Bull. Korean Math. Soc. 58 (2021), No. 3, pp. 669-688
https://doi.org/10.4134/BKMS.b200462
pISSN: 1015-8634 / eISSN: 2234-3016

ADMISSIBLE INERTIAL MANIFOLDS FOR INFINITE
DELAY EVOLUTION EQUATIONS

LE ANH MINH

ABSTRACT. The aim of this paper is to prove the existence of an admissi-
ble inertial manifold for mild solutions to infinite delay evolution equation
of the form

d
—u—i-Au:F(t,ut), t> s,

dt
uS(g) = d)(e)a Vo € (70070]7 ERS R:

where A is positive definite and self-adjoint with a discrete spectrum,
the Lipschitz coefficient of the nonlinear part F may depend on time
and belongs to some admissible function space defined on the whole line.
The proof is based on the Lyapunov-Perron equation in combination with
admissibility and duality estimates.

1. Introduction

The new concept of inertial manifold called admissible inertial manifolds for
evolution equations was first introduced by Huy in [5]. These manifolds are
constituted by trajectories of the solutions which belong to rescaledly admissi-
ble function spaces which contain wide classes of function spaces like weighted
L, spaces, the Lorentz spaces L, , and many other rescaling function spaces
occurring in interpolation theory. The important property of these manifolds
is their exponential attracting all solutions of considered evolution equations
(see [1,3,4,6]). This fact allows us to apply the reduction principle to study
the asymptotic behavior of the partial differential equation by determining the
structures of its induced solutions belonging to such an inertial manifold, which
turn out to be solutions of ordinary differential equations.

In [5], Huy proved the existence of admissible inertial manifold for a class of
semi-linear evolution equations without delay of the form

dx

EJrAx:f(t@), t>s, x(s) =xs, s€ER,
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where A is positive definite and self-adjoint with a discrete spectrum on a
separable Hilbert space X and f : Rx 2(A”) — X is ¢-Lipschitz for 0 < 8 < 1.
Later, for the differential operator A as in [5], Huy and the author [7] proved
the existence of admissible inertial manifolds for a class of finite delay evolution
equations which has the form

d

di; + Az = f(t,ay), t>s, v.()=0()€Cs seER

Here, f : R x 63 — X is a nonlinear operator satisfying ¢-Lipschitz with
Cs = C([-r,0], 2(AP)) being the infinite-dimensional Banach space of all

continuous functions from [—r, 0] into Z(A®) equipped with the norm

Hx”(fg ‘= Ssup HAﬁJJH, Vr € %5,
—r<6<0

x4 is the history function which defined in finite interval [—r, 0] by the formula
x4(0) = 2(t + 0) for all —r < 6 < 0.

In this paper, motivated by the results in [5,7], we prove the existence of an
admissible inertial manifolds for mild solutions of the following infinite delay
evolution equation
(1.1) %+Au:F(t7ut)7 t> s,

us(0) = ¢(0), VO € (—o0,0],

where A : X D Z(A) — X is positive definite and self-adjoint with a discrete
spectrum on a separable Hilbert space X; F' : R x %95 — X is a nonlinear
operator with

APp(0)]
‘55::{ € C((—00,0], X :su||<—|—oo}
y ¢ € O(( I, X5) U 5(0)
being the Banach space with respect to the norm
[A%5(0)]]
o8 = Su , Yo e&?,
||¢ gf OSIO) g(a) ¢ g

and Xz := P(AP) is the domain of the fractional power A? for 0 < 3 < 1,
g : (—00,0] = [1,400) is the given continuous function, and u; is the history
function defined by

ue(0) :=u(t+6) forall —oo<6<0.

This paper is organized as follows. In Section 2, for convenience of the
reader, we recall some background materials on the semigroup e~ generated
by the operator A and admissible function spaces. In Section 3, we give the
notion of admissible inertial manifold and prove the existence of such manifold
for mild solutions to Equation (1.1). In the last section, we give an example
to illustrate the obtained result. Our main result is contained in Lemma 3
and Theorem 3.4 which extends the results in [5,7] to the case of infinite delay
evolution equations. This result can be applied to a wide class of infinite delay
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evolution equations such as: Lotka-Volterra models with diffusion, population
dynamics, biological models, .. ..

2. Preliminaries
2.1. Semigroups

Throughout this paper, let X be a separable Hilbert space and suppose that
A is a closed linear operator on X satisfying the following hypothesis.

