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a b s t r a c t

The mechanical properties of a-Na3(U0.84(2),Na0.16(2))O4 have been researched using the first-principles
calculations combined with the quasi-harmonic Debye model. The obtained lattice parameters agree
well with the published experimental data. The results of elastic constants indicate that a-
Na3(U0.84(2),Na0.16(2))O4 is mechanically stable. The polycrystalline moduli are predicted. The results show
that the a-Na3(U0.84(2),Na0.16(2))O4 exhibits brittleness and possesses obvious elastic anisotropy. The
hardness shows that it can be considered a “soft material”. Furthermore, the Debye temperature qD and
the minimum thermal conductivity kmin are also discussed, respectively. Finally, the thermal expansion
coefficient a, isobaric heat capacity CP and isochoric heat capacity CV are evaluated through the quasi-
harmonic Debye model.
© 2020 Korean Nuclear Society, Published by Elsevier Korea LLC. This is an open access article under the

CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Since the liquid metallic sodium can be used as the sole coolant
in the liquid metal fast breeder reactor, sodium-cooled fast reactors
are considered a promising option for the fourth-generation nu-
clear reactors [1,2]. However, for these reactors, a safety problem
arises. If the stainless steel cladding breaks, sodium inadvertently
enters and reacts with the (U, Pu)O2 mixed oxide fuel. The potential
reaction between Na and (U, Pu)O2 mixed oxide fuel leads to the
formation of Na3(U, Pu)O4, which we have written as Na3MO4 (M is
U, Pu) for convenience [3]. Na3MO4 can only be studied in special
glove-boxes due to it contains plutonium. The Na-O-U ternary
systems had attracted a lot of attention due to the phase diagram is
isomorphism with (U,Pu)-O-Na diagram, and have similar ther-
momechanical and thermodynamic properties of the Na3UO4 and
Na3(U1-x,Pux)O4 [4e6]. In 1964, Scholder et al. [7] reported a-phase
Na3UO4, which has a face-centered cubic (fcc) structure with
a ¼ 0.477 nm at room temperature. The U and Na atoms are
randomly distributed throughout the cation position. At high
temperature, Marcon et al. [8] reported a second fcc structure of
n, haichuanchenxhedu@163.

by Elsevier Korea LLC. This is an
Na3UO4 (g-phase) with a lattice parameter of 9.56 Å. Bartram et al.
[9] revealed a new structure at 973 K with a ¼ 9.54 Å and the
composition Na5U11O16 (b-phase). However, the x-ray diffraction
pattern of b-Na5U11O16 contains many additional reflection lines.
Lorenzelli et al. [10] pointed out that the correct composition is
Na3UO4, and found a reversible phase transition between the g

phase and b phase at 1348 ± 25 K. O’hare [11] investigated the
enthalpy of formations of a-Na3UO4. Fredrickson et al. [12]
measured the enthalpy of Na3UO4 in the temperature range
298e1200 K using high-precision drop-calorimetric system. Hof-
man et al. [13] investigated the thermal expansion and thermal
conductivity of Na3UO4. The results show that below 773 K, the
compositional differences of the samples have a significant effect
on thermal conductivity and thermal expansion. We have previ-
ously reported the mechanical and thermodynamic properties of
cubic (a-phase) and orthorhombic phase of Na3UO4 (b-phase) [14].
However, as far as we known, no detailed studies for the elastic,
hardness and some thermodynamic properties of a-
Na3(U0.84(2),Na0.16(2))O4 have been reported except the crystal
structure which is investigated by Smith and Illy et al. [15,16]. In
view of these circumstances, in this work, we investigated those
properties of a-Na3(U0.84(2),Na0.16(2))O4 by using the first-principles
calculation combining with quasi-harmonic Debye model.
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2. Calculation methods

In this work, all the first-principles calculations were executed
using the ultrasoft pseudopotential plane-wave method [17]. The
electronic exchange and correlation energy was tackled by the
generalized gradient approximation (GGA) [18] parameterized by
Perdew and his co-worker Burke and Ernzerhof [19]. The valence
electron configurations are 2s22p4 for O, 2s22p63s1 for Na and
5f36s26p66d17s1 for U. The k-points sampling integration over the
first Brillouin zone was employed the Monkhorst-Pack method
with 6 � 5 � 6 special k-point meshes, and the cutoff energy is
700 eV. The Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm
was used to optimize the ground state crystal structure [20e23].

