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STRONGLY GORENSTEIN C-HOMOLOGICAL MODULES
UNDER CHANGE OF RINGS

YAJUAN Liu AND CUIPING ZHANG

ABSTRACT. Some properties of strongly Gorenstein C-projective, C-injec-
tive and C-flat modules are studied, mainly considering these properties
under change of rings. Specifically, the completions of rings, the localiza-
tions and the polynomial rings are considered.

1. Introduction

Unless stated otherwise, throughout this paper R is a commutative and
noetherian ring with identity and C' is a semidualizing R-module. Let R be
a ring and we denote the category of left R-module by R-Mod. By Pc(R),
Fco(R) and Ze(R) denote the classes of all C-projective, C-flat and C-injective
R-modules, respectively. For any R-module M, pdr(M) denotes the projective
dimension of M.

When R is two-sided noetherian, Auslander and Bridger [1] introduced the
G-dimension, G-dimpg(M) for every finitely generated R-module M. They
proved the inequality G-dimg(M) < pdr(M), with equality G-dimgr(M) =
pdr(M) when pdg(M) is finite. Several decades later, Enochs and Jenda [4, 5]
extended the ideas of Auslander and Bridger and introduced the Gorenstein
projective, injective and flat dimensions. Bennis and Mahdou [3] studied a
particular case of Gorenstein projective, injective and flat modules, which they
called strongly Gorenstein projective, injective and flat modules. Yang and
Liu [16] discussed some connections between strongly Gorenstein projective,
injective and flat modules, and they considered these properties under change
of rings. Specifically, they considered completions of rings and localizations.

The nation of a “semidualizing module” is one of the most central notions
in the relative homological algebra. This notion was first introduced by Foxby
[7]. This notion has been investigated by many authors from different points
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of view. A semidualizing R-module C gives rise to several distinguished classes
of modules. For instance, one has the classes P (R), Zo(R) and Fo(R) of C-
projective, C-injective and C-flat R-modules. Over a commutative noetherian
ring, Holm and Jgrgensen [8] introduced G¢-projective, Ge-injective and G-
flat modules. For Gorenstein homological theory with respect to semidualizing
modules, Wang [14] gave another definition. An R-module M is called Goren-
stein C-projective if there exists an exact sequence of R-modules

_ f1 fo o f° 1 f!
P=..-—=C®rFPy—>C@rP —CRrP" ~— -,

where each P; and P’ is projective with M = Kerf°, such that the com-
plex Homg (P, Q) is exact for each C-projective R-module Q.

Dually, Gorenstein C-injective modules are defined.

An R-module M is said to be Gorenstein C-flat, if there exists an exact
sequence of C-flat R-module

F_...f_1>0® F fOC 0 1 AN
= rfy —=CQRrF —CQpF — -,
with M = Ker f°, such that complex E ®@g F is exact for each C-injective R-
modules E.

Recently, Zhang, Liu, and Yang [17] introduced the concepts of strongly
Wp-Gorenstein, Wr-Gorenstein and Wpg-Gorenstein modules and discussed
the basic properties of these modules. Some results related to strongly Goren-
stein projective, injective and flat modules were extended to strongly Wp-
Gorenstein, Wj-Gorenstein and Wg-Gorenstein modules. In this paper, we in-
troduce the concepts of strongly Gorenstein projective, injective, flat modules
with respect to a semidualizing module, which are different from the definition
above and those in [17] and mainly consider these properties under change of
rings. Specifically, the completions of rings, the localizations and the polyno-
mial rings are considered.

2. Preliminaries

In this section, we recall some definitions and known facts needed in the
sequel.

Definition ([17]). Let R be a ring. A finitely generated R-module C' is called
semidualizing if the following conditions are satisfied:
(1) The natural homothety morphism R — Homp(C, C') is an isomorphism,
(2) ExtiZ'(C,C) = 0.

Definition ([17]). An R-module is C-flat (resp., C-projective) if it has the
form C ®p F for some flat (resp., projective) R-module F. An R-module
is C-injective if it has the form Hompg(C, I) for some injective R-module I. Set

Fo(R) ={C ®g F | F is a flat R-module},
Pc(R) ={C ®g P | P is a projective R-module},
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Ze(R) = {Hompg(C, 1) | I is an injective R-module}.

Then Po(R) C Fo(R). Clearly, if C = R, then Po(R), Fo(R) and Zo(R) are
just the classes of ordinary projective, flat and injective R-modules.

Definition. An R-module M is said to be strongly Gorenstein C-projective, if
there exists an exact sequence of C-projective R-modules

PZ---LC@RPLCQ@RPLC@RPL“-,
with M = Kerf, such that the complex Hompg(P, Q) is exact for each C-
projective R-module Q.
An R-module M is said to be strongly Gorenstein C-injective, if there exists
an exact sequence of C-injective R-module

1= L Homgp(C, I) L Hompg(C, I) L Homp(C, 1) L - -,

with M = Kerf, such that the complex Hompg(FE,I) is exact for each C-
injective R-module E.

An R-module M is said to be strongly Gorenstein C-flat, if there exists an
exact sequence of C-flat R-module

F:~-~L>C®RFL>C®RFL>C®RFL>-“,
with M = Kerf, such that complex £ ®gr F is exact for each C-flat R-
modules E.
By SGPc(R), SGZc(R), SGFc(R) we denote the classes of all strongly
Gorenstein C-projective, C-injective and C-flat R-modules, respectively.

