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ADDITIVE MAPS OF SEMIPRIME RINGS SATISFYING
AN ENGEL CONDITION

Tstu-KwEN LEE, YU L1, AND GAOHUA TANG

ABSTRACT. Let R be a semiprime ring with maximal right ring of quo-
tients Qmr(R), and let ni,no,...,ng be k fixed positive integers. Sup-
pose that R is (n1 +mno+-- -+nk)!-torsion free, and that f: p = Qmr(R)
is an additive map, where p is a nonzero right ideal of R. It is proved
that if [[[f(x),m"l],],m"k] =0 for all z € p, then [f(z),z] =0
for all € p. This gives the result of Beidar et al. [2] for semiprime rings.
Moreover, it is also proved that if R is p-torsion, where p is a prime integer
with p = Zle n;, and if f: R — Qmr(R) is an additive map satisfying
[[...[f(a:),a:"l],...],x”k] =0 for all z € R, then [f(z),z] = 0 for all
r € R.

1. Results

Throughout the paper, unless specially stated, R denotes a semiprime ring
(i.e., for a € R, aRa = 0 implies a = 0) with maximal right ring of quotients
Qmr(R). The center of Q,,,,-(R), denoted by C, is called the extended centroid
of R. It is known that C'is a commutative regular self-injective ring. Moreover,
C is a field if and only if R is a prime ring (i.e., for a,b € R, aRb = 0 implies
either a = 0 or b = 0). We refer the reader to the book [3] for details.

For a,b € R, we let [a,b] := ab — ba, the additive commutator of a and
b. Given an additive subgroup S of R, a map f: S — R is called m-power
commuting if [f(z),2™] = 0 for all x € S, where m is a fixed positive integer.
A 1-power commuting map is called a commuting map for brevity. Additive
m-power commuting maps of prime rings or semiprime rings have been studied
by a lot of scholars in the literature (see [2,4-12,15,18,21-24, 26] etc.).
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To state the main result of the paper we follow some notations from [2].

Given positive integers ny, ..., ng, welet @ = (nq,ng, ..., ny) and define [z, y" ]
inductively as follows:

[z,y"o ==, [z,y"]1 = [z,y™] and [z,y"] 1= [, 4™ e,y

fort=1,2,...,k—1. If ny = ng = --- = ni = m, then we shall write [z, y™]
in place of [z,y" ;. In 1997 Beidar et al. [2] proved the following.

Theorem 1.1. Let R be a prime ring with p a nonzero right ideal and n =
(n1,ne,...,ng). Suppose that f: p — RC is an additive map satisfying the
Engel condition [f(z),xﬁ]k =0 for allz € p. Then [f(x),2] =0 for allx € p
provided that either char (R) =0 or a prime p > ny +mna + -+ + ng.

Some generalizations of the theorem above have been obtained for n!-torsion
free semiprime rings R with an additive map f: R — R. M. Fosner et al. proved
that if [f(x), ], = 0 for all x € R, then f is commuting (see [12, Theorem 1]).
Also, A. Fosner and Nadeem-ur-Rehman proved that if [f(z),z"] = 0 for all
x € R, then f is commuting (see [11, Main Theorem]). The first aim of the
paper is then to extend Theorem 1.1 to semiprime rings in its full generality.
Applying the same argument given in the proof of Theorem 1.1, we remark
that Theorem 1.1 keeps true when the additive map f: p — RC is replaced
by f: p — Qmr(R). The fact will be used in our proofs. We are now ready to
state the first main theorem of the paper.

Theorem 1.2. Let R be an (m +no 4.4+ nk)!—torsion free semiprime ring,
and let f: p = Qmr(R) be an additive map, where p is a nonzero right ideal
of R. Suppose that [f(m),a:ﬁ]k =0 for all x € p, where @ = (n1,no,...,Nk).
Then [f(z),x] =0 for all z € p.

Given a right ideal p of a semiprime ring R, T.-K. Lee and T.-C. Lee gave a
complete characterization of additive commuting maps from p to Q,.-(R) (see
[20, Theorem 1]). Moreover, Theorem 1.2 is false if we drop the assumption
that Ris (ny +na+-- -+ ny)!-torsion free (see [21, Example 1.2]). The second
goal of the paper is to study an exceptional case of Theorem 1.2 as follows.

