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ABSTRACT. The object of the present paper is to study f-biharmonic submanifolds of three
dimensional trans-Sasakian manifolds. We find some necessary and sufficient conditions
for such submanifolds to be f-biharmonic.

1. Introduction

Let M and N be two Riemannian manifolds, a harmonic map ¢ : M — N is
any critical point of the energy equation

1

Bw) = 5 [ vk,

where dv, denotes the volume element of g, and the Euler-Lagrange equation cor-
responding to E () is 7(¢0) = traceVdy = 0.

In 1983, Eells and Lemaire [9] introduced the notion of biharmonic maps, which
are a natural generalization of harmonic maps. A biharmonic map ¢ : M — N is a
critical point of the energy equation

Bav) = 5 | Irifn,

where dv, denotes the volume element of g, and the Euler-Lagrange equation [15]
corresponding to Fy(v)) is

(1.1) o () = AT(y)) — trace(RN(dw,T(w))dw) =0.
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Here A is the Laplacian operator given by AV = tr(V2V), and RY is the curvature
tensor on the manifold N defined as RV (X,Y) = [Vx,Vy] = Vixy].

Let M be the submanifold of the manifold M, if the biharmonic map ¢ : M —
M is an isometric immersion then M is biharmonic submanifold of M. In the
paper [2], Baird studied conformal and semi-conformal biharmonic maps. Oniciuc
studied biharmonic submanifolds of CP™ in [10]. He studied explicit formula for
biharmonic submanifolds in Sasakian space forms and deduced some conditions in
[11]. He proved a gap theorem for the mean curvature of certain complete proper
biharmonic pmc submanifolds and classified proper biharmonic pmc surfaces in
S™x R in [12]. In [16], Oniciuc studied biharmonic constant mean curvature surface
in the sphere. Recently, Oniciuc proved several unique continuation results for
biharmonic maps between Riemannian manifolds in [19]. He studied biharmonic
maps between Riemannian manifolds in [18]. Over the last few years many authors
have studied biharmonic submanifolds, for example see [5, 10, 18]. Recently, Ou
studied biharmonic maps form tori into a 2-sphere in [27]. In the paper [1], Ou
studied biharmonic Riemannian submanifolds.

The notion of f-biharmonic maps was introduced by Lu [17]; it is a natu-
ral generalization of biharmonic maps. In the papers [21, 22], Ou studied f-
biharmonic maps and f-biharmonic submanifolds. In these papers he proved that
a f-biharmonic map from a compact Riemannian manifold into a non-positively
curved manifold with constant f-bienergy demnsity is a harmonic map. In [20],
Ou characterized harmonic maps and minimal submanifolds using the concept of
f-biharmonic maps and proved that the set of all f-biharmonic maps from a 2-
dimensional domain is invariant under the conformal change of the metric on the
domain. In [24], Roth studied f-biharonic submanifolds of generalized space forms.
He deduced some necessary and sufficient conditions for f-biharmonicity in the gen-
eral case and many particular cases. In [2] Baird and Fardon studied conformal and
semi conformal biharmonic maps.

Let us consider the C* differentiable function f : M — R. Now, f-harmonic
maps are the critical points of the f-energy functional E¢ (1) for the maps ¢ : M —
N between Riemannian manifolds, where

1
Byw) =5 [ fldufas,

The Euler-Lagrange equation corresponding to E(¢) is given by
(1.2) 7 (¥) = fT(¢) + dy(gradf) = 0.

Analgously f-biharmonic maps are critical points of the f-bienergy functional
Es (1) for maps ¢ : M — N between Riemannian manifolds where

1
Bas) =3 [ firoldu,
M
The Euler-Lagrange equation corresponding to Es ¢(1)) is given by
(1.3) 7o () = Fra() + (Af)T(¥) + 2V Ly (1) = 0.
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Clearly, we have the following relationship among these different types of har-
monic maps: Harmonic maps C biharmonic maps C f-biharmonic maps.

A f-biharmonic map is called a proper f-biharmonic map if it is neither a
harmonic nor a biharmonic map. Also, we will call a f-biharmonic submanifold
proper if it is neither minimal nor biharmonic.