It is easy to see that, when C' = R, the definitions correspond to those
of strongly Gorenstein projective, injective and flat modules. In particular,
for more similarly details about strongly Gorenstein C-projective, C-injective
and C-flat R-modules, the reader may consult [3,16,17].

We have the following simple facts.

Proposition 2.1. Let C be a semidualizing R-module. For any module M, the
following are equivalent:

(1) M is a strongly Gorenstein C-projective R-module;

(2) there exists a short exact sequence 0 - M — C®p P - M — 0,
where P is a projective R-module, and Extgl(M, Q) = 0 for any C-projective
R-module Q;

(3) there exists a short exact sequence 0 - M — C @r P — M — 0,
where P is a projective R-module, and Ext?l(M, L) =0 for any module L with
finite C-projective dimension,

(4) there exists a short exact sequence 0 - M — C ®r P — M — 0,
where P is a projective R-module, such that the sequence 0 — Hompg (M, Q) —
Hompg(C ®r P,Q) — Homg(M,Q) — 0 is exact for any C-projective R-
module Q.
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Proof. (1) & (2) and (2) < (4) are obvious.
(2) = (3) holds by dimension shifting.
(3) = (2) is clear. O

3. Main results

Let (R, m) be a commutative local noetherian ring with the maximal ideal
m and its residue field k£ and let E(k) be the injective envelope of k. §7 M will
denote the m-adic completion of a ring R and an R-module M, respectively. In
[16], Yang and Liu discussed some properties of strongly Gorenstein projective
(injective, flat) R-modules in the completions of the rings. In the following,
we give some properties of strongly Gorenstein C-projective (C-injective, C-
flat) R-modules in the completion of the ring.

Lemma 3.1. Let (R,m) be a local ring. If C be a semidualizing R-module,
then C is a semidualizing module of R.

Proof. This follows from [6, Theorem 2.5.14] and [6, Theorem 3.2.5]. O

Next are key lemmas, which play an important part.

Lemma 3.2. Let (R, m) be a local ring.
(1) If P is a projective R-module, then P Qg Risa projective R-module.
(2) Assume that Risa projective R-module. If P is a projective R-module,
then P is a projective R-module.

Proof. (1) Since Extl>1(R ®gr P,—) = Hompg(P, Extgl(fi,—)) = 0 by [12,
p. 258, 9.20], Extlfl(R ®r P,—) = 0. Hence R®p P is a projective R-module.

(2) Since P is isomorphic to a summand of R™ for some set X and R is
a projective R-module, it follows that P is a projective R-module. O

Lemma 3.3. Let (R, m) be a local ring.

(1) If E is an injective R-module, then E Qg R is an injective R-module.

(2) If E is an injective ﬁ—module, then E is an injective R-module.
Proof. (1) Let E be any injective R-module. Then E is isomorphic to a sum-
mand of E(k)X for some set X, and hence E®pg R is isomorphic to a summand
of B(k)X®r R = E~ (]Tl/m) ®rR by [6, Theorem 3.4.1]. Since Eﬁ(ﬁ/rﬁ)x
R is an injective R- module, F ®g R is an injective R-module.

(2) Since R is a faithfully flat R-module by [6, Theorem 2.5.18]. Let M be a
finitely generated R-module. Then Extz>l(M E)orR = Extlzl(M@)RR E®pr

R) = 0 by [6, Theorem 3.2.5]. Since E ®p R is an injective R-module by
[6, Theorem 3.2.16], Extgl(M, E) = 0. Hence E is an injective R-module. [

Lemma 3.4. Let (R, m) be a local ring.
(1) If F is a flat R-module, then F ®r R is a flat R-module.
(2) If F is a flat R-module, then F is a flat R-module.
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Proof. (1) It is clear by [6, p. 43 Exercise 9.

(2) Let M be any R-module. Then Tor’® (M, F) @r R = Torle(M ®R
R Fop ﬁ) by [6, Theorem 2.1.11]. Since Risa faithfully flat R-module by [6,
Theorem 2.5.18], Torle(M ®r R, F ®p R) = 0. Hence Tor | (M, F) = 0. It
follows that F is a flat R-module. - O

Proposition 3.5. Let (R, m) be a local ring.

(1) If R is a projective R-module and M € SGP¢(R), then M @ R €
SGPe(R).

(2) Let M be a finitely generated R-module. IfZ/W\ € SQP@(FA{), then M €
SGPc(R).