Hypothesis 2.1. A is a positive definite, self-adjoint operator with a discrete
spectrum, say

0< A\ <A<, each with finite multiplicity and klim A = 00,
— 00

and assume that {ey}72 | is the orthonormal basis in X consisting of the cor-
responding eigenfunctions of the operator A, i.e., Aex = Agey.

Now, for a non-zero natural number N, let Ay and Ay1; be two successive

and distinct eigenvalues such that

e—)\N+10
(2.1) AN < An41 and sup ——— < +00.
o<o0  9(0)

Furthermore, let P be the orthogonal projection onto the first IV eigenvectors
of the operator A, and (e~*4);>¢ be the semigroup generated by —A. Since
PX is of finite dimension, it follows that the restriction (e *AP);>¢ of the
semigroup (e~*4);>0 to PX can be extended to the whole line R.

For 0 < 8 < 1 we then recall the following dichotomy estimates (see [2]):

”e—tAP” S e)\N\t|7
[APe=tAP| < NS AVt eR,
(2.2) e tA(I — P)|| < e v+t £ >0,

B
A%t A(1 = P)|| < [(f) + A?VH] e MR >0, >0

Now, we can define the Green function ¢ : X — X3 as follows.

e~ t—NA T _p for t > T,
(2.3) G(t,T) = {_6_@_7)[,41: ] for ¢t < r.
Then, by the dichotomy estimates given in (2.2) we have
(2.4) 17T APG (t,7)|| < K(t,7)e =Tl for all t # T,
where v = )‘N“;)‘N, o= )‘N“{)‘N and

BN s .
K(t,7) = <t—T> v T

A% ift <.
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2.2. Admissible Banach spaces

Now, let I = R or I = (—o0,tg] for tyg € R, we recall some concepts and
notions on admissibility for later use (see [5,7] and the reference therein).

Denote by % the Borel algebra and by A the Lebesgue measure on R. The
space Lj 1oc(R) of real-valued locally integrable functions on R (modulo A-
nullfunctions) becomes a Frechet space for the seminorms p,,(f) = [, [f(t)|dt,
where J,, = [n,n + 1] for each n € Z.

We then define Banach function spaces as follows.

Definition. A vector space Ej of real-valued Borel-measurable functions on I
(modulo A-null-functions) is a Banach function space (over (I, A, X)) if

(1) Exis a Banach lattice with respect to a norm |-, ie., (Ep,|-[g,) is
a Banach space, and if ¢ € Ep, v is a real-valued Borel-measurable
function such that [¢(-)] < [p(-)], A-a.e., then ¢ € Ey and [[¢||5 <

el g,
(2) the characteristic functions x4 belong to Ej for all A € Z of finite
measure, and

SUp [[Xie-1a g, <00+ inf xpe-vall5, > 0

(3) Er — L110c(I), ie., for each compact interval J C I there exists a
number By > 0 such that [} [f(t)|dt < By fl|g, for all f € Ey.

Definition (Admissibility). The Banach function space Ej is called admissible
if the following hold:

(i) thereis a constant M > 1 such that for every compact interval [a, b] C I,
and for all ¢ € E} we have

/bw)dt < Mb=a)

— el
Xl

(ii) for all ¢ € Fr, the function Ay € Ey where (A1p)(t) = ftt_l p(T)dT.
(iii) Ey is T -invariant for all 7 € I, where
o if I = (—o0,tp] and for some ¢y € R, then

(T+o)(t) = ot —1) fort <7 +to,
T 0 for t > 7 + to;

e if [ =R, then

(THo)(t) = p(t — 1) for t € R.

(iv) Eyis T -invariant for all 7 € I, where
o if I = (—o00,tp] and for some ¢y € R, then

)(t) = o(t+7) for t<tg—r,
~]o for t >ty — T;
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o if [ =R, then
(TZ@)(t) = (t + ) for t € R.

Furthermore, there are constants Ny, Na such that || 77| < Ny, |77 || < N for
all 7 € L.

Example 2.2 ([5]). The spaces L,(R), 1 < p < oo, the space

ME) = {1 € () s " mlar < )

teR Jt—1

endowed with the norm

t
Il = sup [ 177

and many other function spaces occuring in interpolation theory, e.g. the
Lorentz spaces Ly 4, 1 <p < 00,1 < g < 00, ... are admissible Banach function
spaces.

Remark 2.3. If Ej is the admissible Banach function space, then Ey — M(I).

Proposition 2.4. Let Fy be an admissible Banach function space. Then the
following assertions hold.

