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The anomalous propagation characteristics of a single Airy beam in nonlocal nonlinear medium 
are investigated by utilizing the split-step Fourier-transform method. We show that besides the normal 
straight propagation trajectory, the breathing solitons formed by the interaction between Airy beam and 
nonlocal nonlinear medium can propagate along the sinusoidal trajectory, and the anomalous trajectory 
can be modulated arbitrarily by altering the initial amplitude and the nonlocal nonlinear coefficient. 
In addition, the initial amplitude and the nonlocal nonlinear coefficient can have inverse impacts on 
the formation and transformation of the equilibrium state of spatial solitons, when the two parameters 
are larger than certain values. Therefore, the reversible transformation of the evolution dynamics of 
two soliton states can be realized by adjusting those two parameters properly. Finally, it is shown that 
the propagation properties of the solitons formed by the interaction between Airy beam and nonlocal 
nonlinear medium can be controlled arbitrarily, by adjusting the distribution factor and nonlocal coef-
ficient. 
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I. INTRODUCTION

Self-accelerating optical beams, especially Airy beams 
[1–6], have received considerable attention in the past few 
years due to their fascinating properties, such as their being 
self-accelerating [7, 8], nondiffracting, and self-healing [9, 
10] during propagation. These unique wave packets were 
initially predicted by Berry and Balazs in 1979 [11], and 
then theoretically and experimentally realized by Christo-
doulides et al. in 2007 for the first time [1, 2]. Moreover, 
research on the generation [12–15], control [16, 17] and po-
tential applications of Airy beams, such as directional con-
trol of particles [18] and generation of light bullets [19, 20], 
have been reported gradually. After that, more and more 
attention has concentrated on the propagation properties of 
self-accelerating beams in both linear and nonlinear (NL) 

media [21–28].
It is known that the study of the formation and control 

of solitons can be an important subject in the field of opti-
cal communication. Interestingly, it is found that spatial 
solitons can be formed from Airy beams in nonlinear me-
dium [29, 30], solitons that come from the balance between 
nonlinear self-focusing and linear diffraction. Furthermore, 
many works have shown that the bound states of spatial 
solitons can be generated from the interaction between 
Airy beams [31–35]. However, few works have reported 
the anomalous propagation characteristics of a single Airy 
beam in nonlinear medium.

In this paper, we numerically investigate the anomalous 
propagation characteristics of an Airy beam in nonlocal 
nonlinear medium. The impacts of the initial parameters on 
the formation and anomalous evolution dynamics of spatial 
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solitons with a single Airy beam propagating in the nonlin-
ear medium are discussed in detail, which can help to real-
ize the formation and control of Airy spatial solitons in the 
near future.

II. BASIC THEORY

For a one-dimensional (1D) Airy beam propagating in 
nonlocal nonlinear medium, the general form of the nonlin-
ear Schrödinger equation can be expressed as
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where the ϕ is the slowly varying envelope of the Airy 
beam, s = x⁄x0  represents a dimensionless transverse coordi-
nate, x0 is an arbitrary transverse scale, ξ  = z⁄k x0

2 represents 
the normalized propagation distance, k = 2 πn⁄λ 0  is the 
wave number and λ 0 is the center wavelength. Because it is 
difficult to obtain an accurate solution for Eq. (1), we utilize 
the split-step Fourier method to investigate the propagation 
characteristics of a single Airy beam in nonlocal nonlinear 
medium with the initial condition of a 1D finite Airy beam, 
which can be expressed as
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where a is the decay factor and the Ai(∙) represents the Airy 
function.

Here we add two extra parameters to Eq. (2) to adjust 
the amplitude distribution of initial light field, which would 
make it easier to gain insight about the impacts of initial 
parameters on the propagation properties of an Airy beam 
in nonlinear medium. The modified initial condition can be 
expressed as
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where χ0 is the amplitude distribution factor and A is the 
initial maximum amplitude of the incident beam.

F(x) corresponds to the nonlinear function, which could 
be expressed as
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where R(x) corresponds to the normalized nonlocal re-
sponse function. To be specific, we consider R(x) to be 
Gaussian, for simplicity: 

���� � �√������� ����� ��� � , (5)

where σ in Eq. (5) represents the degree of nonlocality of 
the propagation medium.

III. NUMERICAL RESULTS

3.1.  Anomalous propagation characteristics of an Airy 
beam in nonlocal nonlinear medium with different 
initial amplitudes

3.1.1.  The propagation characteristics of an Airy beam 
in nonlocal nonlinear medium with low degrees of 
nonlocality

First, we come to the propagation characteristics of a 1D 
Airy beam in nonlocal nonlinear medium with low degrees 
of nonlocality along the xz plane, under the conditions x0 = 
130 μm, λ 0 = 632.8 nm, χ0 = 1, a = 0.15, and σ = 0.3, which 
are shown in Figs. 1(a)–1(d).

