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AN INTRINSIC CRITERION FOR THE TYPE OF
AUTOMORPHISMS OF THE UNIT DISC

KANG-HYURK LEE

ABSTRACT. In this paper, we deal with a problem to determine the type
of automorphisms of the unit disc in C in terms of intrinsic geometry. We
will characterize the hyperbolicity and parabolicity of automorphism by
the distance function of the Poincaré metric.

1. Introduction

As a fundamental consequence of the unifomization theorem for Riemann
surfaces due to H. Poincaré [9] and P. Koebe [6], a compact Riemann surface S
of genus g > 2 is a quotient space of the unit disc,

A={zeC:|z| <1}.

This means that there is a discrete subgroup I' of the automorphism group
Aut(A) such that the quotient A/T is biholomorphic to S. Therefore the Lie
group structure of Aut(A) and its action on A has been studied in wide fields
of Mathematics (see [7]).

In the study of Aut(A), there is a typical trichotomy for non-trivial elements
of Aut(A) given by the action on A. A non-trivial automorphism f of A is
called

(1) elliptic if f has a fixed point in A;
(2) parabolic if f has only one fixed point in the boundary 9A;
(3) hyperbolic if f has only two fixed points in the boundary OA.

An elliptic automorphism is conjugate to a Euclidean rotation z ~ €z of C.
A parabolic automorphism acts as an ideal rotation centered at the boundary
fixed point. A hyperbolic automorphism acts as a squeezing mapping attracting
at a boundary fixed point and repelling at another fixed point (see [3]). This
trichotomy is also characterized by the representation of f in PSL(2, R) which
is isomorphic to Aut(A). An element $ of PSL(2,R) is elliptic, parabolic or
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hyperbolic if |Tr $| < 2, = 2 or > 2, with respectively. Then the type of an
automorphism f of the unit disc is the same as that of its representation $; in
PSL(2,R).

In this paper, we would characterize intrinsically this classification of Aut(A);
especially not using the boundary extension of the automorphisms on A. Let
f be an automorphism of A without fixed point on A, so not elliptic. In order
to determine intrinsically whether f is parabolic or hyperbolic, it is natural to
consider the Poincaré metric,

(11|22)2|GZZ|2 )

of the unit disc which is a complete hermitian metric of a negative constant cur-
vature and the unique, holomorphically invariant metric of A (see [4]). The aim
of this research is to distinguish the parabolic and hyperbolic automorphisms
in terms of the Poincaré metric.

In the previous work [8] by the author, we gave an intrinsic characterization
of automorphisms of A in terms of the Poincaré metric and iterating limit of
automorphisms. For the intrinsic argument, we dealt with a simply connected
Riemann surface S admitting a complete hermitian metric g of constant cur-
vature kK = —4. Then (S, g) is holomorphically isometric to the Poincaré disc
model (A,ds%). For a point p € S, let g, : S — R be a negatively valued
function defined by

2 _
dSA—

©g.0(2) = tanh?(dy(p, 2)) — 1 (1.1)
for z € S where d, is the distance function with respect to g. Let f € Aut(S)
be without fixed point and denote by f(™ the n-th iteration of f:

f(l) =7, f(n+1) — f(n) of.

In [8], the author consider the sequence (y,,) of functions defined by

o fm)
%(2):( Pop©] (1.2)

Pg,p © f(n)) (p) '
Then it follows

Theorem 1.1 (Lee [8]). For an automorphism f of S without fixed point, the
sequence (@y,) of functions in (1.2) converges to a positive function ¢ and

pof

®
for some positive c. Moreover f is parabolic if and only if c = 1.

C

The function ¢4, in (1.2) is purely geometric quantity of S >~ A; thus this
theorem is an intrinsic characterization of automorphisms of A. But by the
limit procedure involved in the theorem, the type cannot be determined in the
finite number of calculations.
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The main result of this research is give another characterization of parabol-
icity and hyperbolicity by finite terms of iterations in (1.2).

Theorem 1.2. Let S be a simply connected Riemann surface admitting a her-
mitian metric g of constant curvature —4. For a point p € S, let ¢4, : S =+ R
be a negative function defined as (1.1). Let

o = Pan© FHY) (p) _ tanh?® (dy (p, fV (p))) — 1
(@g,p © f(n)) (p) tanh” (dg (p7 f(n) (P))) -1
Then f is parabolic if and only if

882 — 56162 =3.

As mentioned in Propositions 3.2 and 3.3, f is hyperbolic if and only if
8co — beyea < 3. Note that ¢, is the value of ¢, in (1.2) evaluated by f(p):

cn = on(f(p)) -

In Section 2, we will introduce a basic expression of parabolic and hyperbolic
automorphisms of A. Then we will devote to confirm the main theorem for
S = A and p = 0 in Section 3. A short proof for the theorem will be in
Section 4.