Proof. (1) There is an exact sequence 0 - M — C ®r P - M — 0 in R-Mod
with P projective and Ext2>1(M, Q) = 0 for any C-projective R-module Q.
Then

0>M®rR— (C®rP)®r R — M@z R—0
is exact. Since CoprP@RR = (CorR)®5(ROrP) = C®5(RoRP), RORP is
a projective R-module by Lemma 3.2(1). Then
O—>M®R§—>CA'®§(}AB®RP)—>M®R§—>O

is exact. Let P be any projective R-module. Then P is a projective R-module by
Lemma 3.2(2). So

M®p R,C®rR®; P)

Ext'Z!(M @p R,C ©p P) = Y
(M &g R,C ®r P)
(
Y

>~ Ext’
Y(M,Homz(R, C @5 P))
M,C®rP)=0

>~ Ext’
=~ Ext’

:Uw :°|v mw ;Wv

by [12, p. 258, 9.20]. HenceMGSQP (R )
(2) There is an exact sequence 0> M—C ®p P — M — 0 in R-Mod

with P projective. Since C ®p P = C®g R ®p P = C®pg (R ®p P) =
C ®@gr P with P projective in R-Mod by Lemma 3.2(2). The following sequence

0>M—C@rP—M-=0
is exact in R-Mod. Let P be any projective R-module. Then

Extyy' (M,C ®p P) @ R = Ext>' (M @ R,C @ P @R R)
=~ Bxt'>! (M,C @5 (R@p P) =0
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by [6, Theorem 3.2.5] and Lemma 3.2(1). Since R is a faithfully flat R-
module, Ext’s" (M, C @g P) = 0. Since
ExtiZ!(M,C ®@g P) = Ext'2}(M @ R,C ®g P)
~ Homp(R, Ext'z!(M,C @ P))
=0

by [12, p. 258, 9.20], we have Exti=!(M,C ®x P) = 0. Hence M € SGP¢(R).
O

Dually, we discuss the properties of strongly Gorenstein C-injective R-modu-
les.

Proposition 3.6. Let (R, m) be a local ring. If Risa projective R-module,
then the following statements hold. R ~

(1) If M € SGZc(R), then Homp(R, M) € SGZ5(R).

(2) If Hompg(R, M) € SGZ4(R), then Homg(R, M) € SGZc(R).
Proof. (1) There is an exact sequence 0 — M — Homp(C,E) - M — 0 in R-

Mod with E injective and Ext%l(LM) = 0 for any C-injective R-module

I. Then
0 — Homp(R, M) — Hompg(R, Homg(C, E)) — Homp(R, M) — 0
is exact. Since
HomR(ﬁ, Homp(C, E)) 2 Homg(C @ R, E) 2 Homp(C ®r R ®p R, E)
~ Homp(C ®p R,E)
= Homﬁ(a,HomR(ﬁ, E))
by [12, p. 258, 9.20] and [12, p. 258, 9.21], the sequence
0— HomR(]?Z7 M) — Homﬁ(a,HomR(ﬁ, E)) — HomR(ﬁ, M) —0

is exact in R-Mod with Hom R(E, E) injective in R-module.
Let E be any injective R-module. Then E is an injective R-module by Lemma
3.3(2). Since

Homg(C, E) = Homy(C ®g R, E) = Homg(C, Homz(R, E))

)

by [12, p. 258, 9.21],

Ext=! (Homp(C, E), Homp(R, M)) = Exti (Homz(C, E) ® R, M)
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(2) There is an exact sequence
0 — Homp(R, M) — Homf{(@,E) — HomR(ﬁ, M)—0
in R-Mod with E injective in R-Mod. Note that
Hom 5 (C E) = Homg(C ®r R, E) = Homp(C, Hom 5 (R E)) 2 Homg(C, E)
by [12, p.A258, 9.21]. Let I be any injective R-module. Then I ®p R is an
injective R-module by Lemma 3.3(1), and hence
Ext'>! (Homg(C, I), Homg(R, M))
= Ex tR "(Hompz(C, 1), HomR(R HomR(R M)))
o Exﬁzl(R ®r Hompg(C, I), Hompg (R, M))
=~ Ext’=" (Ho om;(C, I ®g R), Homg(R, M)) =
So Homp(R, M) € SGZ¢(R). O

Theorem 3.7. Let (R, m) be a local ring and M a finitely generated R-module.
Consider the following statements:

(1) M € SGFc(R )

(2) Me SGFa(R )

(3) Me SGFc(R). R

Then (3) = (2) & (1). If R is a finitely generated projective R-module, then
(2) = (3).

Proof.
Tor | (Homp(C, E(k)), M) = Tor | (Homp(C, E(k)) @5 R, M)
= Tor RZ
Since R is a faithfully flat R-module,
Torl>1(Hom (C,E(k)), M) = 0 & Torl, (Homg(C, E(k)), M) = 0.

(1) = (2) There is an exact sequence 0 - M — C®,F — M — 0in R-Mod
with F' flat. Then

0%]\7%6@}%(F®R§)H1\7H0
is exact with (C ®, F) @5 R=C ®p (F®r R). Then F @z R is a flat R-
module by Lemma 3.4(1). Let I be any injective R-module. Then T is an
injective R-module by Lemma 3.3(2). Hence I is isomorphic to a summand

of E(k)X for some set X. Since R is a faithfully flat R-module by [6, Theo-
rem 3.2.26],

Torl>1(H0m (C E(k)%), Z\/Z) Tor;
= Tor;
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Thus Torgl(Homﬁ(a,T),Z\/j) =0.50 M € ngé(ﬁ).
(2) = (1) There is an exact sequence 0 — M — 6’®ﬁf — M = 0in R-Mod
with F flat. Then F is a flat R-module by Lemma 3.4(2). Since