(1) Let ¢ € L1 ¢ (I) such that ¢ > 0 and A¢ € Ep. For o > 0, we define
functions AL, Alo by

t

(AL)(t) = / =9 p(s)ds,

—0o0

and

(A//@)(t) — -];ftoo 670(37”(10(8)(157 Zf I= Ra
7 e 76 g(s)ds if T= (—o00,tg].

Then, ALy and A belong to Ey. Moreover, we have

A6l g, < (Mgl and [[Agellp, < A9l s,

1 | 2
1—e° 1—e°
for constants N1, Ny are defined as in Definition 2.2.
(ii) Ey contains exponentially decaying functions e~ for all t € T and
any fized constant a > 0.
(iii) Ey does not contain exponentially growing functions et for all t € T
and any fixed constant b > 0.

We next recall the definition of associate spaces of admissible Banach spaces
on I as follows:
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Definition. Let Ey be an admissible Banach space and denote by S(Ey) the
unit sphere in Ey. Consider, the set Ef of all measurable real-valued functions
1 on I such that

pv e LaD, [ leOulde <k, Vi€ S(E,
where k£ depends only on v and
LT = {g : T — 1: g is measurable and /|g(t)| dt < oo} .
I

Then, Ej is normed space with the norm given by

Il = sun{ [lotowiedrs ¢ e (0 | tor v e 2,
and we call Ef associate space of Ey.

Remark 2.5. Let Ej be an admissible Banach function space and E] be its
associate space. Then, we have following Holder inequality

Jletwiola < lele, 10l Vo e B < B

Remark 2.6. In the case I = R we write F, & instead of Eg and &g.

In order to get the existence of an admissible inertial manifold of &-class, it
is necessary to put some restrictions on Banach function space Ey as follows.

Hypothesis 2.7. (1) The Banach function space Ey and its associate
space Ef are admissible spaces.
(2) The function space

E’B —{UEEI[||U|71€€E]1} for 0<p<1
s also an admissible Banach function space with the norm
Julls = max{”u”Eu: Il =51 5 5 } '

(3) For the function ¢ > 0 and for a fixzed v > 0, the functions h, and ©,
defined by

Ou(t) = [le 11
belong to F.

Definition. A function u € C((—o0,T], Xg) is said to be a mild solution of
Equation (1.1) on the interval (—oo,T] if us(0) = ¢(0) for 6 € (—o0, 0] and

t
(2.5) u(t) = e” =9 4y(s) —|—/ e~ AR (1 uy)dr

for all ¢t € [s,T].
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From now on, instead of Equation (1.1) we will consider the integral equation
(2.5). We also need the ¢-Lipschitz property defined as follows.

Definition (p-Lipschitz function). Let E be an admissible Banach function
space and ¢ be a positive function belonging to E. A function F': R x %gﬁ - X
is said to be @-Lipschitz if F' satisfies

() FE o) < o)1+ [[0llgp), VEER,
(i) [[F(t, d1) = F(t, d2)ll < p(®)llor — dallp, VEER, V1,02 € L.

3. Admissible inertial manifolds

Now, on (Kgﬁ , we define the projection P by

N

(Pp)(0) =D e ™7 (4(0),ex) ex = e *APg(0), ¥ —o00<0<0,
k=1

where ¢ = ¢(0) is an element of ‘Kgﬁ. Then, we give the notion of admissible

inertial manifolds in the following definition.

Definition. An admissible inertial manifold of &-class for Equation (2.5) is a
collection of surfaces .4 = (My)icr in (fqﬁ of the form

My ={p+2(p(0) : p € PE} C 6,
where &, : PX — (I — P)‘Kgﬁ is a Lipschitz mapping, and the following condi-

tions are satisfied:

(i) The Lipschitz constants of ®; are independent of ¢, i.e., there exists a
constant C independent of ¢ such that

[@¢(21) = @e(2)llpp < C[|A% (21 — 2)

, Va1, 29 EX[-}, vVt € R.

(ii) There exists v > 0 such that to each ¢ € .#,, there corresponds one
and only one solution u(-) to Equation (2.5) on (—o0, tp] satisfying that
ut, = ¢ and the function

ts e 0D |yl s, <t
g

belongs to E(_ 1,]-

(iii) . is positively invariant under Equation (2.5), i.e., if u(-) is a solution
of Equation (2.5) satisfies us = ¢ € 4, then we have that u; € #;
for all t > s.