2. Automorphisms of the unit disc

Let f be an automorphism of A. Then there are § € R and o € A such that
_ 0 zZ+ o

1(z) 1+ az

When we assume that f leaves the boundary point 1 € JA fixed so f is par-

abolic, hyperbolic or the identity, then the rotational factor e’ is uniquely

determined by « in the sense of €’ = (1+a)/(1+ «). Therefore f = f, where

fa is defined by

l1+a z4+a

falz) = l+al4az’

In order to find another fixed point of f,, we can write the equation f,(z) = 2

by

(2.1)

0=(-D@l+a)z+a(l+a)).
Thus another fixed point of f, is only

a(l+a)
=Y 2.2
o= "0 +a) 22)
which also belongs to dA. Thus f, is parabolic if and only if ¢, = 1, equiva-
lently,
2
1—|a]” _

1+al*
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2.1. The parabolic case

From Proposition 2.3 in [8], the automorphism f, in (2.1) is parabolic if and
only if there is some nonzero t € R such that

—it
GTPeT T
In this case, the automorphism f, = f,, can be written by
T+ z24p0 (2+it)z —it
Ir(2) = Ltpe Ll +prz itz + (2—it)
Moreover t is the parameter of the parabolic subgroup

P={fp :teR}
of Aut(A) leaving 1 fixed in the sense that

fpo © fp. = fp.,, forany s teRR.

Therefore
£ = fo, (2.3)
Remark 2.1. The image of —1 under f,, is
—(2 +it) — it 1+t 1—t?—2it t2—-1 2t
S i R 0 Rk U LS ek k. L el S L
—it + (2 — it) 1—it 1+t 21 241

Take any point ¥ = cos + isinf on OA \ {1} where 0 < 6 < 27 and let
n=0/2. For t = cotn,

t2—-1 cot’n—1 2 .2
I :cot2n+1 = cos” 1 — sin“ 7 = cos(2n) = cos b ,

2t 2 cot?
Eals cotc207) _:71 = 2cos? nsin® 7 = sin(2n) = sin 6 .

This implies that f,,(—1) = €. As a conclusion, the parabolic subgroup P
acts on OA \ {1} transitively.

2.2. The hyperbolic case

Let f, be a hyperbolic automorphism of A. The initial fixed point of f, is
1. Suppose that f, also leaves —1 fixed. Then (2.2) can be written by

_a(l+a)

Ca(l4a)’
equivalently, @« = &. Thus « is a nonzero real number with —1 < a < 1.
Therefore there is a unique nonzero ¢ with tanh(¢/2) = «, equivalently

et —1

a = hy = tanh(t/2) = 1
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for some nonzero ¢t € R. Note that for real o and g,

SEta  zyBtatap:
(fao fa)(z) = F =
1+a1+ﬁz 1+ 8z4az+ap

a+f
:(1+aﬁ)z+5+a:z+1+a/3 = fass
T+af+(a+B)z 1+ £, 155

Applying o = hg and 8 = hy, then we have
oo Ine = f pstns = Fno

since

hs + hy tanh(s/2) + tanh(¢/2) — +t b
= = 11 = Y .
1+ hshy 1+ tanh(s/2) tanh(¢/2) st

Therefore we have
AP = fue - (2.4)

The hyperbolic group H = {f, : t € R} is the set of automorphisms of A leaving
1, —1 fixed.

3. Testing the type of automorphisms for the unit disc

In this section, we will prove Theorem 1.2 for S = A. In this case, the
hermitian metric g of the theorem is the Poincaré metric ds%. The distance
function of ds% is given by

Z—w

das (2, w) = tanh ™!

—wz
for z,w € A (see [5, 2]). For a point ¢ € A, the function in (1.1) is of the form

2

zZ—q 1

1—gz

QD(](Z> = QOdsQA,q(Z) = tanhQ(ddSQA (Q7 Z)) -1=

Throughout this section, we will mainly consider the case of ¢ = 0. The test
function above in this case is of the form,

©o(z) = tanh?(dgy2(0,2)) — 1 = |2[° = 1. (3.1)
For an automorphism f of A, the sequence of functions
po o f™
(o 0 f()(0)

converges some ¢ if f is parabolic or hyperbolic as shown in [8]. In this section,
we will deal with
woo f woo f @
———*—  and

(@0 0 f)(0) (w0 0 f)(0)
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and their values at f(0). Before looking at this terms, we introduce widely used
formulae in this section: for an automorphism f, in (2.1) it follows that

_ 2 2_ . OZZ
(0o f0)e) = |fiaas| 1= E=ESRD
(00 1)) = o 1. 53)

3.1. Parabolic automorphisms leaving 1 fixed

Let f be a parabolic automorphism of A leaving 1 fixed. Then there is a
unique ¢t € R\ {0} such that f = f,, where

it
244t

Y43

as we saw in Section 2.1.

