁ — |x|2(1+a+6) + ‘y|2(1+a+6) + (1 Lo+ /6)2‘2|2:| 2(1+a+ﬁ).

Proof. Choose a smooth function 9 such that 0 < d(s) <1 for s € RT and

I(s)=0 for0<s<1; I(s) =1 fors>2.

Then
2(14+a+8) 2(1+a+p)
Y. 0 |X|a,5 B 1 5 ‘X|a,,3 v |X‘2(1+a+ﬁ)
o, R2(+atp) | — R2(tath) R2(+a+h) Bl a,p J
where

Vsl X250 = 2(1 + a + B) (x1|x|2<a+ﬁ>, T |2t
ylyP Oy [Pt (1 4 a+ B) |2 |y 1,
L+ at Byl 2, ),
hence
aﬁLXW31+a+ﬁw2
=4(1+a+p)° [le‘“‘”ﬁ)“ + MO L (14 a + B)?[2P 2|y [P .

Notice that there exists a constant Cy > 0 such that |¢/(s)] < Cy for s € RT
and if ‘Xli(1ﬁ+a+6) < R2(1+o<+/3)’ then

‘V 2(1+a+5)‘

Vi2 G

(18) (1+o¢+5)=R.

R2(1+a+8) - R

2 tats)
Taking an inner product of (1) with 2 (W) u in L2(RY), and inte-

grating over [0, T] with respect to time ¢, we get

2(1+a+p)

(19) / /RN ugud)? (M) dxde
X Prath)
—&-A/ /RN upud)? ( R2({ia+6) )dth
|X|2(1+a+/3) ,
e ( Mo ) axar

X 2(1+a+ﬁ)
2
/ RNPﬁgm? ( FE 1+a+ﬁ) >udth
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2(14a+p)
o8 > axdt.

! |
2
" /o o 00 <Rz<1+a+a>

But
|2(1+a+5)
b > ud X dt

/ /RN gt <R2(1+a+ﬂ)
) 2(,18+a+/3)
/ /Rwﬁ (Rzuaw)> |V o pul2dX dt
2(1+a+6)> /<|X|i(’}3+a+ﬂ)>

R2(1+a+ﬁ)/ /RN <R2 (1+a+p) R2(1+a+8)
uVa.g |X| (1+a+p) Vo sudXdt

X[2(Lrects)
2
/ /RN 0 ( RQ?lia+B) ) |V pul®dXdt = I,

2(1+a+/3)
4 ( i ) ugud X dt
N

"R2(+a+B)

R

(1+a+8)
1 (T (d ) |X|i,/3 2
5/0 (dt/uwﬁ <R2(1+a+ﬁ) [u(X, t)[7dX |dt
X[2(LFet?) 2
lu(X,T)*PdX

|
2
L7 <Rz<++m
‘X|2(1+a+5)
) |u(X, 0)|2dX‘ = I,

2
L <R(++ﬁ)

1
2

|2(1+a+5)

|
RN (X, ulX, 9" ( R2(1+a+5)
|X|2(}3+a+/3)
2 a,
/R (X T)u(X, T)9 <W> =

|X|2(1+o¢+6)
0,3 ) e

2
_/RN s (X, 0)u(X, 0)0 <Rz(1+a+5)
| (1+a+p)

X
2
/ /RN lur (X, 1) | 9 ( R2(1+a+8)

) dXdt

) dXdt

1289
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|2(1+a+ﬁ)

1 o [ 1X o.f
§(||U( )||H+ ”UOHH / / lue (X, )20 <W) dXdt = I,
T , |X|(2x(,16+a+ﬁ)
/0 . F(X wud <R2(1+a+6) )dth
) ‘ |2(7}3+(¥+,5)
STANﬁMW9<Beme>dX=M-

Then (19) becomes

|X| (14+a+p)
2
(20) / /RN ( RQ(HQW) >u dXxdt
1+o+p)