Homp (R ®r R, E(k)) = Homp (R, Homp(R, E(k))) = Homg(R, E(k))
by the proof of [13, Corollary 2.5], we have R®gr R~ R. Since F F@E R =
Zj®ﬁ (R@iRR) = (Fo, R)@rR=F®pR, wehave C®_ F = (CorF)®r
R. Since R is a faithfully flat R-module, it follows that
0—-+M—=>CQRrF—M-—0

is exact in R-Mod. Let I be any injective R-module. Since I is isomorphic to
a summand of E (k)X for some set X, then

Torgl(HomR(C, I,M)= Torgl(HomR(C,E(k)),M)X =0

by [6, Theorem 3.2.26]. So TorZ,(Hompz(C,I), M) = 0. It follows that M &
SGFc(R). )

(3)= (2) There is an exact sequence 0 — M — C®rF — M — 0in R-Mod
with F flat. Since R is a flat R-module,

0—)]/\4\®RR—>(C®RF)®R§—>Z/W\®R§—>O

is exact with C®RF®R}AE% (C®Rl§) ®p (}A%@)RF) = CA'®§ (E@RF). Since
R &g F is a flat R-module by Lemma 3.4(1),

0—>]/\4\—>(7®§(1§®RF)—>]/\4\—>0
is exact. Since §®RI§% E,

Torgl(HomE(a,E(k:)),]/W\)%Toril(HomR ,E(k)) ®R§,M®R§®R}A{)

Since TorL | (Homp(C, E(k)), M) = 0, Tor | (Homg(C, E(k)), M) = 0. It
follows that M € nga(ﬁ).

(2)= (3) There is an exact sequence 0 — M — 6®§F — M — 0in R-Mod
with F' flat. Since

CopF2C@rRoz F2Cor(RozF)=CaRF,
0>M—CorF—M=0
is exact in R-Mod. Since R®r R = R,
0 = Tor, (Hom(C, E(k)), M)
= Torgl(HomR(C,E(k)) ®r R, M ®r R®g R)
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Il

vl (Homp(C, E(k)), M ©r R) @g R
R
2

To
Tor , (Hompg(C, E(k)), M) ®x R.

Il

Hence Tor%, (Homg(C, E(k)), M) = 0, and thus M € SGFc(R). O

Proposition 3.8. Let (R,m) be a local ring. Assume that R is a projec-
tive R-module. If M is a strongly Gorenstein C-flat R-module, then RQr M is
a strongly Gorenstein C-flat R-module.

Proof. There exists an exact sequence of C-flat R-module
S:---LC(X)RFL)C@RFL)C@RFL-“
with M = Kerf. Then

5= L RopCorF L RonCorF L RogConF L. .
is exact. So
3:"'L(§®RC)®§(§®RF)L(E@RC)@&(E@RF)L

(§®RC) ®p (R@RF) EN

is exact with R®@p M =~ Kerf. Then
[N 3 oA A oA 5 ji
=2 C®3 (RORF) > C®(ROrF) > C®z(RRRF) =

is exact in ﬁ—l\i[od with R ®pr F flat in R-Mod. Let E be any injective R-
module. Then FE is an injective R-module by Lemma 3.3(2).

Hom(C,E) @5 (C @5 (Rog F)) = Homp(C,

Sine Hompg(C, E)®R$ is exact, then Homp (C, E)® g £F is exact. So R®RM is
a strongly Gorenstein C-flat R-module. O

In this part, we consider these properties under localizations of rings.

Let R be a commutative ring and S a multiplicatively closed set of R. Then
ST'R=(RxS)/ ~={a/s|la€ R,s€ S}isaringand ST'M =M x S/ ~=
{z/s|z € M,s € S} is an S~!R-module. If p is a prime ideal of R and
S = R — p, then we will denote S™'M,S™'R by M,, R,, respectively.
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Lemma 3.9. Let R be a commutative ring and S a multiplicatively closed set
of R. If C is a semidualizing R-module, then S™'C is a semidualizing module
of ST'R.

Proof. Since Homg-1z(S1C, S71C) = Homg-13(C ®r S™'R,C®r S™'R) =

Hompz(C,C) ®pr S™'R = R®r S'R = S7'R by [6, Proposition 2.2.4] and
[6, Theorem 3.2.5], S~1C is a semidualizing module of S~ R. O

Lemma 3.10 ([16, Lemma 3.16)). Let R be a commutative ring and S a mul-
tiplicatively closed set of R and A € S™'R-Mod. If ST'R is a projective
R-module, then A is a projective R-module if and only if A is a projective
S~ R-module.

Theorem 3.11. Let R be a commutative ring and S a multiplicatively closed
set of R, and SR a projective R-module. Then the following statements hold.

(1) If A is a strongly Gorenstein C-projective R-module, then S™*A is a
strongly Gorenstein S~'C-projective S~ R-module.

(2) If S7'R is a finitely generated R-module, then B is a strongly Goren-
stein C-projective R-module if and only if B is a strongly Gorenstein S™1C-
projective S~ R-module for any B € S™'R-Mod.