(iv) 4 exponentially attracts all the solutions to Equation (2.5), i.e., for
any solution u(-) of (2.5) and any fixed s € R, there exists a positive
constant H and a solution u; lying in .# such that

(3.1) lue —ui s < He =%) for t>s.

We can now construct the form of solutions to Equation (2.5) which belongs
to rescaledly admissible spaces on the half-line (—oo, to] in the following lemma.
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Lemma 3.1. Let A satisfy Hypothesis 2.1. Let E, E' and ¢ € E' be as in
Hypothesis 2.7. Suppose that F : R x ‘Kgﬂ — X s p-Lipschitz. For fived tyo € R
let u(-) be a solution to Equation (2.5) such that u(t) € Xg for all t <ty and
the function

2(t) = e 70wyl o, t < to,
g

belongs to E(_oo 1, Then,
to
(3.2) u(t) = e~ t-t0)Ap —|—/ G(t, 7)F (1, u;)dr, ¥ t <1,
—00

where p € PX and 9(t,7) is the Green function defined as in (2.3).

Proof. By the definition of ¢4(-, ) one can see that
to

v(t) == G, T)F(T,u.)dr € Xg, Yt <to.

—0o0

Furthermore, for —oo < 8 < 0 we have

eV APy (t + )|

IN

to
/ 1D APG (1 + 6, 7)llp()e 70T (L + |fur | g0 )dr

—0o0

(3.3)

IN

to
e " / 1Y APG (¢ + 0, 7) || p(T)w(T)dr.
Here, w(-) := e 7t0=) 4 ||2())| € E(_ oo to]-

Now, by using properties of Green function one has

to
/ €70 48 (1 4+ 0, 7)o (F)w(r)dr

—00

t+6 ﬁ B 8 0
S/ (75—1—9—) + Ay | e T (ryw(r)dr

to
+/ )\]ﬁve_a(T_t_e)(p(T)w(T)dT
t+0

t+0 B
< /+ <B) e_a(t+9_7)np(7)w(7)d7+

oo \EH+O—T

—ab 0 —at—-
(N + e N ) e () el

—o0,tg]
and

/ N (5)5 em T (T )w(T)dr

o \EF+O—T

- [ () e

o t+60—71



(3.4)

(3.5)
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t+40 5 B (t+0 )
+/ (> e ¢ “To(r)w(r)dr
tro—1 \t+0—7 (Tw(r)

t+6—1
< Bﬁe_o‘g/ e_o‘(t_T)go(T)w(T)dT

- 28
B 0 o 1 "
e / o,
tro-1 (t+ 60— 1)
1-8
t+6 T8
t+6—1
< ﬁﬁe_aelle_o‘(t_')@(')||E;,Oo,t0]||w||E(_oc,to]
5 \Z5
1+8 148 +8 +8
B _—ab —aZ(t—), 72 1+/s A 1+[i
et ()T e e oI e

The inequalities just mentioned show that

to
/ |70 ABG (¢ + 0, 7) || (T)w(T)dr

JETCIE =
< k(e 0)max {wls e 05157, )

< k@, 0)|wlls, Vi<t

with

677

28
—a —alt—lo(- 2 \TP L altByp g 148
K(1,0) = 9[|e el (25) 7 el ﬁ()HW]

B
* (eiae)‘JﬁVH + éw)‘?\f) le™ =)o) ||

Plugging (3.4) into (3.3), we have

where

Alu, (0)]
eV (to=1) ||y — (to—t) g Hit
|| t” ’3 9<0 9(9)
— (=0 gup [APu(t + 6)]]
6<0 9(0)
()llwl,
e—)\N+19 3
o —alt= (Y[l o
{40 = sup == [ (874 Xsa + 8 ) e o)l

28
2 TEB LB, 15 15
+ 5 <1_5> e R 15 1 5
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Since £(-) € E(_oot,], and by the admissibility of E(_ 4, we arrive at
Doyl gp € B e

It is clear that v(-) satisfies the following integral equation

to
v(ty) = e~ =D Ay(t) —|—/ e~ AR (1 u)dr for t < ty.
t

On the other hand,
to
u(ty) = ef(toft)Au(t) —|—/ ef(tofT)AF(T7 U, )dT.
t

Hence,
(3.6) u(to) = v(to) = e~ u(t) — v(t)].
Applying the operator A?(I — P) to (3.6), we have
A% (I — P)[u(to) — v(to)]
= [le” " DAAP (T = P)[u(t) — o(®)]|
< NeOwar (om0 — P[00~ A%(u(t) — v (1))

Since esssup,<,, [le” 70" AP (u(t) — v(t))|| < oo, letting t — —oo we obtain
that -

|AP(I = P)[u(to) — y(to)] = 0, hence A’(I — P)[u(to) — y(to)] = 0.
Since A” is injective, it follows that (I — P)[u(to) — y(to)] = 0. Thus,
p = u(to) — y(to) € PX.