2 o, 9
/ /Rwﬂ <R2(1+a+ﬁ)> |V pul?dXdt

< hL+1+ 13+ 14
Applying the result of Lemma 2.7 and (15), we have

(21) Iy + I3 < Chp.
Applying Hoélder’s inequality and Sobolev inequality, we have
cnuT
(22) L] < }; .
From (7), we obtain
(23) Iy < CﬁT/ g1(X)dX.
|X|a,p>R

From (21), (22) and (23), we obtain

|X| (1+a+8)
2
(24) / /RN ( R2<1+a+m )u dXxdt

2(14+a+8)
2 a B 2
C T
scm+%T/ g(X)dX + ==
Xlpoh R
|X\2<1+Q+B)
On the other hand, since ¥ (M) uw(X,t) € S(RY), from Lemma 2.2,
we have
(25)

2(1+a+8) 2(1+a+p3)
X)? Ko 24X Vas| 9 X5 *ax
[ A0 Gty | WX+ | (Ve |0 Tt ) o]
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2(14« 2(14+«
>0 92 M 24X + ‘v 9 M 'ZdX
=1 - R2(1+a+8) u . a,pB R2(+a+8) u :

We get
|X i(’lﬁJraJrB) 9
) Jon [P (79 (w) “)l ax
9 ‘ |i(’;+a+ﬁ) Cii
§2/RN19 <W> [Vagul?dX + 2.
From (24), (25) and (26), we obtain

2(1+a+p8)

2 a B 2
(1+a+ﬁ) 9
/ /]RN ‘Vwﬂ( ( R2( 1+a+5) )u)‘ dxdt

CuT Ci5T
< Ci2+ C13T/ g1(X)dX + H 152 .
|X|as>R R R

From (27) and (1

(15)

1 T

lim — X, t)[? X, t)]* 4 |Va,pu(X,t)]*)dXdt = 0.
im0 (DR (0P + Va0 .

, we have

Lemma 3.2. Assume i), ii), and U,, = U in H. Then for everyt >0
(28) SH)U, —= St)U in H.

Proof. The proof is similar to the one of Lemma 1 in [10]. We therefore omit
the details. O

Lemma 3.3. Assume i), ii) and let {U,}52, be weakly convergent to U in H.
Then

29 li li S(T —S(T)U|| 4 = 0.

(29) i Timsup |5( (DU

Proof. Let S(t)U,, = (un(t), unt(t)) be the solution of the problem (9)-(10) with
initial data U, = (u,(0), un(0)) and S(¢t)Uy = (u(t), us(t)) be the solution with
the initial data Uy = (u(0), u(0)). Lemma 2.7 implies

(30) sup |[|S(H)Unll gy < Cie.

t>0,n>0

Taking an inner product of (1) by u;+ 3w in L?(R") and integrating over [0, 7]
with respect to time ¢ yield

(31) ;{ /0 [E(u(t),ut(t))— . f(X,u(X,t))u(X,t)dx}dt}
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1 1
= 5 E((0),u(0) = 5 B(u(T), u(T))

42 / w(X,0)uy(X,0)dX + [ F(X,u(X,T))dX
2 RN RN

al 0)/|% A > A-L ot 24xd
+leu( )\\Lzmzv)—zl\U( )IILQ(RN)+7 - | t

—3/ w(X, T)u(X,T)dX — | F(X,u(X,0))dX.
2 RN RN

Hence

(32) /0 ! {E(u(t),ut(t))— f(X,u)udX} at| < cyr.

RN

Similarly to the case for (32), we also have

(33) /OT {E(un(t),um(t)) - f(X, un)undX} dt| < Cis.

RN

Multiplying (1) by u; and integrating over [t, 7] x R we have
SBD D) ~ [ P T4 [ gy

(34) = %E(u(t),ut(t)) - /RN F(X,u(X,t)dX, 0<t<T.