Proof. (1) There is an exact sequence 0 > A - C®, P — A — 0 in R-Mod
with P projective. Then

0—S1'A— S HC®rP)—S'A—0
is exact in ST'R-Mod. Since S7HC ®g P) = S71C ®g-15 S7LP by [10,
Proposition 5.17], S~ P is a projective S~! R-module by Lemma 3.10. Let @ be
any projective S~! R-module. Since @ is a projective R-module by Lemma, 3.10,
Ext) (S7'A, 8710 @5-15 Q)
~ Ext) ((A®r STIR,STIC ®g-15 Q)
= Extgl(A, Homg 1z(S™'R,S7'C ®5-15 Q))
=~ Ext'Z' (A, 5710 ®g-15 Q)
= Extls ' (A,C @r STTR®g-15 Q)
~ Ext'’Z'(4,C ©r Q) = 0.
So S~ 'Aisa strongly Gorenstein S~1C-projective S~ R-module.
(2) =) Since B = S~!B by [10, Proposition 5.17], the result is true by (1).
<) There is an exact sequence 0 — B — S_1C®571R? — B —0in STIR-

module with P projective. Then P is a projective R-module by Lemma 3.10
and

1 B ~ —1 B~ -
S'Ce,_,, P2CerS'Re,, P=CayP.
Then
0—+B—-C®rP—B—=0
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is exact. Let @ be any projective R-module. Then S~!Q is a projective S~ R-
module. Since ST!R is a finitely generated projective R-module, it follows
that

i>1

Ext'z'(B,C ®r Q) 2 Extly (B®g-15 S'R,C ®r Q)
o Extgz_llR(E, Homg(S™'R,C ®r Q))
o Extisz,llR(E, S~ Homp(S™'R,C ®r Q))
= Ext "} (B, Homg-1(S™'R,S7'C ®s-1r S7'Q))
~ Ext) (B, S7IC ®s-12 ST'Q) =0

by [10, Proposition 5.17], [12, p. 258, 9.21] and [12, Theorem 3.84]. Thus B is
a strongly Gorenstein C-projective R-module. O

Proposition 3.12. Let R be a commutative ring and S a multiplicatively
closed set of R. Assume that ST'R is a faithfully flat R-module. If B is a
finitely generated strongly Gorenstein S~'C-projective S~ R-module, then B is
a strongly Gorenstein C-flat R-module.

Proof. There is an exact sequence 0 — B— S 'C®g-1gP—B—0inS™'R-
Mod with P projective. Then P is a flat R-module by [10, Theorem 5.18] and

S7IC®g-1g P2CQr S 'R®g-15g P=C Qg P.

Let I be any injective R-module. Then S~!'I is an injective S~!R-module.
Since ST!R is a noetherian ring by [9, Theorem 85],

0 = Homg-1(Ext"} ,(B,S~'C),S7'1)
= Torfz_llR(HomS_lR(S_lC, S™I),B)
& Torfz_llR(SleomR(C, I),B)
~ S~ TorfL | (Homp(C, I), B)
~ ST'R@p Tors, (Homp(C, I), B)

by [6, Theorem 3.2.13] and [12, Theorem 9.49]. Since S™!R is a faithfully flat
R-module, Torgl(HomR(C, I),B) = 0, and hence B is a strongly Gorenstein
C-flat R-module. O

Lemma 3.13. Let R be a commutative ring and S a multiplicatively closed set
of R. Assume that ST'R is a finitely generated R-module. If I is an injective R-
module, then Hompg(S™*R, Homg(C,I)) is an S~1C-injective S~ R-module.

Proof. Since ST R is a finitely generated R-module,
Homp(S™'R,Homg(C,I)) = S~ 'Homp (S~ 'R, Homp(C, I))
>~ Homg-1z(S™'R, S~ *Hompg(C, I))
>~ Homg-1z(S™ 'R, Homg-15(S~C,S7'1))
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= HOIl’ls—lR(S_lcv7 S_ll)

by [10, Proposition 5.17] and [12, Theorem 3.84]. Since I is injective in R-
Mod, S~ is injective in S~!R-Mod by [2, Lemma 1.2]. Hence Homp(S™' R,
Hompg(C, 1)) is an S~!C-injective S~ R-module. O

Proposition 3.14. Let R be a commutative ring and S a multiplicatively closed
set of R. If ST'R is a finitely generated projective R-module, then the following
statements hold.

(1) If A is a strongly Gorenstein C-injective R-module, then Homg (SR, A)
is a strongly Gorenstein S~'C-injective S~ R-module.

(2) For any B € R-Mod, Homg(S™'R, B) is a strongly Gorenstein C-
injective R-module if and only if Homp(S™'R, B) is a strongly Gorenstein
S~1C-injective S~ R-module.

Proof. (1) There is an exact sequence 0 - A — Homp(C,E) - A — 0 in
R-Mod with E injective. So

0 — Homp(S™'R, A) — Homp (S 'R, Homg(C, E)) — Homg(S™ 'R, A) — 0

is exact in ST!R-Mod, Homp(S™! R, Homg(C, E)) is an S~1C-injective S~ R-
module by Lemma 3.13. Let E be any injective S~!R-module. Then E is an
injective R-module by [2, Lemma 1.2].

