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SCHATTEN-HERZ CLASS TOEPLITZ OPERATORS ON
WEIGHTED BERGMAN SPACES INDUCED BY
DOUBLING WEIGHTS

JUNTAO DU AND SONGXIAO LI

ABSTRACT. Schatten-Herz class Toeplitz operators on weighted Bergman
spaces induced by doubling weights are investigated in this paper.

1. Introduction

Let D be the open unit disk in the complex plane, and H (D) the class of
all functions analytic on D. For any z € D and r > 0, let D(z,7) = {fw € D :
B(z,w) < r} be the Bergman disk. Here S(-,-) is the Bergman metric on D.
If {a;}52; C D satisfying inf;2; 8(a;, a;) > s > 0, we say that {a;}32, C D is
s-separated.

A function w : D — [0, 00) is called a weight if it is positive and integrable.
A weight w is radial if w(z) = w(]z|) for all z € D. Let w be a radial weight and
w(r) = frl w(s)ds for r € [0,1). We say that w is a doubling weight, denoted by
w € D, if there is a constant C' > 0 such that &(r) < Cw(H-) when 0 < r < 1.
If there exist K > 1 and C' > 1 such that &(r) > Co(1— %) when 0 < r < 1,
we say that w is a reverse doubling weight, denoted by w € D. We say that w
is a regular weight, denoted by w € R, if there exist C' > 1 and § € (0, 1), such
that

1wl

C (1-=rw(r)
We denote by D = D(D. From [9], we see that R C D. More details about
R, D and D can be found in [7-11].

When 0 < p < 0o and w € D, the weighted Bergman space AP is the space
of all f € H(D) such that

1 = [ 1FGIPaz)dA) < .

< C, when § <r<1.
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where dA is the normalized Lebesgue area measure on D. When w(z) = (1 —
|2]2)%(a > —1), the space AP, becomes the classical weighted Bergman space
AP, When a = 0, we will write A2 = AP. Suppose 0 < p < oo and p is a
positive Borel measure on D. Let L% denote the Lebesgue space defined in a
standard way. Meanwhile, L? denotes L#, for du(z) = (1—|z|*)7dA(z) for some
real number 7.

Let ws = fol rw(r)dr and B¢ (w) = 1377 5};’2

ducing kernel for A2, which means that for any f € A2 (see [10]),
£ = (£ B2 = [ Fw)BE@w(w)dA(w),
D

Let p be a positive Borel measure on D. Let f € H(D) and z € D. The Toeplitz
operator 7, and the Berezin transform 7, of 7, are defined by

76 = [ FEBEE ) Toz) = TeB2 Bohag

k

-. Then B is the repro-

||B?||,245
respectively.
For k=0,1,2,...,let Ay ={z €D:1— % < |2/ <1— 54} and y; the
dA(z)

characteristic function of Ag. Let dA(z) = {i-zryz be the Mdbious invariant

area measure on D. For 0 < p < oo and 0 < g < oo, let KJ()) denote the Herz
space, which consists of all measurable functions f such that

1 llez oy = I Ny YRZollin < oo

Note that Kb(X) = LY. Here, 19(0 < ¢ < 00) consists of all complex sequences
{ar}?2 | such that |[{ax}|l1s < oo, where

1
(ki lak|) 7, 0< g < oo
{ar e = SuUpy> 1 |akl, q = o
lim supy,_, o, |ak/, q=0.

Let j =0,1,2,... and \j = inf{[|7, — Rl a2 a2 : rank(R) < j}. If {\;}72, €
[P for some p € (0,00), we say that 7, belongs to the Schatten p-class, denoted
by T, € Sp(A2). We denote by Se the class of all bounded linear operators on
Ai. For 0 < p < oo and 0 < ¢ < oo, T, is said to belong to the Schatten-Herz
class, denoted by S, ¢, if Ty, € Sp and

wllSp.g = i 18, Fhollie < oo
[T ll {1 x5, 3

Here || 7,ix, |ls, means the Schatten p-class norm of 7, on A2, see [12] for
example. In [4], Loaiza, Lépez-Garcia and Pérez-Esteva considered Schatten-
Herz class Toeplitz operators on A2 for the first time. For more study on Herz
spaces and Schatten-Herz class Toeplitz operators, see [1-6].