The notion of trans-Sasakian Manifolds was introduced by Blair and Oubina
[4, 23] as a generalization of Sasakian manifolds. Trans-Sasakian manifolds of type
(a, B) are generalizations of a-Sasakian and S-Kenmotsu manifolds. It is known
that a proper trans-Sasakian manifold exists only for dimension three and trans-
Sasakian manifolds of type (0,0), (0,5), and (a,0) are known [14] as cosymplec-
tic, S—Kenmotsu and «a-Sasakian respectively. In higher dimension it is either
a-Sasakian or f-Kenmotsu. In Differential Geometry of almost contact manifolds,
submanifold theory has become an important topic of research. There are several
works on invariant submanifolds. In [6], the authors studied invariant submanifolds
of trans-Sasakian manifolds. Three dimensional trans-Sasakian Manifolds have been
studied by the first author in the papers [8, 25, 26].

During last few years biharmonic maps on contact manifolds have become a
popular area of research. So in the present paper we would like to study f-
biharmonic maps on three dimensional trans-Sasakian manifolds. Precisely we study
f-biharmonic submanifolds of three dimensional trans-Sasakian manifolds and find
some conditions for the map f to be biharmonic or not.

The present paper is organized as follows: Section 1 is introductory. After the
introduction we give some preliminaries in Section 2. In Section 3 we study f-
biharmonic submanifolds of three-dimensional trans-Sasakian manifolds.

2. Preliminaries

Let M be an odd dimensional smooth differential manifold with an almost
contact metric structure (¢,§,7,g), where ¢ is a (1,1)-tensor field, { is a vector
field, n is a one form and g is a Riemannian metric on M. For such manifolds, we
know [3]

(2.1) ¢*X = —X +n(X)E, n(§) =1,

for any X,Y € x(M), where x(M) denotes the Lie algebra of all vector fields on
M.

For a contact metric manifold (M, ¢, &,n, g), we define a (1,1) tensor field h by
h= %Lg(b and £ is the usual Lie derivative. Then h is symmetric and satisfies the
following relations

(2.4) heé =0, ho=—oh, tr(h)=rtr(¢h)=0, n(hX)=0

for any X, Y € x(M).
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Moreover, if V denotes the Levi-Civita connection with respect to g, then the
following relation holds

(2.5) Vxé = —¢X — ¢hX.

A connected manifold M with almost contact metric structure (¢,€,m,g) is called
a trans-Sasakian manifold [23] if (M x R, J,G) belongs to the class Wy [13], where
J is an almost complex structure on M x R which is defined by

TS D) = (60X — fen(X) )

for any vector field X on M and the smooth function f on M x R, and G is the usual
product metric on M x R. According to [4], an almost contact metric manifold is
a trans-Sasakian manifold if and only if

(2.6) (Vx9)Y =a(g(X,Y)E —n(Y)X) + B(g(oX,Y)E — n(Y)pX)

for smooth functions a, 3 on M, where V denote the covariant derivative with
respect to g. Generally, M, is said to be a trans-Sasakian manifold of type (o, 3).
In a three-dimensional trans-Sasakian manifold the curvature tensor with respect
to the Levi-Civita connection V is as follows [7]:

R(X,Y)Z = (5 +268 = 2(a® = #)(9(Y, 2)X - g(X, 2)Y)

— (Y 2)[(5 + €68 — 3(a® = #)n(X)¢
— 1(X)(¢grada — ggradf) + (XB + (X))
+ (X, V)[(5 + €8 - 3(a® — B)n(Y)g
¥ s dgad ) + (V5 + (@7 o
128+ @Z)a)n(Y) + (VB + (#Y )a)n(Z)
(5 +€8 = 3(a” = )Y )m(2))X
(28 + (62)a)n(X) + (X + (6X)a)n(2)
5

_|_
+
(2.7) + (5 +€6—3(a” = B)m(X)n(2)]Y,
where 7 is the scalar curvature of the manifold. B
Let M™ (m < n) be the submanifold of a contact metric manifold M". Let
V and V be the Levi-Civita connections of M and M, respectively. Then for any

vector fields X, Y € x(M), the second fundamental form o is defined by
(2.8) VxY =VxY +0(X,Y).
For any section of the normal bundle T+ M, we have

(2.9) VxN = —-AxX + V*N,
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where V-4 denotes the normal bundle connection of M. The second fundamental
form o and the shape operator Ay are related by

(2.10) g(ANX,Y) =g(c(X,Y),N).
For any vector field X € x(M), we can right
(2.11) 6X =TX + NX,

where T'X is the tangential component of X and N X is the normal component of
¢X. Similarly, for any vector field V' in normal bundle we have

(2.12) PV =tV +nV,

where tV and nV are the tangential and normal components of ¢V.