Theorem 1.3. Let R be a semiprime ring with pR = 0, where p is a prime inte-
ger. Suppose that f: R — Qum.(R) is an additive map satisfying [f(x), :vﬁ]k =
0 for all x € R, where m = (n1,ng,...,ng) and p = Zle n;. Then [f(x), a:] =

0 for all x € R.

2. Proofs

Throughout, R denotes a semiprime ring with extended centroid C. The
set B of all idempotents of C forms a Boolean algebra with respect to the
operations e+h := e+ h —2eh and e - h := eh for all e,h € B. It is complete
with respect to the partial order e < h (defined by eh = ¢) in the sense that
any subset S of B has a supremum and an infimum.
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A subset {e, € B|v € A} of B is called orthogonal if e e, = 0 for v # u
and is a dense subset if ZVGA e, C is an essential ideal of C. A subset T of
Qmi(R), where 0 € T, is called orthogonally complete in the following sense.
Given any dense orthogonal subset {e, € B|v € A} of B, there exists a one-to-
one correspondence between 1" and the direct product [[, ., Te, via the map
x + (xe,) for x € T. Therefore, given any subset {a, € T |v € A}, there exists
a unique a € T such that a — (a,e,). The element a is written as ZfeA aye,
and is characterized by the property that ae, = a,e, for all v € A.

Given a subset T of Qun-(R), we denote by T the intersection of all or-
thogonally complete subsets of @,,-(R) containing T'. It is known that T is
itself orthogonally complete and is called the orthogonal completion of T' (see
[3, Chapter 3]).

In view of [3, Proposition 3.1.10], Q. (R) is orthogonally complete. More-
over, P is a minimal prime ideal of @Q,,-(R) if and only if P = mQ@,,,(R) for
some m € Spec(B), the spectrum of B (i.e., the set of all maximal ideals of B)
(see [3, Theorem 3.2.15]). In particular, it follows from the semiprimeness of
Qumr(R) that (,espec(sy M@mr(R) = 0. We refer the reader to the book [3]
for details. Throughout, we set Q := Qm(R) for simplicity of notation.

To begin with the proof of Theorem 1.2, we need the following, which has
the same proof as that of [19, Lemma 2.1].

Lemma 2.1. Let R be an m!-torsion free semiprime ring, where m is a positive
integer. Then char (Q/mQ@) = 0 or a prime p > m for any m € Spec(B).

Given an ideal I of R, for ¢ € R it is clear that ¢ = 0 if and only if Iq = 0.
Thus, Anng(I) := {¢ € R|gI = 0} is an ideal of R. Moreover, an ideal I of
R is essential if Anng(I) = 0. The following is well-known (see, for instance,
[18, Lemma 2.10] with replacing the Martindale symmetric ring of quotients of

R by Qmr(R)).

Lemma 2.2. Fvery annihilator ideal of Q is generated by one central idempo-
tent.

Let A, B be subsets of R. We let [A, B] (resp. AB) denote the additive
subgroup of R generated by all [a,b] (resp. ab) for « € A and b € B. If
A = {a}, we write [a, B] (resp. aB) in place of [{a}, B] (resp. {a}B). The
following is a special case of [17, Main Theorem].

Lemma 2.3. Let p be a right ideal of R, a € R. Suppose that [a,xﬁ]k =0 for
all x € p, where m = (ny,na,...,nk). Then [p, R][a, R] = 0.

Proof. Let a,z € R and let s, t be positive integers. Suppose that [[a, z*], 2] =
0. Then [[a,z%],2°'] = 0 and so [[a,2*"],2*] = 0. Thus, [[a,z*],2°] =
0. Since [a,2™], = 0 for all z € p where m = (ny,...,ng), it follows that

[a, ™|, = 0 for all z € p, where m := ny - - - ng. In view of [17, Main Theorem],
we have [p, R][a, R] = 0. O
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We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. In view of Lemma 2.2, there exists e = €2 € C such that
Anng (Q[p, Q]Q) = e@. Since C is a commutative self-injective ring, C is a
direct summand of the C-module Q. There exists a C-submodule W of @) such
that @ = C & W. Let w: Q — Q be the projection along W. In particular, ©
is a C-module map. Set ¢/ :=1—e. Let g: p — Q be the additive map defined
by

g(z) =7 (e f(x))

for all z € p. Then g(z) — €' f(z) € C for all z € p. Therefore, [g(z),2"], =0
for all x € p.