In [9,11], Peldez, Réttyd and Sierra investigated the boundedness, com-

pactness and Schatten class Toeplitz operators on Bergman spaces induced by
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doubling weights. In this paper, we investigate Schatten-Herz class Toeplitz
operators on A2 with w € D. The main result of this paper is stated as follows.

Theorem 1.1. SupposeO<p§oo,0§q§oo,r>0,w€f)anduisa
positive Borel measure. Let {a;} C D such that D = U2, D(a;,r) and {a;} are
s-separated for some 0 < s < r < oo. Let
—~ n(D(z,r)) — —~
I = T LN~/ d r\Aj = r Y e Y0 lia
fir (2) 0—ena) ™ [{Fr (@) iz = IKIH (erxie) (a5) Y52 e Fro
(i) The following statements are equivalent.

(a) Tﬁ € Spq;

(b) - € Kh(N);

(c) {mr(aj)}Hhz < oo.

Moreover,

1Tulls,.q = lBellg oy = [{Ee(a;) -

(ii) {]:w € D such that W € D, then T, € Spq if and only if
T, € KE(N).
Moreover,
1 Tulls,., = H7L||K{;(A)-
Throughout this paper, the letter C' will denote constants and may differ
from one occurrence to the other. The notation A < B means that there is a

positive constant C' such that A < CB. The notation A ~ B means A < B
and B < A.

2. The proof of main result

In this section, we prove the main result in this paper. For this purpose,
let’s recall some related definitions and state some lemmas.
For j=0,1,2,...and £k =0,1,2,...,27 — 1, let

g 27k 2mw(k 4+ 1)
— 16 .
Ij,k—{e Y <6< 57 }

and

z |1 x| |2,k
Ripy=<zeD: = el 1—22 <zl <1 - 2220
3k {z B gk o = £ dn
Lemma 2.1. Suppose 0 < s < r < oo are given and {an}>, is s-separated.
Then the following statements hold.
(i) For any z € D, there exist at most Ny = Ny(r) elements of {R; i}
intersecting with D(z,r);
(ii) For any R, y, there exist at most Ny = Na(r,s) elements of {D(an, )}
intersecting with Ry ;.
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Proof. (i) Suppose 2z € A; and w € D(z,7). Then we have 1 — [z ~ 1 — [w].
So there exists M = M(r) such that w € UM A, Here, let A, = 0 if
m < 0. By Proposition 4.4 in [12], D(z, r) is an Euclidean disk with center Cy =

%z and radius Ry = % tanhr. So, for all w € D(z,r), we
have
_ . R
|Arg(Zw)| < arcsin — ~ 1 — |z| as |z| — 1.
Co
When j =i—M,...,i+ M and k = 1,2,...,27 — 1, [[;;| = & ~ 1 — |2|.

So, there exists N} = Nl( ) such that there are at most N elements of {R; 1}
intersecting with D(z,r).
(ii) Let ¢ 6 = (1 — 21t)e 3. For any w € R as j — oo, we have

B(cj e, w) < B(Cj ks Ci1,5.k) T B4k Cgk1) S 1.

So, there exists R’ > 0, for all j =0,1,2,..., k=0,1,...,27 — 1 and w € R},
we have 3(c; j i, w) < R'.

Without loss of generality, assume Rj;; intersect with D(a;,r) for i =
1,2,...,N;j . We have

1—|ejjul 1 —las], i=1,2,...,Njk

and

Njk Nj.k /

U, 2" D(as, s) C U; 2" D(ai,r) C D(cj ik, R +2r).
Thus
Nj,k: < - |D(ijjvk’R + 2T)| 5 17
infi<i<n;, . [D(ai, s)|

which implies the desired result. The proof is complete. [l

The following lemma is a main result in [10] and plays an important role in
the studying of Toeplitz operators on A2.

Lemma 2.2. Let0 < p < oo andw € D. Then the following assertions hold.
(i) M2(r,B2) = [ st ]2l — 1.
(ii) IfveD, ||BL|y ~ [} ‘@)},’%dt 2] — 1.

Here and hence forth, MP(r, BY) = = 0 " | B (ret?)|Pd6.