Using the fact that the restriction of e~(*0=94 to PX is invertible with the

inverse e~ (*~%)4 we obtain that
to
u(t) = e~ 1Ay 4 y(t) = e~ ()4 —|—/ G(t, 7)F(1,u,)dr fort <t.
This finishes the proof. O

Remark 3.2. Equation (3.2) is called Lyapunov-Perron equation which will be
used to determine the admissible inertial manifold for Equation (2.5). By direct
computation, one can see that the converse of Lemma 3.1 is also true. It means,
all solutions of Equation (3.2) satisfies Equation (2.5) for ¢t < t.

We now show the existence of rescaling solutions to Equation (2.5) on neg-
ative half-line which belong to an admissible Banach function space in the
following lemma.
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Lemma 3.3. Let A satisfy Hypothesis 2.1. Let E, E' and ¢ € E’ be as in
Hypothesis 2.7. For 0 < 8 < 1, we define the function { : R — E by

67}\]\74,19
£(t) =sup ———

o<o  9(0) [(W + AR+ A?\;) e o ()|

(3.7) L\ .
o ltB . 18 15
+8 (135) 7 el o

Let F: Rx 6P — X be o-Lipschitz such that ||¢||3 < 1 where the norm || -||s is
defined as in Hypothesis 2.7. Then, there corresponds to each p € PX one and
only one solution u(-) of Equation (2.5) on (—o0o,tg] satisfying the conditions
that Pu(ty) = p and the function

2(t) == efv(toit)HUt”%gB’ t < to,
belongs to E(_ o ty]-
Proof. We set
g‘g%toﬁ = {h: (—o0,t9] = Xp | h is strongly measurable,
and e 7B . € Ef }

(—Oo,to]
with the norm
17,8 == |‘677(t07.)||h~||<gf”ﬁ-

For each tg € R, u € (ggv,to,ﬂ and p € PX we define
to
T(p,u)(t) = e~ t~t0)A4p —|—/ G(t, 7)F(1,u,)dr fort <.

Then, for p € PX, u € é";’t‘)’ﬁ and t <ty we have

le™ =D APT (p, w)(t +6)]
to
< Ne wle=alto=0) | ABp| 1 ¢=70 / |€7+0=) 4B (1 + 6, 7)) ()
Noting that, w(-) 1= e "*0 =) + ||2(-)|| € E(_ oo 10)-
By using (3.4) and (3.5) we obtain that

e*ANH

g(0)

eI [T(p,w)ll s < NX - sup lem @ lg - | APp] + L) fwlls

and therefore,

—AnO
e _ _.
2.8 < N sup L o= 5 || APpl| + ||¢]|l|w]l 5,
6<0 9( )

1T (p, w)

i.e., the transformation 7" acts from PX x (g’g’tﬂvﬁ into gg’to’ﬁ.
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Next, for any u,v € é‘)g'y’tﬂ’ﬁ and p := Pu(to),q := Pv(to), we have
lle™ 0= AP [T (p,u) — T(q,v)] (¢ +6)|
< Age el A% (p — g)|

to
* / le™ "D APG (¢ 4 0,7) [F (7, ur) — F(r,0,)] || dr.

It follows that

e—An0 .
| T(p, u)—T(q,v)]ly,6 < A%-sup le= 0= 15]| A% (p—q) |+ 1€l gllw—v]|,5-
<0 9(9)

Therefore, the condition ||m(-)||g < 1 implies that T is a strict contraction in
é";vtOvB, uniformly in PX (if p = ¢). Thus, there exists a unique u € éag’y’to’ﬁ
such that T'(u,p) = u, and by definition of T we have that u(-) is the unique
solution in é";’t‘)ﬁ of Equation (3.2) for ¢t < ty. Lemma 3.1 and Remark 3.2
show that u(-) is the unique solution in o@g%to’ﬁ of Equation (2.5) for t <ty. O

Theorem 3.4. Let A satisfy Hypothesis 2.1. Let E, E' and ¢ € E’ be as in
Hypothesis 2.7. Set

9 -~ _ 2
[Asglloo | NiNAY lleallinls e ( e )

= sup
l—e @ 1—{nlls o<0 9(0) \o<o 9(0)
2 \T5 1
t 148 T
+ NiBP + NiXf o + Ng)\]ﬂ +5 (15) A7 I3,
and
(3.8) A e
. =Ssup —— - K
9318 g(0)
Let F be p-Lipschitz and suppose that
(3.9) max {1, A} < 1,

where the function ¢ is defined by (3.7). Then, Equation (2.5) has an admissible
inertial manifold of &-class.