Extgz,llR(HomsflR(S_lC,E),HomR(S_lR, A))
=~ Ext’Z' (ST'R®g-1z Homg 1(S71C, E), A)
=~ Ext’Z! (Homg 1 z(S7'C, E), A)
= Exts! (Homp(C, Homg 1 z(ST'R, E)), A)
=~ Ext’s! (Homp(C, E), A) = 0

by [12, p. 258, 9.21]. So Homg(S~ 'R, A) is a strongly Gorenstein S~1C-
injective S~!R-module.
(2) =) There is an exact sequence

0 — Homp(S™'R, B) — Homg(C, E) — Homg(S™'R, B) — 0
in R-Mod with E injective. Then
0 — S~ 'Homg(S™'R,B) — S~ 'Hompg(C,E) — S~ 'Homg(S™'R,B) — 0
y

is exact in ST'R-Mod and S~'Hompg(S™'R, B) = Homg(S~ 'R, B) by [10
Proposition 5.17]. Since S™'Hompg(C,E) = Homg-15(S71C,S71E) by [12,
Theorem 3.84],

0 — Homp(S™'R, B) — Homg-15(S~'C,S™'E) — Homg(S™ 'R, B) — 0

is exact in S~!R-Mod and S‘iE is an injective S™!R-module. Let E be any
injective S~!R-module. Then E is an injective R-module by [2, Lemma 1.2]. So

ExtiszfllR(Homs—lR(S_IC, S™'E),Homp(S™ 'R, B))
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= Exti) (S 'Homp(C, E), Homp(S™'R, B))
=~ Ext’! (Homp(C, E), Homg-1z(S™' R, Homp(S™'R, B)))
= Ext'z! (Homp(C, E), Homg (SR, B)) = 0

by [12, p. 258, 9.21] and [12, Theorem 3.84]. It follows that Hompg(S~!R, B) is
a strongly Gorenstein S~!'C-injective S~!'R-module.
<) There is an exact sequence

0 — Hompg(S™'R, B) — Homg-13(S™'C,E) — Homg(S™ 'R, B) — 0

in S™'R-Mod and E is an injective S~!R-module. Then E is an injective R-
module by [2, Lemma 1.2]. Since

Homg-17(S71C,E) = Homg-1z(S™'R®r C, E)
>~ Hompg(C, Homg-1z(S7'R, E))
=~ Homp(C, E),

Homg-1z(S™IC, E) is an C-injective R-module. Let E be any injective R-
module. Then S™!E is an injective S~! R-module.

Ext's! (Homp(C, E), Homg(S™'R, B))
=~ Ext’s ! (Homp(C, E), Homg-1z(S™' R, Homp(S™'R, B)))
~ Ext) .(ST'R®p Hompg(C, E), Homp(S™'R, B))
= BExtl} p(Homg-15(S7'C, S7'E), Homp (S~ 'R, B))

=0
by [12, p. 258, 9.21] and [12, Theorem 9.50]. Hence Homgr(S™'R, B) is a
strongly Gorenstein C-injective R-module. O

Lemma 3.15. Let F be an S~ R-module. If F is a flat S~ R-module, then F is
a flat R-module.

Proof. There is an exact sequence 0 - M — N — @ — 0 in R-Mod. Then
0—-S M- SIN-S1Q—0
is exact in ST!R-Mod. Since F is a flat S~! R-module, the sequence
0SS '"M®¢g1gF =S 'NogigF—S'Qes 1z F—0

is exact. So

0=+M@rS'F+N@rS'F-QerS'F—=0
is exact by [10, Proposition 5.17]. Since S~'F = F, the sequence

0>MrF—-+N®rF—-Q®rF —0

is exact in R-Mod. Hence F is a flat R-module. (|
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Proposition 3.16. Let R be a commutative ring and S a multiplicatively closed
set of R.

(1) If A is a strongly Gorenstein C-flat R-module, then S™A is a strongly
Gorenstein C-flat R-module.

(2) If A is a strongly Gorenstein C-flat R-module, then S~ A is a strongly
Gorenstein S™1C-flat S~' R-module.

(3) Let B be an S™'R-module. Then B is a strongly Gorenstein C-flat R-
module if and only if B is a Gorenstein S~ C-flat S~'R-module.

Proof. (1) There is a complete C-flat R-module

= bLboorFLhcoerFLcorF L ..
in R-Mod with A = Kerf. Then
6§ =L s oerF) 2L s (CorF) 2L s (CorF) 2L ..

is exact in S~!R-Mod with S~'A4 = KerS~!f. Since S~} (C®rF) =2 CQrS™'F
by [10, Proposition 5.17],

1 —1 -1
CR6F=--Loops ' FE L oopsFELcopstr 2L

is exact in R-Mod. Since S™'F is a flat S~'R-module, S™'F is a flat R-
module by Lemma 3.15. Let I be any injective R-module. Then Hompg(C, I)®g
F is exact, and so S~1(Hompg(C,I) ®r §) is exact.

S~ (Hompg(C, 1) ®g §) = Homp(C, E) @ S~'§
~ Homy(C,E) ®g (€@ & *F)

by [10, Proposition 5.17], and hence Hompg(C, E) ®g (€ ® G 'F) is exact. It
follows that S~ A is a strongly Gorenstein C-flat R-module.