3. Results and discussions

3.1. Cystals structure

The a-Na3(U0.84(2),Na0.16(2))O4 has monoclinic symmetry (space
group P2/c, No. 13), which is isostructural with Na3BiO4 [15,16]. In
a-Na3(U0.84(2),Na0.16(2))O4, the U and Na atom site in 2e Wyckoff
position with a ratio of U/Na ¼ 42/8, three Na atom sites in 2e, 2f
and 2f Wyckoff position, respectively, and two O atom sites in 4g
position (Fig. 1). The calculated atomic positions and lattice
parameter are listed in Table 1 and accompany with the published
experimental data. It can be observed from Table 1 that the opti-
mized lattice parameter are somewhat underestimated compare
with experimental data and the difference are 0.53%, 0.71%, �0.27%
and �0.34%, respectively, indicating that the calculation is reliable.
Therefore, the optimized lattice parameter can be utilized to sub-
sequent calculations.

3.2. Mechanical properties

The “stress-strain” method is used to calculate the elastic con-
stants Cij, which are bound up with the mechanical and dynamical
behaviors of materials. The calculated Cij for a-Na3(U0.84(2),Na0.16(2))
O4 are tabulated in Table 1. The obtained results indicate that
C33>C22>C11, suggesting that a-Na3(U0.84(2),Na0.16(2))O4 should be
more easily compressible along the x axis than the y and z axis.
Furthermore, C44, C55 and C66 are smaller than the C11, C22 and C33,
indicating that a-Na3(U0.84(2),Na0.16(2))O4 is stiffer to compression
strain than to shear strain. On the other hand, it is also worth to
point out that C15, C25, C35 and C46 consist of a negative value. This is
Fig. 1. The structure of a-Na3(U0.84(2),Na0.16(2))O4.
probably due to that a-Na3(U0.84(2),Na0.16(2))O4 single crystal is a
highly anisotropic material. Finally, the magnitudes of C15, C25, C35
and C46 are smaller than others. If they were equal to 0, the crystal
would have had an orthorhombic symmetry. It is a tough task to
measure these four constants by the experiment because it requires
accurate sound velocity measurements on high-quality homoge-
neous crystals with precise orientation. In this work, the value of
C15, C25, C35 and C46 can be obtained by the first-principles calcu-
lations. Unfortunately, to the best of author’s knowledge, there are
no experimental and theoretical data to test our calculated. The
obtained research results in this work could provide useful refer-
ence for future research.

The mechanical stability of material requires that the strain
energy be positive for any homogenous elastic deformation, which
means that the independent Cij should satisfy the generalized Born-
Huang criterion [24,25]:

C2
46 � C44C66 >0 (1)

C11C
2
25C33 �C2

13C
2
25 þC2

15g1 þ2C12C13C25C35 �2C11C23C25C35

�C2
12C

2
35 þ C11C22C

2
35 þ2C15g2 þC55g3 > 0 (2)

g1 ¼C22C33 � C2
23 (3)

g2 ¼C13C23C25 � C12C25C33 � C13C22C35 þ C12C23C35 (4)

g3 ¼C2
13C22 � 2C12C13C23 þ C11C

2
23 þ C2

12C33 � C11C22C33 (5)

It can be found from Table 1 that the Cij of a-
Na3(U0.84(2),Na0.16(2))O4 satisfies the generalized Born-Huang cri-
terion, meaning that it is mechanically stable.

