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ALMOST RIGIDITY OF CONVEX HYPERSURFACES VIA
THE EXTINCTION TIME OF MEAN CURVATURE FLOW

XIAN-TAO HUANG

ABSTRACT. We prove that if a compact convex hypersurface of R”*1 has
almost maximal extinction time when it is evolved by the mean curvature
flow, then it must be nearly round in the C9-norm.

1. Introduction

Denote the sphere S™ by ¥. Let Fy : ¥ — R™t! be a smooth embedding such
that 3o = Fp(X) is a convex hypersurface of R**1. Consider a one-parameter
family of smooth embedding F : ¥ x [0, T) — R™*! solving the mean curvature
flow with initial value Fy, i.e.,

1) { 2F=—Hu,
F(z,0) = Fy(z).

Though out this note, v(z,t), H(z,t) and A(z,t) denote the outer unit normal,
the mean curvature and the second fundamental form of ¥y = F}(X) at Fy(z) =
F(z,t) respectively. By the famous paper of Huisken ([6]), X; remains convex,
and the flow exists on a maximal time interval, which is denoted by [0,T¢),
such that X; shrink to a point as t 1 T,. Recall that under the mean curvature
flow, the mean curvature satisfies the following equation:

OH

- — 2
(2) 5 AH + |A|°H.
Define w : [0,T.) — R by
(3) w(t) = min H(z,t).
Then w(t) satisfies

dw(t) _ w3(t)

4 — > .
@) dt — n
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If we assume ¥ satisfies H > n, i.e., w(0) > n, then we obtain
n

(5) wlt) > e
thus T, < ﬁ By the strong maximum principle, T, = i holds if and only if
Yo is a round sphere of radius 1.

In this short note, we prove that, if the extinction time T, is very close to
ﬁ, then 3y is nearly round.

Though out this note, for any » > 0, we denote by S™(r) = {z € R**+! |
2l =1}, BH() = {2 € R | fo] < 7},

Theorem 1.1. For any n > 0, there exists T > 0 such that if Fy : ¥ — R*t!
is an embedding satisfying

(A) 3o = Fo(X) is a convex hypersurface in R"1, H > n on Y;
alnd the mean curvature flow with initial value Fy has extinction time T, >

5. — T, then there erists a vector v € R+ such that v + X is n-close to the

unit sphere S™(1) in the C°-norm.

Let Xy C R™*! be a convex compact hypersurface with the origin 0 contained
in the interior of the domain enclosed by Yo, we say X is n-close to S™(1) in
the C°-norm if, when we express ¥ as the graph of a function u : S™(1) — R*
via the polar coordinate, we have |u — 1| < 7.

The C°-closeness in Theorem 1.1 is the optimal conclusion on the regularity,
which can be seen from the following example. Let 3y be a smooth convex
hypersurface lying in the interior of B"*1(1) and suppose X is d-close to S™(1)
in the C%-norm. It is easy to see H > n on ¥g. Since X = S"(1 — §) lies in
the domain bounded by ¥, under the mean curvature flow, ¥} still lies in the
domain bounded by 3, thus the extinction time of ¥, satisfies T, > % — 01,
where §; - 0 as d — 0.

A similar property as in Theorem 1.1 holds for solutions of Ricci flow, see
Theorem 1.1 in Bamler and Maximo’s paper [1]. Theorem 1.1 is motivated by
[1], and its proof follows the ideas in [1] closely. There are also many almost
rigidity type theorems for Riemannian manifolds, see e.g. [2,3] etc.

Acknowledgments. The author is grateful to the anonymous referees for
careful reading and giving valuable suggestions.

2. Proof of Theorem 1.1

Before the proof, we fix some notations. We denote by Ty = ﬁ, p(t) =
¢1:L727n' For the mean curvature flow solution F : ¥ x [0,T) — R"*!, we denote
by g; the induced metric on ¥ by the embedding F}, and by d; the distance
induced by g;. We use By, (z,r) to denote the geodesic ball with respect to
the metric g;. If we consider a sequence of solutions of mean curvature flow
F; : ¥ x[0,T) — R, we use the notations F;;, H;(z,t), Ai(z,t), git, dis
etc. to emphasize parameter 1.
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We recall the Harnack inequality for convex mean curvature flow due to
Hamilton ([5]), which is very important in the argument of this note:

Proposition 2.1. Let F : ¥ x (0,T) — R"*! be a convex solution to the mean
curvature flow. Then for any 0 < t1 <ty < T, we have

(6) H(zi,t1) < ﬁexp(M)H(xg,tg).