We can write Equation (3.3) by

2 t2 1

—it B -
4442 442

2+t

(00 )00 = In* = 1|
For a fixed nonzero t, let

(‘PO 0 flg?Jrl)) (0) (‘P ° fp(n+l)t) (0)

cn: =

(oo riN o) ©h) 0

B 1 / 1 o A4n??
4+ (n+1)22 4+n22) 44 (n+1)22°

Since

4 + 412 4412 44482 12427t
862 - 56162 =8 — = =3,
4 4 9¢2 44 442 4 + 92 4 + 9¢2

we have

Proposition 3.1. Let f be a parabolic automorphism of A leaving 1 fized. Then
two numbers ¢ and co defined by

. _ (¢o o f("FD)(0)
" (<Po o f(")) (0)

satisfies 8co — beieo = 3.
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3.2. Hyperbolic automorphisms leaving 1 and —1 fixed

If f is a hyperbolic automorphism of A with fixed point 1 and —1, then there
is a unique nonzero t such that f = fj, where

et —1
et +1
as in Section 2.2. Apply f, to (3.3), we have

hy = tanh(t/2) =

et —1\° 4e!
O=r-1=(—) - 1=——— .
(onofht)( ) t <6t+1> (€t+1)2
As the same way as Section 3.1, we can define a sequence of positive real num-
bers,

. (900 farin.) (0) _ hfpiaye — 1 _ elem+ 1)2 3.4
" oo fu) () R, —1 (0D )2 |

for a fixed t. Note that ¢; and co in this case do not satisfy the condition,

862 — 56102 =3 N
as in Proposition 3.1. From easy calculations as

Et(€2t + 1)2 th(et + 1)2

3.5) 8cy—5H —-3=8 -3
(3.5) 8z —5eres (€ +1)2 (€3t +1)2
_ —3e5 4 8e? — Hett — 5e?t 4 8e! — 3
(e3t + 1)2

—(e! — 1)*(3e? + 4e' + 3)
B (e3t +1)2 )

the number 8co — 5c1co — 3 is always negative for any nonzero ¢.

Proposition 3.2. Let f be a hyperbolic automorphism of A leaving 1 and —1
fized. For the numbers

o _ (poo V) (0)
" (</90 o f(")) (0) ’

it satisfies that 8co — beicy < 3.

3.3. Hyperbolic automorphisms in general

Continuing from the previous subsection, we consider the hyperbolic auto-
morphism fp,, for some nonzero t. Here we will consider a point ¢ in A and the
sequence of numbers

cd — (Spq o ;(:'H)) (a) _ (cpq o fh(n+1)t) (q) 5o
' (% © f(:)) (9) (g © frne) (9) :
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where
2 z—4
SOQ(Z) = (pdszA’q(Z) = tanh (dd52 (Q7 Z)) -1= 1—gz -
9 2
= (2> - 1)17@2 = wo(z)li[qlg :
11— qz| R
Since

(121> = (1 —h?)

[0} + Z) =
(o0 fn,)(2) 1t ol
from Equation (3.2), it follows that

o _ (|Q|2—1)(1—h%t) 1_ |q‘2
(©q© fra)(@) |1+ hntq|2 11— qfn., (q)\Z

w1 (1-1a?)

nt

1+ hueal” 11 = @ fn, (@)
So each ¢ can be written by

2 _
cd (‘pq © fh(n+1)t> (q) h(nJrl)t —1 |1 + hntq|2 |1 — thm (q)|2

n = = T2 2 _ 2
(¢q © fhn.) (@) hee —1 |1 + h(n+1)tq| |1 - th(n+1>t(Q)‘
_ o 4hed® = @fn (@)l
— Cn 2 _ 2
1+ hnrnyea]” |1 = @i (@)
where ¢, = (h%n+1)t —1)/(h2, — 1) as in (3.4).
We will calculate the value ¢ in case of
—18
= 3.7
1= 5 s (87)
for some s € R. Let us consider
_ 18 + hy, 2+18)(1+ hpeq) —is(q + hy,
1= Gfn,(q)=1— : q t :( )( : tq) (q t).
2+4is 1+ hpq (24 i8)(1 4+ hntq)
Applying (3.7) to the numerator only, we can get
_ 1 4(1 — ish, 4(1 — ish,
L= qfn,,(q) = - ( : 2 = ( 2 2 :
(2+1i8)(1+ hpq) 2 —1is (4+ s2)(1 + hniq)
Therefore, we have
2
1@, @ _ 1+ [1+ b
_ 2 = 2 2
|1 - qfh(n-kl)t (q>‘ 1+ SZh(nJrl)t |1 + hntQ|
This simplifies ¢ as
1+ s2h?
ol = gyt tnt (3.8)
1+s h(nJrl)t
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It remains to check the value 8c§ — 5¢fcd — 3. Equation (3.8) gives
1+ s2h3 1+ s2h? 1+ s2h3
8¢l —5clcl —3=8(cyp—52t) -5 ¢ 2t) -3
2700 <02 1+ s2h%, 1T s2h3, 21¥ s2h3,
B 8co — beyeg — 3+ §2 (8c2h§t — 50102]1? — 3h§t)