Theoretically, the bulk modulus B, Young’s modulus E, shear
modulus G and Poisson’s ratio s of the polycrystalline material can
be obtained from the independent Cij of its monocrystalline phase.
The Young’s modulus E and Poisson’s ratio s can be calculated by
Ref. [26,27]:

E¼9BG=ð3BþGÞ (6)

s¼ð3B�2GÞ=ð6Bþ2GÞ (7)

Where G ¼ 1
2 ðGV þ GRÞ, B ¼ 1

2 ðBV þ BRÞ. GV and BV are Voigt bound
of shear and bulk modulus, while the GR and BR are the Reuss bound
of shear and bulk modulus, which can be calculated from the Cij
seen in Ref. [28]. The obtained results of the above polycrystalline
modulus are given in Table 1. The B of a-Na3(U0.84(2),Na0.16(2))O4
(62.2 GPa) is 51.9% lower than the c-Na3UO4 (119.9 GPa) [14]. The
result indicates that c-Na3UO4 is incompressibility than a-
Na3(U0.84(2),Na0.16(2))O4. The calculated of G and E is 36.0 GPa and
90.4 GPa, respectively, which is smaller than that of o-Na3UO4
(44.8 GPa and 108.8 GPa) and c-Na3UO4 (60.2 GPa and 154.8 GPa)
[14]. The results show that a-Na3(U0.84(2),Na0.16(2))O4 canwithstand
lower shear stress and lower stiff than o-Na3UO4 and c-Na3UO4.

In materials science, ductility is the ability of a solid material to
deform under tensile stress. When the material is stressed, if it is
brittle, it will break without significant deformation. According to
the Pugh criterion, If B/G > 1.75, the material behaves as ductile-
ness, or else, the material exhibits brittleness [29]. Poisson’s ratio s,
as a criterion for brittleness and toughness of material, has proved
to be valuable over the years. Depending on Frantsevich’s work, the
critical value of the brittle-ductile transition of the material is
s¼0.33 [30]. Furthermore, Pettifor indicated that a positive Cauchy
pressure Cp demonstrates the damage tolerance and ductility of the



Table 1
Calculated structure parameters of a-Na3(U0.84(2),Na0.16(2))O4 together with the experimental data.

Materials Space group Lattice (Å) Wykoff coordinates

Cal Exp Cal Exp Occ

a-Na3(U0.84(2),Na0.16(2)) P2/c a¼5.861 a¼5.892 U 0,0.1366,0.25 0,0.1360,0.25 0.838
b¼6.724 b¼6.772 Na 0,0.1366,0.25 0,0.1360,0.25 0.162
c¼5.932 c¼5.916 Na 0,0.6129,0.25 0,0.6239,0.25 1
b(�) Na 0.5,0.8854,0.25 0.5,0.8692,0.25 1
111.027 110.65 Na 0.5,0.4057,0.25 0.5,0.3996,0.25 1

O 0.206,0.0981,-0.0015 0.2063,0.0959,-0.0066 1
O 0.2339,0.3479,0.4683 0.2313,0.3494,0.4652 1
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material, while a negative one shows the brittleness of the material
[31]. For a-Na3(U0.84(2),Na0.16(2))O4, the Cp in the three lattice di-
rections can be expressed as: Px ¼ C23 � C44, Py ¼ C13 � C55 and
Pz ¼ C12 � C66. The calculated B/G, s and Cauchy pressures Px,Py,Pz
are 1.73, 0.258, 3.7 GPa, �2.2 GPa and �0.2 GPa, respectively. From
the above, it can be clearly shown that a-Na3(U0.84(2),Na0.16(2))O4 is
brittle in nature.