In the remaining part of this paper, we go to the proof of Theorem 1.1.

Lemma 2.2. For any small positive number 0§, there exists 7 = 7(n,0) > 0
such that if Fy is a mean curvature flow with initial value Fy satisfying (A) and
has extinction time T, > 5~ —7, then w(t) < p(t)+8 holds for every t € (0, Tp).

Proof. Given ¢ > 0, suppose there is some ¢ € (0, Tp] such that w(t) > p(¢) + 9,
then by (4), for any ¢ > t, it holds

1

2

1
) 0> (Gara—za=s)

Thus
(8) T, < T+ 5(p(D) +0)72
_ 1—2nt 1
=i+ .
2n (14 ¥Yi2nis)2
<{_’_1—2mT 1
- 2n 1+ C1d
- 1—2nt
<t 1-0C%
<t+ on ( 20)
<1l o
m 30,

where C1, Cy, (5 are positive numbers depending only on n, and we assume 9
is sufficiently small, and use ¢ € (0, ﬁ] in the last three inequalities. In other
word, if T, > 5 — C36, then w(t) < p(t) 4 4 holds for every t € (0, Tp)]. O

The following lemma is similar to Lemma 2.3 of [1], and the proof here is a
modification of [1].

Lemma 2.3. There exists a positive constant K = K(n) such that, for any
to € (0,To], there exists t1 € (%,tg) depending only on ty and n such that, let
F : X x[0,Tp) — R"™ be a mean curvature flow with initial value satisfying
(A), if there exists a point T € ¥ such that H(Z,t2) < p(t2) + 1, then there
exists a bounded nonnegative Lipschitz function u(x,t) defined on ¥ X [t1,t2)
satisfying:

(a) (7%= — Ay,)u(z,t) <0 in the barrier sense;

(b) Vt € [t1,t2), u(x,t) is supported in By, (Z, K+\/t2 —t);
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(¢) 0 <u(t) <1 and u(z,t) = /2 — t.

Proof. Let ¢ : [0,00) — [0,00) be a fixed smooth function with ¢ =1 on [0, 1],
¢ >1on[0,2], ¢ =0on [3,00), ¢ <0 on [0,00), and ¢” > 0 on [2,00).
Then we can always choose ao = a(n) > 0 (in fact, a also depends on the fixed

function ) sufficiently small such that
1 1

) —50(r) + 574/ (r) < darg(r) + 20mg/(r)
holds for every r > 0. One can easily check that such a always exists, see the
Appendix of [1].

Then we fix K = K(n) such that aK? > 3.

By the Harnack inequality (6) and the convexity of the hypersurfaces, for
any ¢ € (12,t5) and = € By, (%,2K+/t; — t), it holds

(10) |A(z,t)| < H(x,t) < ﬁexp(M) (p(t2) +1) < C(n,ta).

For any x,y € By, (Z, K\/ta —t), let v : [0,di(z,y)] = By, (T, 2K+/t2 —t) be
a path connecting x and y which is a shortest geodesic with respect to g; and
parametrized by arc length. Let L; be the length of « with respect to g;, where
t is in a small neighborhood of ¢, then we have

d delz) 19 dy d
= [ (G e
et 0 ot

(11) di ds’ ds
di(z,y)
—— [ AL = ~Caita)
0

t=t

dt
ds’ ds
where we use (10) in the last inequality. Thus by (11),

d di(z,y) — d
(12) L gy = tim E@Y) @)
dt™ |7 i—t— t—1
L;—L
> lim =t > —C%dy(z,y).