From (32) and (34), we have

L BT, u (1)) - /R F(X,u(X, T)dX

2
= / el
= */ [ u(t)) — - F(X,u(X,t))dX} dt
SO */ / F(X uXt>>+§f<X,u> Jaxar— S

From (33) and (34), we have

1E(un(T) Ut (T)) _/ F(X,un(X,T))dX

7// ot e el
Cisg

(36) < f/o /]RN (= PO un(X,8) + f(X ) ) dX dt + =
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From (35) and (36), it follows that

%E(un(T), unt(T)) — /RN F(X, un(X,T))dX

A T T 5
= nrl| 72 drdt
w3 [ Tl dr

< ;/OT /RN (F(X,u(X,t)) ~ F(X, un(X, t)))dth
T
N %/0 /RN %(f(X, i, — (X, u)u)dXdt + %E(u(T),Ut(T))

AT 2 Ci7 + Cig
7/RN F(X,U(X,T))dX+ ?/O /t ||UTHL2(RN) det+ T

Similarly Lemma 3.4 in [18], we have for any arbitrary € > 0, there exists Tj
such that

(37) lim supE (un (T'), unt(T)) < E(uw(T),us(T)) + € for all T > Tp.

n——+oo

From Lemma 2.2 and Lemma 3.2, we have the inequality

limsup ||S(T)U,, — S(T)UOHIQLI
n—

+oo

< Crolim supE (un (T) — w(T), unt(T) — u(T))
n—-+oo

= Clglimsup{/ |Va,gun\2dX — 2/ Vagn * Vo gundX
n—-+4oo RN RN

[ Waslax+ [ 00l @Pax
RN RN

9 / (X (Tyu(T)AX + / () [u(T)[2dX

RN
+ [ o FAX =2 [ TyuPax + [l dX}
(38) = Co (171LIEJSF1§£)E(un(T), unt(T)) — E(u(T), ut(T))> .
From (37), (38) yields (29). O

‘We then formulate the main result of the section.

Theorem 3.4. Assume i) and ii). Then the semigroup {S(t)}i>0 associated
with the problem (9)-(10) 4s asymptotically compact in the phase space H, i.e.,
let {U,}521 be a bounded sequence in H and a time sequence {t, }>2 ; such that
t, — 400 as n — 400, then {S(t,)Un 52, is precompact in H.
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Proof. The proof is similar to the one of Theorem 3.5 in [18]. We therefore
omit the details. O

From Theorem 3.4, we have:

Theorem 3.5. Assume i) and ii). Then, the semigroup generated by the prob-
lem (9)-(10) possesses a global attractor in H which is a compact invariant
subset that attracts every bounded set of H with respect to the norm topology.
Example 3.6. Consider the following problem

u Ou 5
(30) @+)\a+u:P%7%ugf(X,u) for X=(z,y,2) € R°, t >0,

u
’U/($7 Y,z 0) :U’O(xv Y, Z)7 E(xa Y,z 0) :ul(x? Y, Z) fOI‘ (.’13, Y, Z) € R37

where ug(z,y,2) € S}(R3),u1(z,y, 2) € L2(R?), X is a positive constant,

Pyyu= 24 T gy O
22 0x2 Oy 022’
and
F(X,u) = {u(%(—i:;{) for u < 1,|X[2 =22 +¢% + 22,
X for u > 1.
We obtain

2 3
— 7—%) for u < 1,

U 1
XL 7*?*5) for u > 1.

Obviously f(X,u)u <0, F(X,u) <0 for all X € R3, u € S?(R?).
It is easily checked that the function f(X,u) satisfies the conditions (f1)-(f3)
in which we can take

N%,% :4, p:2, h(X):O, 01:1, 0221,
1
Q(X)*W, g1(X) = g2(X) = 0.

Applying Theorem 3.5 we conclude that the semigroup generated by the prob-
lem (39) possesses a global attractor in S?(R3) x L?(R3).