The submanifold M is said to be invariant if X € T M for any vector field X.
On other hand M is said to be an anti-invariant submanifold if $X € T+ M for any
vector field X

3. f-biharmonic Submanifolds of Three-dimensional Trans-Sasakian
Manifolds

We know for a isometric immersion v [24]
(3.1) 7(¢) = trVdy) = tro = mH,

where H is the mean curvature. Now using the equation (1.1) in the above equation
we have

(3.2) T2(¥) = mAH — tr(R(dy, mH)dy).
By some classical and straightforward computations, we have
(3.3) AH = %grad|H|2 +tr(o(, Ar.)) + 2tr(Age () + ATH.

Using (3.3) in (3.2), we have
(3.4) ,
T2(¢¥) = %grad|H|2+mtr(o(., A ))+2mtr(Ag s g () +mALH—tr(R(dp, mH)dp).

From the equation (1.3), we have the submanifold M is f-biharmonic if and only if

(3.5) 7o, (V) = fT2(¥) + (AS)T(W) + 2V T(1) = 0.

By simple calculation we have the above equation is equivalent to

(3.6) T2 (V) + m%H +2m(—Aggrad(In f) + Vglrad(ln nH)=0.
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For a f-biharmonic submanifold of a three-dimensional trans-Sasakian manifold
we have the following:

Theorem 3.1.  Let M be a submanifold of a three dimensional trans-Sasakian
manifold M. Then M is f-biharmonic if and only if the following equations hold

Af
AJ'H -+ tI‘(O’(., AH)) + TH + 2vg_rad(ln f)H

= —2(5 +268 — 2(a? — B)H +2[(5 + €8 — 3(a® — B)n(H)¢*
—n(H)(Ngrada — Ngrad) + SﬂH Ean(H))
+ 268+ (5 + €8 —3(a” — B)I A,
and

grad|H|?* — 2trAggrad(In f) + 2tr(AgL g, .)

= 2[(5 + €8 - 3(a” = F2)n(H)E" — n(H)(Tgrada — Terad )
+t(H)éa] — [(gradB) n(H) + g(grad, H)E" + g(grada, 9H)E"
+ (5 + €8 - 3(a” = F)n(H)E").

Proof. Form (2.7) we have
R(X,Y)Z = (5 +268 = 2(a® = #)(9(Y, 2)X - g(X, 2)Y)

—g(v, )[( +E6 - 3(a” = B7))n(X)¢

—n(X)(¢ grada*(bgradﬁ) (XB + (9X)a)¢]
+9(X, [( +&6 = 3(a® = B%))n(Y)¢
Y

— (¢grada — ggradB) + (Y B+ (¢Y )a)¢]
~ (28 + (6Z2)an(¥) + (VB + 9V )a)n(Z)
+ (5 +88-3(a” = BV )n(2)]1X

+[(ZB + (62)a)n(X) + (X5 + (6X)a)n(Z)
(5

L eB—3(a® = B)m(Xm(2)Y.

(3.7) 5

Let {e1,e2} be an orthogonal basis of the tangent space at a point of M. Then we
have from above
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R(e;,Y)e; = (g +268 —2(a® = %)) (g(H, ei)ei — glei,ei) H)
— g(H, e)[(5 + €8 = 3(a? = B%))n(ei)é
—n(e;)(¢grada — dgradp) + (e;8 + (de;)a)¢]
+glessen)[(5 + €6 = 3(a? = B))n(H)E
— n(H)(¢grada — dgradB) + (HB + (¢H)a)¢]
—[(e:B + (de)a)n(H) + (HB + (9H)a)n(e:)
+ (5 +88—3(a” = B))m(H)n(e)e:
+ [(esB + (de)a)n(e:) + (e + (der)aln(e:)
(3.8) + (5 + €8 - 3(0° = B2)n(ean(en)H.

Taking trace and using the equations (2.1), (2.11) and (2.12) we obtain

tr(R(, H).) = =2(5 + 268 — 2(a® = §9)H +2[(5 + €8 — 3(a” = B%))n(H)¢
—n(H)(¢grada — pgradf) + EBH — Eap(H)] — [(gradB) n(H)
+ g(grads, H)E" + g(grada, oH)E™ + (5 + 8 — 3(a” = 82)n(H)E"]
+ [2n(gradB) + (5 + €6 — 3(a — B2)|H.

Using the equations (3.4) and (3.6) we can obtain

tr(R(., H).) = grad|H|? + tr(o (., Ag.)) + 2tr(Ag1(.))

Af

+ATH+ TH —2(Aggrad(In f)) + QV;ad(lnf)H.