T t—t
Since t — di(z,y) is a Lipschitz function, it is differentiable for almost every ¢,
and at those differentiable point, it holds

0 d 9
_ - > .
(13) 8tdt(x7y) dtidt(‘r’y) - C dt(xvy)
The function u(z,t) will be chosen to have the form
d3 (z
(14) u(x,t) = tg — tgp(a@).
g —

It is easy to see that u satisfies (b) and (c).

By direct computation,

d 1 d? d?
(o~ g, 1) < — 5 f Ly

(15)
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d? 1
(tg—t)% \/tg—t@
holds in the barrier sense, where we use (12) and the Laplacian comparison
Theorem (recall that (X, g;) has positive sectional curvature). In (15), d; is
short for dy(Z, x).

Choose t1 € (%,t2) such that (t2 — 1)C? < §. Recall that it holds ¢’ < 0
and (9), we have (5= — Ay, )u(z,t) <0 on X x [t1, t2). O

/

— 407 ¢ — 2na

Lemma 2.4. Suppose K is the constant given in Lemma 2.3. For any ty €
(0,Tp], suppose t € (%,tg) is giwen in Lemma 2.5. Given 6 > 0 small, there
exists § = §(0,t2,n) € (0,1) such that, suppose F : ¥ x [0,Ty) — R" ! is a
mean curvature flow with initial value satisfying (A), if there exists T € X such
that H(Z,t2) < p(t2) + 0, then there exists y € By, (T, K\/ta —11) satisfying
H(y,t1) < p(t1) +0.

Proof. Suppose there exists a small 8 such that, for any i there exists a mean
curvature flow F; : ¥ x [0,7p) — R™™! with initial value satisfying (A), and
there exists Z; € ¥ such that p(ta) < Hi(Z;,t2) < p(te) + %, but H;(y,t1) >
p(t1) + 0 for any y € By, , (Ti, K\/ta —t1).

Let u;(z,t) : ¥ x [t1,t2) — RT be the functions constructed in Lemma 2.3.
Thus

(16) d (Hi(:v,t) — 0ui(x,t))

dt—
> A(Hi(x,t) — Gui(x,t)) + le’(x,t)
n
> A(Hj(w,t) — Bui(x, ) + 1 (Hi(x,t) — Buq(z,1))°.
n
Note that for any x € X,
(17) H,’(I, tl) Z p(tl) + 9ui(aj,t1),

with the strict inequality holds for z € By, (Z;, K/t —t1). Thus by the
maximum principle, for any ¢ € (¢1,t2), we have

(18) Hyz,t) > p(t) + Oui(z, t).

In particular,

(19) Hy(Zi,t) > plt) + 0v/F2 — 1.

On the other hand, by Proposition 2.1, for any ¢ € [tq, t2],
(20) H;(z;,t) < %H@c ts) < %(p(ta) + %),

hence

(21) p(t) + 0Vt —t < \/?(P(tz) + %)
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holds for every t € (t1, 2] and any .
Note that there exists a positive constant C' depending on ¢ and n such

that [y/2p(t2) — p(t)| < C(t2 —t) for every t € [t1,t5]. Let i — oo in (21), we
have

(22) 0v/ly —t < C(ta —t)

for every t € [t1,t2], which is a contradiction. O

Lemma 2.5. Suppose that K is the constant given in Lemma 2.3. Given
te € (0,Tp], suppose t; € (%,tg) is given in Lemma 2.3. Then for any € > 0,
there exists a § = §(¢,ta,n) € (0,1) satisfying the following property: suppose
F : ¥ x[0,Ty) — R 4s a mean curvature flow with initial value Fo(X)
satisfying (A), and there exists some T € 3 satisfying H(Z,t2) < p(t2) + 9,
then

1
(23) I;leaédA(x,tl) np(t1)1d| < e.
Proof. Suppose that on the contrary, there exists ¢g > 0 such that, for any ¢
there exist a mean curvature flow F; : ¥ x [0,7p) — R+ with initial value
satisfying (A) and Z; € ¥ with H;(Z;,t2) < p(t2) + 1, but the conclusion (23)
fails for €q.