4. Gradient system and global attractor

In the section, we will show that the dynamical system (H, S(t)) associated
with the problem (1)-(2) has a strict Lyapunov function ® on the whole phase
space H, and consequently is a gradient system. Considering the asymptotic
compactness of the system and applying the results in [6], we prove the existence
of a global attractor for (H, S(t)) without assuming dissipativity in the explicit
form.

Firstly, let us recall some relevant concepts and two important abstract
results in [6].
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Definition. Let Y C X be a positive invariant set of a dynamical system
(X, S(1)),

e The continuous functional ®(y) defined on Y is said to be the Lyapunov
function for (X, S(¢)) on Y if and only if the function ¢ — ®(S(¢)y) is a nonin-
creasing function for any y € Y.

e The Lyapunov function ®(y) is said to be strict on Y if and only if for all
t > 0 and some y € Y, the equation ®(S(t)y) = ®(y) implies that S(t)y = y
for all t > 0, i.e., y is a stationary point of X, S(¢).

e The dynamical system (X, S(¢)) is said to be gradient if and only if there
exists a strict Lyapunov function for (X, S(t)) on whole phase space X.

Theorem 4.1. Assume that (X,S(t)) is a gradient system which, moreover,
is asymptotically compact. Assume that Lyapunov function ®(u) associated
with the system is bounded from above on any bounded subset of X and the set
®r = {u:P(u) < R} is bounded for any R. If the set of stationary points

N= {U:S(t)u:u} forallt >0
is bounded in X, then (X, S(t)) possesses a compact global attractor.

Theorem 4.2. Let a dynamical system (X, S(t)) possess a compact global at-
tractor on A. Then A = M*(N), where M*“(N) is the unstable manifold defined

as

MUN)= {v eX:u(0)=wv, lim dist(u(t),N)=0,u(t) is a full tmjectory}.

t——o0
Moreover, A consists of all full trajectories T' = {u(t) : t € R} such that
tllzrloo dist(u(t),N) = tilgloo dist(u(t),N) = 0.

Now we give the main conclusion for the present paper. Define the set of
stationary points of H, S(t) and its unstable manifold as

No = {(u,O) €H: _Paﬁu'i_'y(X)u = f(X,u),X € RN}
and

M“(No) = { (o, ur) € H - U(0) = (g, w), lim_dist(U(t), No) = 0,
U(t) is a full trajectory}

respectively. From i) and ii) applying Theorem 3.5, we have Ny # 0.

Theorem 4.3. Dynamical system (H,S(t)) associated with the problem (1)-
(2) possesses a compact connected global attractor A. Moreover, A = M*(Ny)
and it consists of all full trajectories T = {U(t) : t € R} such that

im_dist(U(t),No) =0, lim dist(U(t), No) = 0.
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Proof. Let us define a functional ® on H as follows:

(40)  2(U)= ;<||u|ia(RN) + / (X )uPdX + ||v||iQ<RN>>
— | F(X,u(X,t)dX.
RN
Then from (1) we have
%@(S(t)UO) _ %[%E(u(t),ut(t)) - /R PO u(X0)dx]

2
= —Auel|p2@ny <0,

which means
t
B(S(H)Uo) + A/ tr ()2 e, dr = B(Uo), WU € H,
0

and if ®(S(t)Up) = ®(Uy) for all t > 0 and for some Uy, it entails

t
M ey dr =0, 20
0

This is possible only if S(t)U = (up,0) is a stationary point. So (H,S(t))
admits a strict Lyapunov function ®. It is easy to show that for any U € H

2
O(U) 2 Coo Uy = llg2ll L1 gy -
®U) < Cor U5 + g2l 11 vy -

So ®(U) is bounded from above on any bounded subset of H and the set
®r = {U : ®(U) < R} is bounded for any R. At last, we shall show that Ny
is bounded in H. Taking an inner product of the equation —P, gu + v(X)u =
f(X,u) with u(X) in L?(RY) yields

2
Vo pulagery + [ AEORPAX < ol vy

which implies
lull&@n) < Coa.
From Theorem 3.5, Theorem 4.1 and Theorem 4.2, we get the result. O
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