Proof. We start by defining a collection of surfaces {.#4,}+,er by
My = {5+ @, (5(0)) | € PE]} C %)
Here, for each ¢y € R the mapping ®;, : PX — (I — P)Cﬁgﬁ is defined by

to
By, (p)(6) = / Gty + 0,7)F(7,u.)dr, ¥p € PX, ¥0 <0,

where u(-) is the unique solution in éag%to’ﬁ of Equation (2.5) satisfying that
Pu(ty) = p.
Noting that, the existence and uniqueness of u(-) is proved in Lemma 3.3.
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Next, we prove that ®;, is Lipschitz continuous with Lipschitz constant
independent of ¢y. For this purpose, taking any p and ¢ in PX, letting u(-)
and v(-) be the solutions to Equation (3.2) with Pu(tg) = p and Pu(ty) = ¢
respectively, and using the formula (3.2) for u(-) and v(-) we then have

e D A [u(t + 0) — o(t + 0)] |

< e WO em =10 | A8 (p — )| + £(t) [u — 0], 5

Therefore,
5 e ANO 5
lu = vlly,5 < NiXy sup ———|leall[|A”(p — )|l + [[€llgllu = vll.5-
<0 9(9)
Since ||4]|g < 1, we arrive at
N lleall  e=?0

(3.10) lu — vl A% (p = g)ll.

B8 =< sup
YT = lls eso 9(6)
Next, from the definition of ®,, it follows that

1A% (@4, (p)(0) — @1, (a)(0))

to
/ |APG (to +0,7)| - || F(7,ur) — F(r,v,)||dr

— 00

IN

IN

to
e [T A (b 4 0, - ()0 g v

— 00

< e )l - llu =l
N lealll€lls e o
< 0. 222N lCallltlls o A8 — ).
- % e el
Here, we used the estimate (3.10).
Latter inequality shows that
N llealllélls  e~0 e

[0, (p) — B (@)1 <

-sup AP (p - q) |l
S T O T O R

i.e., ®, is Lipschitzian and its Lipschitz constant

N )\5 ¢ —An0 —~0
o - Nobleallldls e e
1—|4s o<0 9(0) g<o 9(0)

is independent of %.

The property (ii) follows from Lemma 3.1, Lemma 3.3 and Remark 3.2.

To prove the property (iii), we fix any s € R and let u(-) be the solution to
Equation (2.5) such that us € ., i.e.,

us(0) = e py —|—/ YG(s+0,7)F(r,u;)dr, V6 <0,
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where p; € PX. Then, we have to prove that uy, € .#;, for all to > s. We fix
an arbitrary number tg € (s,00) and define a function w(t) on (—oo,ty] by

) if te (s tol,
wiy = {0 T tE (st
v(t) if te(—o0,s],
where v(-) is the unique solution in &-%-% of Equation (2.5) with v, = us.
It is clear that w(t) is continuous, bounded on (—oo,ty] and us, = wy,, SO

we need to prove wy, € A, .
For t € [s, o], we have

t
w(t) = e~y (s) +/ e DAR(r, w, ) dr

t
= e =94y 4 / e~ DA — PYF(1,w,)
(3.11) . I
+ / e DAPE (T, w, )dr

to
=y [ gt w,ar,
where

to
py = e~ (o= Ap, +/ e~ Co=DA(T _ PYF(7,w,)dr € PX.
Obviously, Equation (3.11) also remains true for ¢ € (—oo, s]. Therefore, for all
to > s, there exists p, € PX such that
to
wi, (0) = w(to +0) = e py + G (to + 0)F (1, w,)dr.

This means wy, € #;, and thus w;, € A, for all to > s.