(2) There is an exact sequence 0 - A - C®, F - A — 0 in R-Mod
with F' flat. Then

0=S1'A— S HCO®RF)— S 1tA—=0

is exact in ST!R-Mod. S™Y(C ®pr F) & S71C ®g-15 S~'F by [10, Proposi-
tion 5.17], and so

0514 S 1CRg1g STIF -S40
is exact in ST'R-Mod with S™!F flat in S~'R-Mod. Let E be any injec-
tive S~!R-module. Then E is an injective R-module by [2, Lemma 1.2]. So
TorfgllR(HomsflR(S_lC, E),S71A) = Tor?;lR(S_lHomR(C, E), S’_lA)
~ §7'Tors | (Homp(C, E), A)
=0

by [12, Theorem 9.49]. Hence S~1A4 is a strongly Gorenstein S~*C-flat S™!R-
module.
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(3) =) It is clear by (2).
<) There is an exact sequence of S~! R-modules
=L 500 g FL S 00¢ g FL Sl C0g 1 g F Lo,
where F is a flat S~!R-module with B =2 Kerf. Since
STIC®g-1p F2CRrS'F2C®rF
by [10, Proposition 5.17]. Then

£§=~-~LC@RFLCQ@RFLC@RFL”-

is exact. Since F is a flat S™!R-module, F is a flat R-module by Lemma 3.15.
Let E be any injective R-module. Then S™!'F is an injective S~ R-module by
[2, Lemma 1.2].
Homg 17(S7'C,ST'E) ®g-15 (S7'C ®g-15 F)

>~ S~ 'Homp(C,E) ®g-15 (S7'C @415 F)

>~ Homp(C,E) ®r S~ (C ®@r F)

>~ Hompg(C, E) ®r (C ®r S™'F)

=~ Hompg(C, E) ®r (C ®r F)
by [10, Lemma 5.17]. Since Homg-1z(S™1C,S7'E) ®g-1x § is exact,

Hompg(C,F) ®p £F

is exact. So B is a strongly Gorenstein C-flat R-module. O

If R is a ring, then R[z] is the polynomial ring. If M is a left R-module,
write M[z] = R[x]®@ M. Since R[z] is a free R-module and since tensor product
commutes with sums, we may regard the elements of M|[z] as ‘Vectors’ (2! @ g
m;),i > 0, M; € M with almost all m; = 0. M[[z~!]] is the R[z]-module such
that x(mg + miz=" + ) = my + mox=t +--- and r(mg +m;t +---) =
rm0+rmf1+-~-, where r € R.

Lemma 3.17. If C is a semidualizing R-module, then Clz] is a semidualiz-
ing R-module of R[z].

Proof. This follows from [6, Theorem 3.2.15]. O

Proposition 3.18. Let m be an R-module. Then the following statements
hold.

(1) If M is a strongly Gorenstein C-projective R-module, then M[z] is a
strongly Gorenstein C[z]-projective R[z]-module.

(2) If M|x] is a strongly Gorenstein C|x]-projective R|x]-module, then M [x]
is a strongly Gorenstein C-projective R-module.
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Proof. (1) There is an exact sequence 0 — M — C ®r P — M — 0 in R-Mod
with P projective and Ex‘cé.{?l(M7 Q) = 0 for any C-projective R-module Q.

0— M®pgrR[z] > (C®rP)Rr R[z] > M ®g R[z] =0

is exact. Since (C @ P)®g R[z] = (C®g R[z]) ®RIz] (R[z]®R P) = C[z] ®R[z]
(P[z]). P[z] is a projective R[z]-module by [10, Proposition 5.11], then

0 — Mz] = Clz] ®pg[q) Plz] = M[z] = 0

is exact. Let Q be any projective R[z]-module, Q[z] = R[z] ®r Q = @(N),

then @(N) is a projective R[z]-module, and so @ is a projective R-module by
[10, Proposition 5.11]. Thus

Extlg,, (M[a], Q) = Exti ) (Rlz] ©r M, Q) 2 Extyy (M, Hom gy (R[], Q))
~ Ext’Z (M, Q) =0

by [12, p. 258, 9.21], and hence M|z] is a strongly Gorenstein C[z]-projective
R[z]-module.

(2) There is an exact sequence 0 — M[z] — Clz] Qg;) P — M[z] — 0
in R[z]-Mod with P projective. Since Clz] @g,) P = C @r Rz] Qpjy P =
C @R (Rr] @R[y P) = C®pg P with P projective in R-Mod by [10, Proposition
5.11], we have the following exact sequence

0— M[z] » C®r P — M[z] — 0.

Let P be any projective R-module. Then P[z] is a projective R[z]-module by
[10, Proposition 5.11].

0 = BExtyz ) (Mlz], C[2] @y Pla]) = Extiz ) (M[a], C @g Pl))
by [12, p. 258, 9.20], Since P is isomorphic to a summand of P[z], it follows

that Ext’Z!(M,C ®g P) = 0.

Ext>!(M[z],C ®p P) = Ext'>' (M ®p R[z],C @ P)
=~ Homp(R[z], Extly (M, C @ P))

by [12, p. 258, 9.20]. Since Ext'='(M,C®r P) = 0, Extis' (M[z], C®r P) = 0.
Hence Mx] is a strongly Gorenstein C-projective R-module. (I

Proposition 3.19. Let m be an R-module. Then the following statements
hold.

(1) If M is a strongly Gorenstein C-injective R-module, then M|[[z1]] is a
strongly Gorenstein Clx]-injective R[x]-module.