For any measurable function f, let

o o) pE)AA)
Buf(:) = [ /f 1B (w) -

1— |wl
Then we have the following lemma.

Lemma 2.3. Letw € D and 1 < p < co. Then there exists ¢ > 0 such that
B, : LP — L? is bounded when T = =2 * €.
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Proof. Since w € D, by Lemmas A and B in [11], there are constants 0 < a <
b < oo such that
w(t) w(t)
(1) T
(1—1) (L—t)e
Suppose 0 < & < a. Then (1 — |- |)71*°0(-) € R.
We only prove the case of 7 = —2 —¢. The case of 7 = —2+ ¢ can be proved

in the same way.
Suppose p = 1. By Lemma 2.2,

oo and N0, when 0<¢<1.

(2) Be(2) = || B2 |4 ~ m zeD.

For all f € L2, by Fubini’s Theorem, (2) and Lemma 2.2(ii), we have

HBwaLi = \/]D) ﬁ ‘B‘; ’LU)|2®(1w)_d|12)(|w)‘ (1 - |Z|2)7276dA(Z)
< 1t ( JAEE z|>-1-%<z>dA<z>) 1A (w)
1
/\f (/O (1—t)2+%(t)dt> dA(w).
Since 0 < € < a,
\w\;rl 1 (1 _ |w|)a \w\;rl 1
A e L M e
1

< .
S T ) )
So, [ Bufl7» < I fII7, when p=1.
Suppose 1 < p < oo. Let p’ = ]%, h(z) = (1—|z|)* with0 < s < mln{p,, ot

Set
| B (w) & (w)

H —
) = BT (1 = )1 — w2
Then B, f(z) = [, f( (z,w)dA,(w). On one hand,
/H (z,w) pdA / 1Bz (W) |B‘*)’|(|1_ )™ 1dA(w)
lzl+1
2 1
< (1— [z z)/o T

|z[+1

(L—lz)*w(z) [ !
T b o

S h(z)P.

A
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On the other hand,

| BS (w)| 2 (w) (1 — |2[) 2 7+P*
H(z,w)h(z)PdA,( / dA(z)
/ HB“H (1= Jw[?)~1=e
Bw l—e+ps~ dA
~ 18/| ~[al) () dAG)
Lwl+1
< # 1 _ dt
S Rl (1) R (1 —t)>+e—psi(t)
S h(w)”.
By Schur’s test, see [12, Theorem 3.6] for example, we have that B,, : L? — LP
is bounded when 1 < p < co. The proof is complete. (I

Lemma 2.4. Supposew € D, 1 <p< o0 and0 < qg< oo. Then B, is bounded
on KB(X).

Proof. When 1 < p < oo, choose ¢ > 0 such that Lemma 2.3 holds. For
[ € KP(N), by Lemma 2.3, when 7 = -2+ ¢, for j =0,1,2,..., we have

dA(z)
Bu,(fxj)I7, :/ Bu,(fxi) ()P —— 52
I1Bo (Pxa)ly Dl |<Pﬁl DG T pye
~ 9k(r+2) / |Bo,(fx;)(2)[PdA, ()
<\ \<1—71
< 2K +) / £ (2)PdAL(2) ~ 27D |t

When j < k, letting 7 = —2 — ¢, we get
1B (Fxilllzy < 27 R 1T
When j > k, letting 7 = —2 + ¢, we obtain
IBulrxilllyy S 27 Mol

Therefore, when 1 < p < oo,

H(Bwf)XkHL’;: B, ZfXj
(3) =

> |fXJ |L"
< ZHBw(fXJ HLP N Z 5|J K *
=0

When p = oo,

o0

k
@) IBuhxellrg = 1Bufllng, < (D_+ D | IBolfxi)lrg, -

j=0 j=k+1
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After a calculation,

(5)
1B (Fxi)llzss,

) o @(w)dA(w)
. mﬁﬁf/ 1 B2 ()= =
1- 3 <Jel<1- i z11A2 J1- b <|w|<l- 7 w

. 1w olmdr f0- 50 58) 1
5 “f”Loo 7@(1 3 7)/ 27 W(T) T’/ 27 2 ———dt
%, o o — 1-7 J, (1 —t)20(t)?
1