Therefore we have

grad|H|* + tr(o(., Ag.)) + 2tr(AgL g (1)

Af
+ATH 4 7H —2(Aggrad(In f)) + 2Vgan n H

= =25 +¢f—2(a’ - F)H
+2[(5 + €8 = 3(a” = B)n(H)E — n(H)(égrada — dgradB) + EBH — cad(H)

— [(gradB)Tn(H) + g(gradB, H)ET + g(grada, pH)ET
(5 + €8 - 3(a” = B)n(H)ET] + [2n(gradB) + (5 + 8 — 3(o — 5) H.
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Comparing the tangent and normal components we have the result of the theorem.
Now we have the following as particular cases of the above theorem.

Corollary 3.1. Let M be a submanifold of a three-dimensional trans-Sasakian
manifold M.

(1) If M is anti-invariant, M is f-biharmonic if and only if

Af
ATH +tr(o(., Ag.)) + TH + 2V;_rad(lnf)H

= —2(5 +268 — 2(a® — B)H +2[(5 + €8 — 3(a® — B)n(H)¢*
+EBH — can(H)] + 268 + (5 + €8 — 3(a? — )| H,
and
grad|H|?* — 2trAg grad(In f) + 2tr(Av1 1, .)
= 2[(5 + €8 - 3(a” = F)n(H)E" — n(H)(Tgrada — Tgrad B)
+t(H)¢a] — [(gradB) " n(H) + g(gradB, H)E" + g(grada, pH)E
+ (5 +88-3(a” - B)n(H)E").

(2) If M is invariant M is f-biharmonic if and only if

AYH + tr(o(., Ag.)) + %H + 2V aan n H
= —2(5 +268 — 2(a® — B)H +2[(5 + €8 — 3(a® — B)n(H)¢*

— n(H)(N grada — N gradB) + £6H — Ean(H))
+ 268+ (5 + 8- 3(a” = B))IH.
and
grad|H|* — 2trAg grad(In f) + 2tr(Ag 1y, .)
= 2[(5 + 68— 3(a® = B)n(H)ET + t(H)Ea] — [(grad8)™n(H)+
g(grads, H)E™ + glgrader, pH)E™ + (5 +§8 = 3(a” = 37))(H)S"].
(3) If € is normal to M, M is f-biharmonic if and only if

Af
AYH + tr(o(., Ag.)) + 7H + 2V waan  H

= —2(5 + 266 - 2(a” = B2)H +2[( + €6 - 3(a — B)m(H)¢*
—n(H)(Ngrada — NgradB) + £8H — Ean(H)]
+[268+ (5 +§8 - 3(a” = B))IH,
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and

grad|H|* — 2trAg grad(In f) + 2tr(AgL g, .)
— 9—(H)(Tgrado — Tgrad8) + t(H)€a] — [(grad8)n(H)).

(4) If € is tangent to M, M is f-biharmonic if and only if

Af
AJ_H + tT(O'(,AH)) + TH + 2v;_rad(lnf)‘ll‘[

= —2(5 + 268 — 2(a® — %) H + §BH — San(H)]

+[268+ (5 +88—3(a” = B)IH,
and

grad|H|* — 2trAg grad(In f) + 2tr(AgLy,.)
= 2t(H)éa — [g(gradB, H)E" + g(grada, oH)E"],

(5) If M is a hypersurface, M is f-biharmonic if and only if

A
AYH + tro(, Ag) + L b vt

7
= —2(5 +268 — 2(a” — A1) H +2[(5 + €8 — 3(a® = B)n(H)¢*
— (H)(Ngrada — Ngrad8) + ¢BH — Ean(H)
+ (268 + (5 + €6 = 3(a? — B))]H,
and
grad|H|* — 2trAg grad(In f) + 2tr(Ag 1y, .)
= 2[(5 + 88— 3(a? — B)n(H)E" — y(H)(Tgrada — Tgrad]
— [(gradB)"n(H) + g(grads, H)E" + g(grada, oH)ET
+ (5 +68—3(a” = F)m(H)ET).

Proof. Proof of the results is directly obtained from Theorem 3.1, using the following
facts, respectively.