To further discussion the stiffness of the a-Na3(U0.84(2),Na0.16(2))
O4, we predicted its Vickers hardness Hv. In the past few decades,
based on various correlations between hardness and other physical
parameters of material, a series of semi-empirical methods had
been widely used to predict the hardness of materials. Among of
them, linear correlations between Hv and B or G were widespread
utilized. However, the simple linear relationship does not really suit
all materials. Recently, two kinds of semi-empirical model had been
proposed by Chen et al. [32] and Ozisik et al. [33]. They found that
the Hv of material can be expressed as:

Hk
v ¼2

�
k2G

�0:585 � 3; k ¼ G
�

B (8)

Hs
v ¼

ð1� 2sÞE
6ð1þ sÞ (9)

In order to calculate the Hv of a-Na3(U0.84(2),Na0.16(2))O4, the
above two semi-empirical models are applied and the results are
summarized in Table 1. We can find from this Table that the value of
Hk
v (5.6 GPa) is in accordance with the value of Hs

V (5.8 GPa), and we
also found that the value of a-Na3(U0.84(2),Na0.16(2))O4 is lower than
that of c-Na3UO4 (8.63 GPa) and o-Na3UO4 (8.54 GPa). We can
conclude that it can be considered a “soft material”.
Fig. 2. 3D directional dependence of the B and E of a-Na3(U0.84(2),Na0.16(2))O4: (a) bulk
modulus, (b) Young’s modulus.
3.3. Quantification of the anisotropy

Anisotropic behavior reflects the properties of bonds in different
directions, and a proper description of this anisotropic behavior
plays an important role in industrial applications as well as crystal
physics. To investigate the anisotropic properties, several criteria
have been proposed by the pioneering scientist. Among of them,
the three-dimensional (3D) surface of the bulk and Young’s
modulus are effective method to characterize the anisotropy of the
material along its crystal directions.

For a-Na3(U0.84(2),Na0.16(2))O4, the 3D surfaces for B and E can be
obtained [34]:

B�1 ¼
�
s11 þ s12 þ s13

�
l21 þ

�
s12 þ s22 þ s23

�
l22 þ

�
s13

þ s23 þ s33
�
l23 þ

�
s15 þ s25 þ s35

�
l1l3 (10)
E�1 ¼ l41s11 þ 2l21l
2
2s12 þ 2l21l

2
3s13 þ 2l31l3s15 þ l42s22 þ 2l22l

2
3s23

þ2l1l
2
2l3s25 þ l43s33

þ 2l1l
3
3s35 þ l22l

2
3s44 þ 2l1l

2
2l3s46 þ l21l

2
3s55 þ l21l

2
2s66

(11)

Where sij are the elastic compliance constants, l1,l2 and l3 are the
directional cosines.

The 3D surfaces of B and E are plotted in Fig. 2 (a) and (b),
respectively. It can be seen from Fig. 2 that the 3D surfaces of B and



Fig. 3. The cross-sections of B and E of a-Na3(U0.84(2),Na0.16(2))O4 on the xoy, yoz and
xoz plane: (a) bulk modulus, (b) Young’s modulus.

Fig. 4. The Cv of a-Na3(U0.84(2),Na0.16(2))O4 as functions of temperature.
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E are obviously deviate from the spherical shape, meaning that the
a-Na3(U0.84(2),Na0.16(2))O4 possesses obvious elastic anisotropy.
From Fig. 2(a), we can also see that the Bx¼140.9 GPa, By¼212.0 GPa
and Bz¼222.4 GPa. With the aim of getting a better insight into the
anisotropic features, the cross-section of the above surfaces on the
xoy, yoz and xoz-planes are plotted in Fig. 3 (a) and (b), respectively.

From Fig. 3(a), for the xoy plane, the maximum bulk modulus
Bmax is 212.0 GPa and theminimum bulkmodulus Bmin is 140.9 GPa,
and the ratio of Bmax/Bmin ¼ 1.50. For the yoz plane, Bmax is
Table 2
Calculated Cij , B, G, E, HV , B/G, s, vl , vt , qD and kmin of a-Na3(U0.84(2),Na0.16(2))O4.