Lastly, we prove the property (iv) of the admissible inertial manifold. To do
this, we will prove that for any solution u(-) to Equation (2.5) with us €
there is a solution u*(-) of Equation (2.5) such that uf € .#; for t > s and

e = i gy < He10=),

In this case, u*(+) is called an induced trajectory for u(-) on the manifold {.#;}.
We will find the induced trajectory in the form w*(t) = u(t) + w(t) such that

[w][s,+ = sup e?=) | APw(#)]| < +o0.
t>s

Substituting u*(-) to Equation (2.5) we obtain that «*(-) is a solution to (2.5)
for ¢ > s if and only if w(-) is a solution to the equation

(312)  w(t) = e (s) + / t e~ DA R (1, uy +w,) — F(7,u,)] dr.
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Put
9(t,wt) = F(t,ut + ’U)t) — F(t,ut),
and set
EZANES {v € C(R; X3) | ig}g) =9 APu(t)| < —|—oo} .

Then, one can see that a function w(-) € £, is a solution to (3.12) if and only
if it satisfies

(3.13) w(t) = e~ F74G(0) + / h G (t,7).F (1, w, )dr

for t > s and some § € (I — P)€/ is chosen such that u? = u, +w, € 4, i.e.,
(I = P)(us +ws)(0) = Bo(P(us + w,)(0))(6).
By (3.13) we claim that
wy(0) = G(0) —e 4 /Oo e~ TDAPZ (7w, )dr, VO < 0.
Hence )
P(us + ws)(0) = Puy(h) — e 4 /Oo e~ CTIAPZ (1w, )dT
and therefore )
Q(0) = (I - Pyw,(0)
— (I~ PYus(0) + O, (Pu(s) - / T e -nApg(r, ’wT)dT> 0).

Substituting this into (3.13) we have
(3.14)

w(t) = e~ (t=94 [_(1 — Pu(s)+®, (Pu(s)— / Te-=Ap g (s, wT)dT> (0)}

+ / Y(t,7)F (1w, )dr.

In order to prove the existence of u* satisfying (3.1) we have to show that (3.14)
has a solution w(-) belongs to fj"s. To this purpose, we will prove that the
transformation 7 defined by

(Tw)(t) :e_(t_S)AQ(0)+/OO G (t,7).F (1,w,)dr for t>s

acts from QX x Z_ into £, and is a contraction in .Zf,.

Indeed, for w(-) € £}, and for each 6 € (—o0,0] since

[A%w(t +0)] = e 0= 0 4t 4 )

< e V=) gqup Y F0=9)) APuy(t + 9)]],
t40>s
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we have

AP+ 0) _ e

20 < 7@ Y ]| 4
and
e 7 (t—s
(3.15) I (£ wi) || < o(t)l[well s < @(t) - sup ——= - e | 4.
g 0<0 9(9)
Therefore,
AP (Tw) ()|
< 67(/\N+1*'Y)(t75)||Aﬁé(0)”

e’ T ) 48

B16)  rsup Sl [ A et

—~0

e T t=)|| 48
S ol [ @10 ) oryar

< [|A%4(0)]| + sup
Set Q = I — P, we have
1454(0)]
=147 [-Qu. + @, (Puts) - [T e PF i) 0]
< |147(@,(Pu(s))(0) — Qus(0))]
147 | (Pu(e(0) — @, (Pu(s)0) - [T AP rwar) 0]

Nidglleallllélls e N e’
< h4 —ANT2TP sup - sup
1— 4]l o<o 9(0) <0 9(0)
where fi = | @4 (Pu(s)) — Qullyp-
Now, by (2.2), (2.4) and (3.15) we obtain that

/ e”CTIAPZ (1w, )dr,

(3.17)
147 G(0) ||
< i DA gy 2 fa € 20 . [ o0l
che NM}B”e?H s, g(*e)g [22‘3 9(9)9 ] fulls [ p(ryin
< B g T [ ] ettt
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For the integral in the second term of (3.16), by using (2.4) we have

+o0
[ 1A ear

t +oo
< / 1707 ABG(t, 7)o (r)dr + / 1707 ABG(t, 7)o (r)dr
t B B8
B —alt—T N/\ +N2>\
< [ (2] ettt ¢ SR )
(3‘18) t—1 B t B
</ B efa(th)ga(T)d'r+/ 75 efo‘(th)(p('r)dT
T )i \E—T i—1 \t—T
Nl)\ JrNg
VLT e
28
Nlﬁﬂ—i-NlA —|—N2 2 +B ﬁ 1
< T N gl + 6 (125 ) I

Substituting the estimates (3.17) and (3.18) to (3.16) we obtain that
(3.19) AP (Tw)B)| < B+ Allw|sy, VE>s
and that

177wlls,+ := sup N AP(Fw) ()] < B+ Alwlfs 4
where A is defined as in (3.8). Therefore, 7 : QX x Zf — ZF.