~ 1A1 L o(1 ! o ! dt
Ml 29— gm0 - gm3) | G praae™

Here x5 = (1 — 57)(1 — 551
By (1),

Tjk 1 1 =1, .)2% Tj k 1
/ s S ( - xj’k)z / a0t
o (I—D%() Slegn)? Jo (- p)ph

© 0w (-0 @)= )
Yoo (@((1 - )1 - )

, (e -
Let r; = 54. Since 1_(1(_2;%5(15‘;%3) ~ 1, by (5) and (6) we have

&1 — A1 — i)
e, S,
Wl = 951 — 95T
= Lioxj (1+2kij)dj(l_rk—7’j)2.

Therefore, when j > k, using the monotonicity of w, we have

w1 —r))
Bo(fxilless, S Wiy, sa— 2
1Bo(Pxilllezs, S M lless, g ==
o(l—rj)
) ra 1£lese,,

(7) =Iflleee — —
x;  w(d=ri—rj) Na ~ 9a(j—k)
A=(=rs=r )" (ric+13) 2

When j < k, it is obvious that

£z,
(8) HBw(fXj)HLgOXk < Tok—j
From (4), (7) and (8), we have
— Ifx;llg

9) H(Bwf)XkHL;O < Smin{La}[j—k|"

=0
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By (3) and (9), there exists g9 > 0 such that

B o Xl
I( wf)XkHU; ~ Z Seoli—k|
§=0
when 1 < p < .
When 1 < ¢ < oo, we consider the sequences X = {zx}, Y = {yx}, where

xp = 2701k and

Yr = ”ka”LZ;\v k=0,

k 0, k< 0.

Then [(Bu f)xkllz < X *Y (k). Here, X *Y means the convolution of X and
Y. By Young’s inequality,

1Bufllkg oy = IKIH(Bwf)xrllLg Yool
o0
— [I/xilley
P =X Yl SAX e [V lla = ([ £l ) -

250|J—k|
Jj=0

When 0 < ¢ < 1,

k=019

5 Sy 0 & (& Il
1But Iz = D2 (1B xelleg) S DD S
k=0 k=0 \j=0
x5l o
k|~
SDI)PE- 12 ST SER LIS
k=0 j=0 7=0 k_—oo

If ¢ = 0, for any given M € N,

oo
x5l e
=i <1 A
[ Bo fll &z (n thSOIiP 1(Bwf)xeller < hz?isogpjgzo ey
M x5l e 20 I xGllee
= lim sup Lt S S22 < sup e
hroo JZ::O 220l=H j:%;% 2e0ld=H J>M+1 17l

Letting M — oo, we have || B, f| gz S | fllx#(x)- The proof is complete. [

Proof of Theorem 1.1. (i) By Lemma 2.1, for any z € Ay, there exists N =
N(r) such that D(z,r) C UsZY \A;. Here A; =0 if j < 0. Thus,

k+N k+N
w(Aj N D(z,r —
e < > AR Y Gge)
j=k—N j=k—N
and
J+N J+N

WMD) pD(r) Lo
(i) (2) = ST ot S 006 () dooxkz) = D ()(=).

k=j—N k=j—N
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Therefore, by Theorem 3 in [11],

1 Tellsp.e = I Tux s, }eZollie = NI Cxn) e[l 2 Feollia
~ [HllBrxellze Fezollis = [[Brllkz (x)
and
1 Tellsp.0 = 1N x5, Yozollia =& (LI Cexre) v (@) 52 lliw } oo lles
~ [{I{(Frxie) (ag) 52 e Yozolles = [ {72r (@) iz -

(ii) Suppose r > 0 such that Lemma 8 in [11] holds. That is, for all z € D
and w € D(z,7), |BY(w)| = B¥(z). By Lemma 11 in [11],

Using (2), we get

() = pD(zr) 1

(1 —lzha(z) ~ Be(2)

[ IBEw)Pdute) < ).
D(z,r)

So,
1Tulls,.q = i llzon S 1 Tallkz -
On the other hand, since |B%(w)|? is subharmonic and w € D, by Fubini’s

theorem,
mo et s g |,

PN _ o
B;(Z>/ e B2 — B ) ).