(1) If M is invariant then N = 0.
(2) If M is anti-invariant then T' = 0.
(3) If £ is normal to M then ¢ = 0.
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(4) If € is tangent to M then n(H) = 0 and &+ = 0.
(5) If M is a hypersurface then tH = 0. O
Theorem 3.2. Let M be a submanifold of a three dimensional trans-Sasakian

manifold M with non zero constant mean curvature H and € is tangent to M, then
M proper f-biharmonic if and only if

3 A

o2 = -2 _7e8 4702 - 57 - 2L,

2 f

and Aggrad(ln ) = 0, or equivalent if and only if
3 A
Scaly; = Er +9¢8 — 8(a? — B%) + Tf —3|H|*

Proof. Let M be a f biharmonic submanifold of M with constant mean curvature

and ¢ tangent to M then from the previous corollary we have

Af
ATH +tr(o(., Ag.)) + TH + 2V ran y H

= —2(5 +268 — 2(a” — B)H +2[(5 + 68— 3(a® — B)n(H)¢*
— n(H)(Nerada — Ngrad8) + ¢8H — gan(H)|
+ (268 + (5 + €6 - 3(a® = B))) A,
and
grad|H|* — 2trAygrad(In f) + 2tr(Av. g, .)
= 2[—n(H)(Tgrada — Tgrads) + t(H)Sa] — [(grad8) n(H))

Since ¢ is tangent to M then the equations are of the form

(o Anr.)) = =2(5 + 268 = 2(o” = F)H +2[(5 + €8 - 3(o” = B)m(H)E"
—n(H)(Ngrada — Ngradf) + £8H — Ean(H)]
Af

266+ (5 +€8 3o — F)H — S0,

and Aggrad(ln f) = 0. Thus, the second equation is trivial and the first equation
becomes

3r Af

Now since tro(., Ag.) = |o|*H and H is non zero, so we have form above equation
o af

|0’|2=—3—7€ﬂ+7(042—62)— 7
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Now from the Gauss formula we have

(3.10) Scaly = ZQ(R(Q‘, ej)ej,ei) — |of> — 2H.
A’j

Using (2.7) in the above equation we have

Scaly = 3%956 —8(a? - %) + % —3|H|* O

Corollary 3.2. Let M be a submanifold of a three dimensional trans-Sasakian
manifold M with non zero constant mean curvature H and & is tangent to M. If
the functions «, B satisfy the inequality

3
2

A
T8 +7(a” = §%) < Tf
then M is not f-biharmonic.

Proof. Form the Theorem 3.2 we know that M is f-biharmonic if and only if its
second fundamental form o satisfies the inequality

A
o =~ % 78+ (0% — 57) - =L
2 f
Since |o|? > 0, this is not possible if
(3.11)
A
—357"—7§ﬁ+7(a2—52)g7f. i

Theorem 3.3.  Let M be a submanifold of a three dimensional trans-Sasakian
manifold M with non zero constant mean curvature H such that & and ¢H are
tangent to M. Define F(f,«,3) on M by

Af

F(f,a,f) = =2r — 98 +9(a® — 5%) — 7

Then
(1) if inf F(f,, B) is non-positive, M is not f-biharmonic.

(2) if F(f,«,pB) is positive and M is proper f-biharmonic then

0<|H] < SF(f a.p).

DN =

405
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Proof. M is proper f-biharmonic submanifold with constant mean curvature H and
¢ is tangent to M, so we have form Corollary 3.1

Af
ALH + tI‘(O'(~,AH-)) + TH + QVgLrad(ln

nH
= —2(5 + 268 —2(a® — §))H + §5H — San(H)]
+ 268+ (5 + 8- 3(a® = B))|H

and

grad|H|? — 2trAggrad(In f) + 2tr(Ay 1 g, -)
= 2t(H)éo — [g(gradB, H)E" + g(grada, pH)E"].

Given that ¢H is tangent to M, so tH = 0. Therefore form the above equation we
have

ATH +tr(o(., Ap.)) = [-2r — 966+ 9(a? — ?) — %]
=F(f,a,B)H,
where
F(f,a,B) = —2r — 968+ 9(a® — §2) — %

Taking inner product by H of the equation (??), we have
<AYH H > + < tr(o(.,Ay.)), H >= F(f,a, B)|H|*.

Now using the results < tr(o(., Ag.)), H >= |Ag|?, and A|H|? = 2(< AtH, H >
—|V+H|?), in the above equation we have

(3.12) |Au> + |ATHP? = F(f, 0, B)|H|?.

By using the Cauchy-Schwarz inequality |Ag|* > 1tr(Ay) = 2|H|*, the equation
reduces to

P(f.a, )P = [Anl? + [VEHP = 21|+ V2B > 2]
Therefore F(f, o, ) > 2|H|?, since |H| is positive. This proves the theorem. O

Acknowledgements. The authors are thankful to the referee for his valuable sug-
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