Single crystal elastic constants Polycrystalline elastic modu

C11 104.6 GPa BV 63.1
C22 124.0 GPa BR 61.3
C33 133.2 GPa BH 62.2
C44 39.3 GPa GV 37.4

C55 33.1 GPa GR 34.5
C66 28.3 GPa GH 36.0
C12 28.1 GPa EV 93.7
C13 30.9 GPa ER 87.2
C15 6.9 GPa EH 90.4
C23 44.0 GPa Hk

v
5.6

C25 �8.7 GPa Hs
v 5.8

C35 12.9 GPa B=G 1.73
C46 �5.3 GPa s 0.258
222.4 GPa, Bmin is 212.0 GPa, and the Bmax/Bmin ¼ 1.05. For the xoz
plane, Bmax is 240.3 GPa, Bmin is 134.5 GPa, and the Bmax/Bmin¼ 1.79.
One can see that the B exhibits less anisotropy in the yoz plane
compared to the xoy and xoz planes. The cross-sections of E on the
xoy, yoz and xoz plane are depicted in Fig. 3(b). From Fig. 3(a), the
minimum value of Emin is 75.5 GPa which is deviated by 43� from
the x axis towards the y axis, and the maximum of Emax is
100.3 GPa at the y axis, the Emax/Emin ¼ 1.33. For the yoz plane, the
Emax is 106.9 GPa at z axis, and the Emin is 100.03 GPa at y axis, and
the Emax/Emin ¼ 1.07. For the xoz plane, the Emin is 63.6 GPa which is
deviated by 43� from the z axis towards the x axis, and the Emax is
124.6 GPa at the y axis, the Emax/Emin ¼ 1.96. So, we can conclude
that the E of the xoz-plane has a bigger anisotropic than the others.
Finally, the Ex ¼ 93.3 GPa, Ey ¼ 100.3 GPa and Ez ¼ 106.9 GPa.
3.4. Thermodynamic properties

The Debye temperature qD can be estimated through the
following equations [35]:
lus Thermodynamic properties

GPa vt 2651 m/s
GPa vl 4640 m/s
GPa qeD 367 K
GPa qqD

376 K

GPa Kmin 0.71 Wm�1K�1

GPa
GPa
GPa
GPa
GPa

GPa



Fig. 5. The Cp of a-Na3(U0.84(2),Na0.16(2))O4 as functions of temperature.

Fig. 7. The a of a-Na3(U0.84(2),Na0.16(2))O4 as functions of temperature.
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qD ¼ h
kB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3n
4p

�
NAr

M

�
3

s ,s
3
1
3

 
2
v3t

þ 1
v3l

!
(12)

Where vl ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið3Bþ 4GÞ=3rp

is the longitudinal sound velocity, vt ¼ffiffiffiffiffiffiffiffi
G=r

p
is the transverse sound velocity, kB is Boltzmann constant, h

is Planck constant, NA is Avogadro number, M is the molecular
weight, r is the density and n is the number of atoms. The calcu-
lated vl, vt and qD of a-Na3(U0.84(2),Na0.16(2))O4 are gathered in
Table 2. From Table 2, we can see that the qD is 367 K, which is
smaller than that for c-Na3UO4 (453 K) and o-Na3UO4 (388 K) [14].
Fig. 6. The qD of a-Na3(U0.84(2),Na0.16(2))O4 as functions of temperature.
Generally speaking, a material with a higher qD means a higher
thermal conductivity kmin. In order to predict the kmin, three
theoretical methods had been proposed by Cahill’s [36], Clarke
[37,38] and Long et al. [39]. The kmin obtained from Long’s model is
about 30.2% and 19.6% lower than the one obtained from Cahill’s
and Clarke’s model [40]. In this work, the kmin can be evaluated by
Long and co-work’s model [39]:

kmin ¼

8>><
>>:
1
3

2
6642ð2þ 2sÞ32 þ

�
1� 2s2

1� s

�3
2

3
775
9>>=
>>;

�1
3

kBn
2
3

�
E
r

�1
2

(13)

The result of kmin is shown in Table 1. The kmin was predicted to
be 0.71 Wm�1K�1. Thereby, a-Na3(U0.84(2),Na0.16(2))O4 is suitable as
a thermal insulating material.