1+ s2h3,
From Equation (3.5) and the calculation as
b2t 2 2t ( t 2 3t 2
2 2 2 _ g’ —1) er(e’ —1) (e’ —1)
802h2t - 56162ht - 3h3t =8 (63t T 1>2 - (e3t T 1)2 - (e?’t T 1)2
_ —3e% 4 8e™ —bet —5e* 8" =3 (¢! - 1)%(3e% + 4e! + 3)
(€3t +1)2 - (€3t +1)2 ’

we can write the numerator by

8¢y — Beyea — 3+ 52 (SCghgt — 5clcght2 — Shgt)
(! —1)*(3e?' +4et +3) 5 (e! —1)*(3e? + 4e! + 3)
(€3 + 1)2 = (&3t +1)2
(1+52)(et — 1)4(3e?! + 4et + 3)
(e3t +1)2

As a conclusion, the value 8¢ — 5cfc? — 3 is always negative for any nonzero ¢.

Proposition 3.3. Let f be a hyperbolic automorphism of A leaving 1 fized and
let
(o0 f0*1) (0)
Cp=—"———"—"
" (oo fM)(0)

Then 8cy — beyey < 3.
Proof. Let f, be a hyperbolic automorphism leaving 1 fixed. Another fixed
point ¢, = —a(1l + a)/a(l + &) as in (2.2) lies on OA \ {1}. As mentioned in
Remark 2.1, we have a suitable s such that

fp.(@a) = —1.

Then one can easily see that the automorphism f,, o fo o f, ! leaving 1 and —1
fixed. Therefore there is a nonzero t with

fht:fpgofao pislzfpsofaofpﬁga
as showed in Section 2.2. Let
1+ps —is
= 0 = s —

2 —1is
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which coincides with (3.7). Since any automorphism of A is isometric with
respect to dsQA, we can get

dasz (0, fa(0)) = dasz (fp.(0), fp. (fa(0)))
= dol32A (fps (fpfs(Q))a fps (f()é(fpfs (Q))))
= dd52A (Q7fht (q))

from f,_.(q) = f,.'(q) = 0. Therefore ¢, is the same as ¢ as in (3.6) since
(900 ° fé”“)) (0) (wq o ,E:‘“)) (q)
o= () - () =cn
(@o o fa ) (0) (wq o fy, ) (q)

Proposition 3.2 implies 8co — 5c1c0 < 3. O

4. Proof of Theorem 1.2
Let S be a simple connected Riemann surface with a complete hermitian
metric g of constant curvature —4. Then we can take a biholomorphism
F:A— S

from the uniformization theorem for Riemann surfaces. The Schwarz lemma
for negatively curved Riemann surfaces due to L. V. Ahlfors [1] (see also [2])
implies that F is also an isometry from (A,ds3) to (9, g).

Let f be an automorphism of S without fixed point and let p € S. Then the
automorphism
F*f=FlofoF
of A has at least one fixed point at AA. Since A is homogeneous and rotationally
symmetric, we may assume that

F0)=p

and the extension of F*f to A leaves the point 1 fixed, that is, (F*f)(1) = 1.
That means that
F*f=fa
for some o € A as in (2.1).
Since F: (A, ds%) — (S, g) is isometric, it follows that

dy(p, F(2)) = dyl(F(0), F(2)) = dya (0, 2) = tanh ™" |2]
for any z € A. This implies
Frogp =pgpoF =¢o
where ¢o(z) = |z|> — 1 is the test function in (3.1). Since
Frf =fFlofMop=(FlofoF)o---o(F lofoF)

n

= (F" )™ = £
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and ¢4, = o o F~1, we have that

(‘Pg,p °© f(nﬂ)) (p) (900 oF 'o f(nﬂ)) (£'(0))

(bgpo fM) ()  (poo F~1o fM)(F(0))
B (poo F1o it o F) (0) (@0 o f((]”rl)) (0)
a (

n

(poo F~1o f(M o F)(0) B (900 ofén)) (0)

coinsides with ¢,, in Propositions 3.1, 3.2, 3.3. Therefore f, is parabolic if and

only if 8¢y — 5¢yco = 3. This completes the proof. O
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