1
p= {Z ZTala | Ta € p,ZeaC’ is a dense ideal of C'}.

acl acl

Then 7 is a right ideal of R and QmT(E) = . We claim that g can be extended
to an additive map, denoted by g, from p to @ by
L

(1) @(ZaneQ) = Z g(ma)ea

a€cl acl
for all 2, € p. To prove g to be well-defined, it suffices to claim that if z,e, = 0,
where z, € p and e, € B, then g(ma)ea = 0. Indeed, let y € p. Multiplying
[f(xa +¥), (xa +)"], = 0 by eq, we get [f(za +y),y"€a], = 0. Since
[f(y),yﬁ]k = 0, we see that

(2) [f(za)ea,y™ ], = 0.
Since R and @ satisfy the same GPIs (see [3, Theorem 6.4.1]) and pR C p C pQ,
(2) holds for all y € p@. Applying Lemma 2.3 to (2), we get
[an Q] [f(ma)eaa Q} =0 and so [07 QQ] [f(xoz)eom Q] = 0.
This implies that Q[p, Q}Q[f(xa)ea, Q] = 0. Thus,
[f(xa)eom Q] c Aan (Q[p7Q]Q) = GQ

and so [€' f(2q)eq, Q] = 0. That is, € f(zq)eq € C. Hence, m(e' f(z4))ea = 0,
i.e., g(xa)ea = 0, as asserted. This proves that g is well-defined. Clearly, the
map g: p — Q is additive.
Let z € p. There exists a dense orthogonal subset {e, € B|v € A} of B such
that x = Zje/\ xye,, where x, € p for a € A. It follows from (1) that
1

3) (). a™) =3 [gwa), @] ea = 0.

aEA

Let m € Spec(B). We claim that g(pN m}A%) C mQ. Indeed, let z € pNmR
and y € p. Then hz = 0 for some h € B\ m. By (3) we have

[E(I + y)a (I + y)ﬂk =0.
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Multiplying it by h, we get [g(z +y),y"h], = 0 and so [g(x)h,y"], = 0. As
before, it follows from Lemma 2.3 that [@ ﬁ] [ﬁ(ac)h, Q] = 0. This implies that
Q[ RQ[3(x)h, Q] = 0 and so

QL. Q)Q[3)h, Q] = 0.

Hence, [ﬁ(x)h, Q] C e@ and so [@\(m)h, Q] = 0, since g(z) € €'Q. Thus,
g(x)h € CNW = {0}. That is, g(z) € mQ, as asserted.
This means that § canonically induces the following additive map

gm: (p+mR)/mR — Q/mQ,
which is defined by gm (Z) = g(z) for € p, where
T:=z+mR e (p+ mﬁ)/mﬁ

Clearly, by (3) we have [ﬁm(f),fﬂk =0forallT € (p+ ml/i) /mR. Note
that (p + mﬁ)/mﬁ is a right ideal of the prime ring R/mR and Q/mQ is
contained in the maximal right ring of quotients of ]%/ mR. In view of Lemma
2.1, char (R/mR) = 0 or a prime p > ny +- - -+mny. It follows from Theorem 1.1
that [gm(T),Z] = 0 for all T € (p + mR)/mR. In particular, [g(z),z] € mQ
for all x € p.

Note that (V,,egpecsy M@ = 0. We get [g(2), 2] = 0 for all z € p. That is,
[m(e'f(x)),z] =0 for all € p. Since €' f(z) — w(e’ f(z)) € C for x € p, we get
[¢'f(z),z] = 0 and so

0=I[e'f(z), 2] = [f(z), 2] — [ef(z), 2] = [f (), 2]

for all z € p, because [ef(z),z] € [eQ, p] = 0 (by the fact that Anng (Q[p, Q]Q)
=eQ). That is, [f(z),z] = 0 for all = € p, as desired. O

We next turn to the proof of Theorem 1.3. The first step is to handle the
prime case by beginning with a preliminary lemma. For x € R, a prime ring
with extended centroid C, we define deg(z) to be the minimal algebraic degree
over C if z is algebraic over the field C' and deg(xz) = oo, otherwise. For a
subset T of R, we define deg(T') = sup{deg(t) |t € T'}. It is known that, for a
positive integer m, deg(R) < m if and only if dimc RC < m2. We denote by
Sy, the permutation group on the set {1,2,...,n}. The following is well-known.
We give its statement without proof. We denote by Z(R) the center of R.