By Lemma 2.4, there exist points y; € By,, (T, Kv/ta —11) such that
p(t1) < Hi(yi,t1) < p(t1) + §; with §; — 0 as ¢ — oo. Without loss of
generality, we assume F;;, (y;) =0 € R"H1,

Now we fix D = 362 By (6), for any z € By, ,, (yi, D),

p(t1)

- 2
(24)  Hi(z,th) < fZ‘eXp<(K\/ﬂ+D)
t 4(t2 - tl)

)Hl(fntQ) < C(t27n)7
and for any t € [%,hL

(25) H(x,1) < %Hi(ml) < C(ta,n).

Thus by the convexity of the hypersurface, for any (z,t) € By, , (yi, D)X (4, 1],
we have |A4;(z,t)| < H;(z,t) < C(te,n). Furthermore, by the curvature esti-
mate of mean curvature flow (see [4]), for any k > 1, [V*A;(z,t)| is uniformly
bounded on By, , (i, Dy x [ 1),

Thus by the method in [7], we can prove that, after passing to a subsequence
of {i}, there exist an open set U C ¥ and a sequence of diffeomorphisms ¢; :
U — U; C %, such that F;(¢;(z),t) converges smoothly to a solution of mean
curvature flow Fuo(2,t) : U x [22, 1] — R™"! and satisfy: (a) By, ,, (Y, 2yc
Ui C By, i 2): (b) ¢;' (i) = oo € U and hence Fiy, (205) = 0; (c)
Hoo(z,t) > p(t) for every (z,t) € U x [22,¢], and Hoo(Zoo,t1) = p(t1). By
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the strong maximum principle, we have Ho.(x,t) = p(t) and hence
1
n

for every (z,t) € U x [22,¢;]. Thus

1
(26) max |Ai(z,t1) — —p(t1)Id| — 0
zEBQi,tl (¥, %) n
as ¢ — 00.
By (26) and Gauss equations, for ¢ sufficiently large, we have
. n—1
Rlcgi‘tl > 4An2 (p(tl))2

on By, , (i, %). Then by Myer’s Theorem, By, , (vi, %) is the whole X. Thus
(26) contradicts to the assumption at the begin and we complete the proof. [

We complete the proof of Theorem 1.1 in the following.

Proof of Theorem 1.1. Suppose there exists n > 0 such that for any 4, there
exists a sequence of embeddings Fj o : ¥ — R" ™! satisfying the assumption (A)
and the mean curvature flow Fj : ¥ x [0,7;) — R™™! with initial value F} o has
extinction time T; — ﬁ as i — 00, but there does not exist a vector v € R**+1
such that v + F; o(X) can be viewed as a graph over S™(1) with C%norm less
than 7.

We choose a sequence of times ¢3; € (0,Tp) such that to;, — 0 as i — oo.
By Lemma 2.2, there exists z; € ¥ such that H;(z;,t2,) < p(t2;) + d;, where
6; — 0 as i — oo.

Then by Lemmas 2.3-2.5, there exist times ¢; ; € (%7 t2;) such that

1
, N N ,
(27) r;leax\Al(a:,tLl) p(t1,:)d| < €,

where ¢, — 0 as i — oo.

Then by a compactness argument as in [7], we conclude that, for every i
there is a vector v; € R"*! such that, v; + Fiy . (X) is n;-close in the CY1l-norm
to S™(1) with n; — 0.

By Proposition 2.1 and (27), for ¢t € (0,t1 ;] and = € X, we have

tli C
, </ 2H, )< .
(28) H;(z,t) < ; Hi(x,t1,) < W

Here and in the following, C' denotes a positive constant depending only on n,
but the values of C' may change in different lines. By (28),

tlﬂ' tl,'i
(29) ‘FZ(ZL',O) — Fi(x,tu)\ é / |HZ(£C,S)|dS S / gds S C\/tl’i,
0 0 \/g

which implies that Fj o(X) is C'\/#1 ; close to Fi s, ,(¥) in the Hausdorff distance.
Hence F; o(X) + v; is C(y/T1; + m;)-close to S™(1) in the Hausdorft distance.
Because F; o(X) is convex, F; o(X) + v; is a graph over S™(1) with C%-norm
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less than C'(\/%1,; + 1;), which contradicts to the assumption at the beginning
of the proof. The proof is completed. ([
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