(2) If M[[z7Y]] is a strongly Gorenstein Clx]-injective R|x]-module, then
M[[z~1]] is a strongly Gorenstein C-injective R-module.
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Proof. (1) There is an exact sequence 0 - M — Hompg(C,E) - M — 0 in

R-Mod with E injective and Extgl(l, M) = 0 for any C-injective R-module

1. So
0 — Hompg(R[x], M) — Hompg(R[z], Homg(C, E)) — Hompg(R[z], M) — 0
is exact in R[z]-module. Since
Homp(R[z], Hompg(C, E)) =2 Homg(C ®g R[z], E)
=~ Hompg(C ®g R[z] ®p[y) Rlz], E)
= Homp(Clz] ®ppy) Rlz], E)
= Hom gy (Clz], Homp(R[z], E)),
the sequence
0 — Hompg(R[z], M) — Homp,(C|z], Homg(R[z], E)) — Hompg(R[z], M) — 0

is exact with Homp(R[z], E) injective in R[z]-Mod by [11, Lemma 1.2]. Let E
be any injective R[x]—module Then FE is an injective R-module.

Extizr,) (Hom p (Cla], B), Homp(R[x], M)

%ExtR( E) ®ppy) Rlz], M)

~ Extiy" (Hompy, (Clz], E), M)
'(Homp(C, E), M) =0

by [12, p. 258, 9.21] and [6, Lemma 3.2.4]. Since M[[z~!]] & Hompg(R[z], M)
by [11, Lemma 1.2]. Thus M[[z~!]] is a strongly Gorenstein C[z]-injective R[xz]-
module.

(2) There is an exact sequence 0 — M[[z™']] — Hompy(Clz],E) —
M[[z7] = 0 in R[z]-Mod with E injective. Since

Hom gy, (Clz], E) = Hompg,)(C @ R[z], E) = Homp(C, Hompg, (R[z], E))
=~ Homg(C, E),

Rlz]
HOHIR x]( [ }

o~ ExtR

the sequence
0 — M[[z"']] - Homg(C, E) — M[[z"']] = 0

is exact. Let E be any injective R-module. Then Homp(R[z], E) is an injec-
tive R[z]-module.

Extgl(HomR(C’, Hompg(R[z], E)), M[[z~"]])
o~ ExtR—m (HomR[x] (C[x],HomR(R[x],E)),M[[xil]]) =0
by [12, p. 258, 9.21]. Since F is isomorphic to a summand of Homg(R[z], E),
Ext’Z! (Homp(C, E), M[[z™!]]) = 0.
Thus M[[z~1]] is a strongly Gorenstein C-injective R-module. O
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Proposition 3.20. Let m be an R-module. Then the following statements
hold.

(1) If M is a strongly Gorenstein C-flat R-module, then M|z] is a strongly
Gorenstein Clz]-flat R[z]-module.

(2) If M[z] is a strongly Gorenstein Clx]-flat R[x]-module, then M[z] is a
strongly Gorenstein C-flat R-module.

Proof. (1) There is an exact sequence 0 > M - C®, F - M — 0 in R-Mod
with F' flat. Then

0—>M®RR[JJ]—>C®RF®RR[$])—>M®RR[£]—>O

is exact with (C ®, F') @[y R[z] = C @ R[z] Qg5 (F @R R[ml) = Clz] ®pja]
Flz]. Flz] is a flat R[z]-module by [15, Theorem, 3.8.21]. Let I be any injec-
tive R[z]-module. Then I is an injective R-module.
ToriZ (Hom i) (Cla], T), Ma))* 2 TorZ (Hompy) (€ @ Rla], T), Mla])*
= Torfi[ﬁ] (Hompg(C,T), M[z])*
~ Ex tZ>1 | (M[z], Homp(C, nh)
>~ Ex tl>[;] (M ®g R[z],Homg(C,T)")
=~ Ext’s! (M, Homg(C, 1))
= Tori21(HomR(C, 0,M)" =0
by [12, p. 258, 9.21] and [6, Lemma 3.2.1]. Thus M|z] is a strongly Goren-

stein C[z]-flat R[z]-module.
(2) There is an exact sequence 0 — M(z] — Clz] ®,,, F — M[z] = 0

in R[z]-Mod with F flat. Clz]®p;) F = C®r (R[2]®pp F = C®p (R[z] @R[
F)=~C®gF. Then

0> Mz] »CorF — M[z] =0

is exact. Let E be any injective R-module. Then Hompg(R[z], E) is an injec-
tive R[z]-module.

Torf;[gi (M [z], Hom g, (C[z], Homg(R[z], E)))*
= Tor;L}) (M [z, Homp() (C @ Rlz], Homp(R[z], E)))*
& Tori[gi (M[z], Hompg (C, Hom gy, (R[], Hompg(R[z], E))))*
= Tor/47 (M), Hom g (C, Homp (R[], E)))*
=~ Ext’s! (M|[z], Homp(C, Homg(R[z], E))*)
= T0r2>1(M[sc},HomR(C’, Hompg(R[z], E)))"
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by [12, p. 258, 9.21] and [6, Lemma 3.2.1]. Thus M|z] is a strongly Gorenstein
C[z]-flat R[z]-module. Since E is isomorphic to a summand of Hompg(R[z], E),

TorlR21 (M|[z],Hompg(C, E)) = 0.

Thus M|[z] is a strongly Gorenstein C-flat R-module. O
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