Lemma 2.4. Let R be a semiprime ring, a € R. If [a, [R, R]] = 0, then
a € Z(R).

Lemma 2.5. Let R be a prime PI-ring with center Z(R), a € R, and char (R)
=p > 0. Suppose that

(4) Z [[ cee [(L, xa(l)xa(Q) e mo‘('ml)]a cee ] B xJ(Tnk_1+1)ma(7nk_1+2) e xo’(rnk):| =0
o€S,
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for all ©; € R, where ny,...,n, are positive integers with p = Zle n; and
where my :=mnq and m; :=mj_1 +n, for j=2,..., k. Then a € Z(R).

Proof. To prove a € Z(R) we may assume that R is noncommutative. By
Posner-Rowen’s theorem, RC' = M,,(D), where D is a finite dimensional central
division C-algebra (see [27, Corollary 1]). Choose F' to be a maximal subfield
of D. Note that F' = C if D is a field, and C is an infinite field, otherwise. It
is known that RC ®¢ F = M,,,(F) for some m > 1, and, applying a standard
argument, we get that (4) holds for all z; € RC ®¢ F. Thus, we may assume
from the start that R = M,,(F') for some field F' and some m > 1.

For the case that p = 2, we get [a,2y+yz] =0 for all z,y € R or [[a, x], y] +
[[a, y],x] =0 for all x,y € R. Since char(R) = 2, the latter case implies that
[a, [z, y]] =0 for all z,y € R. In either case, we get [a, (R, R]] = 0. In view of
Lemma 2.6, we have a € F, as desired.

From now on, we assume that p > 2. We first consider the case that k£ = 1.
That is,

() 0. D %oy Tam] =0
o€Sy
for all z; € R. Replacing x1 by = and x; by a fixed idempotent e for j > 1 in
(5), we get
(6) la, (p— D!(ze +ex) + (p— 2)(p — 1)lexe] =0
for all x € R. Multiplying both sides of (6) by 1 — e and applying the fact that
char(R) = p, we get (1 —e)aex(l—e) = (1 —e)x(1—e)ae for all z € R. In view
of [25, Theorem 1], (1 — e)ae € F(1 — e), implying that (1 — e)ae = 0. Since e
is an arbitrary idempotent of R, replacing e by 1 — e, we also get ea(l —e) = 0.
Therefore, [a,e] = 0. Note that R is generated by idempotents as a vector
space over F'. This implies that a € F', as desired.
We next assume that £ > 1. Note that
my :=ny and m; :=m;_1 +n;

for j =2,...,k. Thus, m; = p. For 0 € S, by hypothesis we have

> A, =0,

v€S,
where

(7) Ag = [Bs,Cs],

where

B, = [[- 8, To(1)To(2)  Tomp]s -+ [ Tolme_a 4 1) To(mp_at2) '%<mk71>]
and

Cg = LTo(mp_1+1)Lo(mr_1+2) " Lo(my)-
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Given an idempotent ¢ € R, let x; = e for i = 2,...,p. Suppose that
(I1—e)A,(1—e€) #0. Then we have either o(my_1+1) =1 or o(my) = 1, and
in this case,

B, = [a,€]x—1, and C, = ex1, x1€ Or X7,
where C, = x1 occurs only when n; = 1.
Case 1: ny > 1. Therefore, we get
0= Z (1-eA;(1—e)=(p— 1)1 -e)[[a,elp—1,ex1 + z1€](1 —€).
o€Sy
Since p is not a divisor of (p — 1)!, this implies
(8) (1 —e)la,e]g—1ex1(l —e) = (1 — e)xre[a, e]p—1(1 —€)
for all z; € R. In view of [25, Theorem 2(a)], either (1 —e)[a, e]x—1e € F(1—e¢)
orefa, e]p—1(1—e) € F(1—e); that is, either (1—e)[a, €]x—1e = 0 or e[a, €]j—1 (1—
e) = 0. In view of (8), if (1 —e)[a, e]x_1€ = 0, we get ea, e]—1(1 —e) =0, and
conversely. Thus we get
(9) (1 —e)[a,e]g—1e =0 =ela,e]p_1(1 —e).

However, [a, e]x—1 = ae—ea if k—1is odd, and [a, €]x—1 = [a, e]a = ae—2eae+ea
if kK —1 is even. It follows from (9) that ea = eae = ae and so [a,e] = 0. Since
R is generated by idempotents as a vector space over F', we have a € F, as
desired.