In addition, to study the thermal expansion coefficient a,
isobaric heat capacity CP and isochoric heat capacity CV , we used
the quasi-harmonic Debye model implemented in the Gibbs pro-
gram [41]. In this model the non-equilibrium Gibbs function
G*ðV ; P; TÞ takes the form:

G*ðV ; P; TÞ¼ EðVÞ þ PV þ AvibðqD; TÞ (14)

Where EðVÞ is the total energy of a-Na3(U0.84(2),Na0.16(2))O4, P, V and
T corresponds to the pressure, volume and temperature, and

AvibðqD; TÞ ¼ nkBT
�
9
8

qD
T þ3 lnð1�e�qD=T Þ�DðqD =TÞ

	
is the vibra-

tional Helmholtz free energy, DðqD =TÞ represents the Debye
integral.

qD ¼ Z

kB

h
6p2V1=2n

i1=3
f ðsÞ

ffiffiffiffiffi
Bs
M

r
(15)
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BsyBðVÞ ¼ V
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(16)

f

 
s

!
¼
(
3
�
2
�
2
3
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3
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3
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1� s

�3
2
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Where Bs is the adiabatic bulk modulus. Then minimized the non-
equilibrium Gibbs function vG*ðV ; P; TÞ=vV jP;T ¼ 0. Thus, the CV , CP
and a are given by:

CV ¼3nkB

�
4DðqD = TÞ� 3qD=T

eqD=T � 1

	
(18)

CP ¼CV ð1þagTÞ (19)

a¼ gCV
BTV

(20)

Fig. 4 presents the temperature-dependent behavior of the Cv.
From this figure, at the temperatures lower than 300 K, Cv rapidly
increases with increasing temperature (proportional to T3) owing
to the harmonic approximations of the Debye model, and increases
slowly when T > 300 K. However, when temperatures higher than
900 K, the anharmonic approximations on Cv is suppressed and it
nearly approaches to the Dulong-Pettit limit (3nNAkBz199.38 J
mol�1.K�1).

The CP of a-Na3(U0.84(2),Na0.16(2))O4 as functions of temperature
is shown in Fig. 5. The experimental data measured of a-Na3UO4 at
low temperatures (T < 350 K), at high temperatures (T > 300 K) and
the theory values reported by Smith et al. are given for comparison.
The values obtained are slightly overestimated less than 9% at the
temperature from 200 K to 700 K. From Figs. 4 and 5, we can see
that the Cv and Cp curves are very similar, and they are all propor-
tional to T3 at the temperature below 300 K. However, when
T > 300 K, the Cp tends to an almost linear increase with increasing
temperature.

The qD as a function of temperature is plotted in Fig. 6. At
temperatures below 50 K, the qD is nearly constant and above 100 K,
qD decreases linearlywith increasing temperature. At 0 GPa and 0 K,
the calculated qD is 376 K agree with the value (367 K) obtained by
using the Cij.

The effect of temperature on a of a-Na3(U0.84(2),Na0.16(2))O4 is
depicted in Fig. 7. From Fig. 7, it is shown that the a increases
sharply with the increase of temperature up to 300 K. Above 300 K,
the a is nearly gradually approaches to a linear increase with
increasing temperature due to the electronic contributions.
4. Conclusions

In summary, in this work, the elastic, Vickers hardness, aniso-
tropic and thermodynamic properties of a-Na3(U0.84(2),Na0.16(2))O4
have been investigated by first-principles calculations. The ob-
tained lattice parameters agree with the published experimental
data. The Cij and polycrystalline elastic properties are predicted. In
addition, the qD and kmin are discussed, respectively. Finally, the CV ,
CP and a are also evaluated successfully through the quasi-
harmonic Debye model. Unfortunately, as far as we known, there
are no theoretical and experimental data related to these properties
in the literature. Our work is a first to qualitatively predict of these
properties of a-Na3(U0.84(2),Na0.16(2))O4 and the results can provide
a useful reference for future research.
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