Using now the inequality

e
17 (8, wy ) = F (£, wi) || < o(t)-sup ——

< eVl —w? ||, Yol w? e L
a<0 9(0)

Y,S?

we have
AP (Fwh)(t) — (Tw?)()|
< |\Aﬁ(q1(0> —42(0))]

—+oo
Syl =l [ A ) ety

< I\Aﬁ(ql( ) = 20D+ Allw' — w?||s 4

+ sup

Since A < 1,  is a contraction in Zf,. Thus, there exists a unique w(-) €
2, such that Jw = w. By the deﬁmtlon of  we see that w(-) is the unique
bO]uthIl in .ZFf, to (3.14) for t > s. Also using (3.19) we have the following
estimate for ||wlls +

h
< .
[wlls4 < 1-/



686 L. MINH

By determination of w, we obtain the existence of the solution uv* = u — w to
Equation (2.5) such that uj € .#; for all t > s, and u* satisfies

147 [uf (8) — we (O)] | = | A%w(t + 0)] < e 77 flw]|s, 4

< e 0. %G*V(tﬂ?)’ vt > s.

This implies that
lue —uflls < He™ %), Wt > s,

where A
H = sup e . [®s(Pu(s)) — Q“Sllﬁf .
0<0 9(0) 1-A
Therefore, we conclude that {.#;}, ., exponentially attracts every solution u
of (2.5). O

Remark 3.5. By the definition of the constant A, the condition (3.9) is fulfilled

if the difference Ayy1 — Ay is sufficiently large, and/or the norm ||A1¢]le =
t . :

supycg [, ¢(7)dr is sufficiently small.

4. An example

We now apply the obtained results to Mackey-Glass model with a distributed
delay of the form

dw(t,r)  Pwl(t,x) o e P w(t+6,2)]
=R CE I Ol R ey v s
(4.1) t>s, 0<z<m,
w(t,0) =w(t,m) =0, teR,

w(t,z) = ¢(t,z), 0<z<m, t<0,

de,

where r > 0 is a constant, b(t) is given by

b(t) =

nif t€[n— gt g| forn=12..
0 otherwise.

We choose the Hilbert space X = L?(0,7) and consider the operator A : X D
2(A) — X defined by

Au= —u" +ru, Yue P(A) = H}0,7)N H?(0, ).
Then, A is a positive operator with discrete point spectrum
P24+r224r... 0% +r .. ..

Now, we can choose g(f) = e?” and B8 = 0. Then Xy = X. In this case, we
define the Banach space
1(6) |l

ef?

‘Kgo = {(,ZS € C((—00,0]; X) : sup

< +oo} ,
9<0
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endowed with the norm

12(0)l

= su
H¢||<€'; HSIS o0

and define F: R x ) — X by

0
F(t,6) == b(t) /m n(s)mczs, Vo € 6.

For any ¢1, ¢ € ‘Kg? we have
0
I1E(t, ¢1) — F(t, ¢2)[| < b(t)H/_ e T [p1(s) — da(s)] ds||
0
<o) [ B0,

oo e

0
< b(t)[lf1 — ¢2 sgg/ e*ds

< b(t)[lo1 — 2

One can see that ||F(t,¢)] < b(¢)(1 + ||é
-Lipschitz with o(t) = b(t).

By simple computation, one can see that

cgg .

%0), Vo € %,. This means F is

e~ AN+10 e~ AN+10 A2
SUp ———~— =Sup———=¢€ 4 <00,
<0 9(9) <0 ef

i.e., the condition (2.1) is fulfilled.

Furthermore, since ¢ can take any arbitrarily large value then ¢ ¢ L.
Now, if we take E = LP(R) with 1 < p < oo, then E’ = L(R) for % + % =1
and we have

nt—L—
q o on+c q - q 1
/R|<p(t)| dt = Z/n,# nidt = Zn g1 < +o0,

neN antc neN
ie,p€F.
On the other hand

t+1
lAsell,, = sup / o(r)dr
teR J¢

t+1
= sup / a(T)dr
¢

t>0
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So, by Remark 3.5 Equation (4.1) has an admissible inertial manifold of &-class
if N and/or c are large enough. Here, & be the Banach space corresponding
to LP(R).
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