Case 2: nj = 1. Therefore, we get

0= (1-)As(1—e) = (p— I(1 — &) [[aselir, 2] (1 —e).

o€S)
Applying an analogous argument as given in Case 1, we can conclude that
a€F. U
Let R" := {(x1,...,2n)|2; € Rfori=1,...,n}. A map n: R" — R is
called an n-additive map if, for : = 1,...,n, we have
(X1, T 1, T+ T Tty ey )
= ’/T(xla ey L1, Ly T 1y - - - 7xn) + 7T(SU1, sy Ti—1, xéa Tit1y--- axn)

for all z;, 2, € R. The following lemma is essentially well-known and is referred
to [16, pages 15-17], [14, Lemma 1] and [13, Lemma 2].

Lemma 2.6. Let m: R™ — R be an n-additive map. If w(x,z,...,2) =0 for
allz € R, then Y g W(xg(l),xg(g), .. ,x(,(n)) =0 for all x; € R.

Proof of Theorem 1.3. Applying an analogous argument as given in the proof
of Theorem 1.2 (in fact, it is easier), we must only prove the prime case. That is,
we may assume that R is a noncommutative prime ring with char (R) = p > 0.

Suppose first that char (R) = 2. Then either [f(z),2%] = 0 for all x € R
or [[f(z),z],z] =0 for all z € R. In either case, [f(z),2?] = 0 for all z € R.
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In view of [15, Theorem 1.5, [f(x),x] = 0 for all € R, as asserted. Suppose
next that char (R) = p > 2. We separate the proof into two cases.

Case 1: R is not a Pl-ring. In this case, deg (R) = co. By hypothesis,

lef )aP~t =0

for all z € R, where f;’s are addltlve maps of R, 0 < i < p, with fy = f
and f, := (=1)*f. Invoking [1, Theorem 4.4], there exist a,b € Q,-(R), and
additive maps p,v: R — C such that fo(x) = za+ p(z) and f,(z) = br+v(x)
for all z € R. Since fo = f and f, = (—=1)¥f, we get za + (—1)**1bx € C for
all x € R. Since R is not a Pl-ring, R is not commutative. It is easy to prove
that a = (—1)*b € C. Thus, f is commuting.

Case 2: Ris a Pl-ring. In this case, Qnr(R) = RC. Set m; :=ny and m; :=
mj_1+mnjfor j=2,...k Setl:= 1+Zf:1ni =1+pandlet 7: R* = R be
defined as

7'('(331,3727 SN ,3}[)
= |:|:' . [f($1)7$2x3 e $m1+1]a .. ~]awmk_1+2wmk_1+3 e xmk+1:|

for all x; € R. Since [f(x),xﬁ]k =0 for all z € R, we get w(x,z,...,2) =0
for all x € R. In view of Lemma 2.6, we get

Z [[...[f(xl),xa(g)xg(g) ---.I'U(ml_;,_l)],...],

0E€Spt1,0(1)=1
Lo(my_142)To(mp_143) """ xa(mk+1)}

+ Z |:[...[f(xa(l)),xa(g)xo.(g)..-xo_(mlJrl)],...],

0E€Sp41,0(1)#1

(10)

To(mp_142)Lo(mp_1+3) """ xa(mk+1)i| =0
for all zy1,...,2p41 € R. Let 8 € Z(R), the center of R. It follows from (10)
that

Z [[[f(ﬁxl) ﬁf(-rl) LTy(2)To(3) U(m1+1)]’_._j|7
(11) c€Spi1,0(1)=1

Lo(mp_14+2)Lo(mp_1+3) """ xa(mk+l)i| =0

for all z1,...,2p41 € R. In view of Lemma 2.5, f(8z1) — Sf(x1) € C for all
1 € R. Write RC = W @ C as C-spaces, where W is a C-subspace of RC.
Let 7: R — RC be the projection along W, and let f = mo f. Then f is a
Z(R)-linear map satisfying [f( ),zf]k =0 forall z € R. Set w:=ny---ng
and choose a positive integer v such that p* > k. Then [f(x),ww]k =0

and so [f(m),m“’]pv = 0; that is, [f(a:),acwpv] = 0 for all z € R. In view of
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since char (R) = p > 2
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20]
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Theorem 1.1], [f(x),#] =0 for all z € R, and so [f(z),z] =0 forallz € R
. U
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