By Lemma 2.4 we have

1Tallz oy S 1B @)l S I8k = [ Tls, s

when 1 < p < .
Next we prove the case of p < 1. For z € D,

/ | B (w) [P dpu(w

e Zu aj,r))  sup_|BY(w)]*.
wED(LLj,’I')

| BZ (w)[dp(w)

D(a;,r)

Using the subharmonlclty of |B¥|?P,

NgE

(7u)" < o

Bo(yr WP s (B2 ()

weD(aj,r)

—

Jj=

1
(
1 - (1- |aj|)pw(aj)p W ()[2P w
ST 5 T T e F O

<.
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By Fubini’s theorem and Lemma 2.2(i),

[ iBwPawie)

Ak D(aj,2r)

;w%/ /|wmmm%mam
D((J,j,QT‘) Ak

|+1

> dtdA(w)

< 2k/ / o w
~ " Ipgasen Jo w(t)?r (1 —1)%

Let v(z) = % Since v € D, there exist C1,Cy > 1 and K > 1, such
that

@(t):/t’ v(s)ds + 0( —2”)>/tT ()ds‘f'av()
and
@@:[_4’U@+muf%5<A_4ﬁ@@+éuﬁ
So,

14t
2

(1 =t)v(t) =~ / v(s)ds SO(t) S /t - v(s)ds ~ (1 —t)v(t),

t

which implies that v € R. Therefore,

1
/ FOR
1
“ [ o
1

A

() (- st

Since w € D(a;,r), we get

Lol +1 1w +1
2k+1) 2 :

1-(1-
Hence,

/ / 1B ()P dA(w)dA(2)
Ay JD(aj;,2r)
2k (1_ ‘a]‘)

< (U(( 2k1+1 ) |a]2\+1)> (1 —( 2k1+1 ) |a]~2\+1) .
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B =

Lot & = (4, e, (77(;)?) . Then

/ (Ta(2)PdA(2)
Ag

1 R 1
S 2(k:+1)pw( - 2k+1)

2k

22(m+1)

e e] 1 ~ 1 D
serr W1 — gmer)
<y & 1

1

m=0 22(7n+1) (@(1 - W -

Z Ep @ - 2m+1 ){}(1 2k1+1) 1 -
_ 2k+1 )) 1+ 2m—

m=0 ( 2m+1

1

2m+1

Similarly to get (7) and (8), there exists € > 0 such that

Ak (7:‘ pd)\ Z gm ' 25|k m|”

m=0
Note that
14 O
00 P
[{&m }Hla = > ((frxm) (a;))?
=t m=01l]q

If 0 < p < g =00, then

3
)) (gk%Jrgm%)

Tl = s ( | (’T;<z>)”dx<z>)P < el ~ I Tolls, .

T

= [{rr(a) iy = [ Tulls, -

When 0 < p < ¢ < 00, let X = {zx} and Y = {yi}, where z, = ﬁ and

_ 527 kZOa
y’“_{ 0, k<O.

Then,

1

k=0

q

A (i (f (ﬁ(z))”sz))g)q Z (Z & g m|>p

: :
= 1X* Y%y < (IX1alYl8)" < Il = 1 Talls, .

If0<qg<p<1,then

oo

||?MHK§()\) = <Z </Ak (ﬁ(z))pdA(z)> ’

k=0

Q=

Q=
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q 1
oo 00 1 p\ ?
14
’S ng 9¢elk—m|
k=0 \m=0
1
0o o0 1 q
SUDD
k=0 m=0 27
00 [eS) 1 q
SUYo¢n > —m | Slémle = | Talls, .,
m=0 k=—o0 2°r

When 0 =g < p < 1, for any given M € N,

oo

M
—~ 1
limsup/A (To.(2))"dA(2) < limsup g + E &b, - Sl < suIX/lff’n.
k m>

k—oc0

k—oo \pi=0 m=m+1

Letting M — oo, we obtain

So,

lim sup (/ (ﬁ(z))pd)\(z)) ’ < limsup &y,
Ay

k—o00 m—oo

ITullkz oy S gmllio = 1 Tnlls, ;-

The proof is complete. i
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