When the Airy beam propagates in a low-intensity 
nonlocal nonlinear medium, the propagation characteristics 
of the incident beam are barely affected when its initial am-
plitude is small, as shown in Fig. 1(a). With an increase of 
the initial amplitude, as shown in Fig. 1(b), it can be seen 
clearly that the main lobe of Airy beam begins to be self-
trapped, and the partial energy of its main lobe and side 
lobes constitutes a new soliton beam, which propagates 
along the vertical direction. Continuing to increase the ini-
tial amplitude of the incident beam, as shown in Fig. 1(c), 
the main lobe of the Airy beam is almost completely self-
trapped. The nonlinear effect and diffraction effect of the 
incident beam propagating in the medium are mutually 
balanced, which leads to the formation of breathing optical 
solitons. Moreover, these optical solitons oscillate slightly 
in the horizontal direction. When the initial amplitude is 
further increased, as shown in Fig. 1(d), the nonlocal non-
linear effect of the Airy beam increases, resulting in the 
oscillation enhancement of the spatial solitons.

3.1.2.  The propagation characteristics of an Airy beam 
in nonlocal nonlinear medium with moderate 
degrees of nonlocality

In this section, we come to the propagation characteris-
tics of a 1D Airy beam in nonlocal nonlinear medium with 
moderate degrees of nonlocality along the xz plane, under 
the conditions x0 = 130 μm, λ 0 = 632.8 nm, χ0 = 1, a = 0.15, 
and σ = 1.5, which are shown in Figs. 2(a)–2(f). 

It can be seen from Figs. 2(a) and 2(b) that when the 
Airy beam propagates in the moderate-intensity nonlocal 
nonlinear medium, the energy needed to form a soliton state 
for diffraction-free propagation is much greater than that 
in the low-intensity nonlocal nonlinear medium. It shows 
that the stronger the nonlocal nonlinear effect, the more 
energy is needed to construct the soliton equilibrium state. 
When the initial amplitude of the incident beam increases, 
as shown in Fig. 2(c), the breathing optical soliton formed 
by the self-trapping of the main and side lobes no longer 
propagates along a straight line, but rather along a snakelike 
trajectory in the medium. Continuing to increase the initial 
amplitude, as shown in Fig. 2(d), the interaction between 
incident beam and medium is enhanced. At this point, the 
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FIG. 1. The propagation properties of a 1D Airy beam in nonlocal nonlinear medium with different initial amplitudes. (a) A = 2 , (b) 
A = 4, (c) A = 6, and (d) A = 8.

FIG. 2. The propagation properties of a 1D Airy beam in nonlocal nonlinear medium with different initial amplitudes: (a) A = 6, (b) 
A = 7, (c) A = 9, (d) A = 13, (e) A = 17, and (f) A = 20.
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propagation path of the spatial optical solitons has shown 
a certain regularity, with the solitons propagating along the 
path of a sinelike curve. With further increase of the initial 
amplitude, as shown in Figs. 2(e) and 2(f), the interaction 
between incident beam and medium is strengthened, and 
the cycle of the sinusoidal propagation path of the spatial 
optical soliton continues to decrease.

Therefore, it can be concluded that in the moderate-in-
tensity nonlocal nonlinear medium, the interaction between 
Airy beam and medium can generate spatial optical solitons 
that propagate along the anomalous path of a sinelike curve 
when the initial amplitude of the incident beam reaches 
a certain threshold value. The cycles of these sinusoidal 
propagation paths can be affected and modulated by chang-
ing the incident amplitude; the larger the initial amplitude, 
the smaller the cycle of the sinusoidal path.

3.2.  Anomalous propagation characteristics of an Airy 
beam in nonlocal nonlinear medium with different 
degrees of nonlocality

Afterward, we come to the propagation properties of an 

Airy beam in nonlinear medium with different degrees of 
nonlocality along the xz plane, under the conditions x0 = 
130 μm, λ 0 = 632.8 nm, χ0 = 1, a = 0.15, and A = 22, which 
are shown in Figs. 3(a)–3(d). Only nonlocal nonlinear me-
dium of moderate and high strength are considered here. 

An interesting phenomenon can be found by compar-
ing the evolution dynamics of an Airy beam propagating 
in nonlocal nonlinear medium under different parameters, 
as shown in Fig. 3 and Fig. 2. When the initial amplitude 
of the incident beam and the nonlocal coefficient of the 
medium are each greater than a certain value, the two pa-
rameters play completely opposite roles in constructing and 
changing the optical-soliton equilibrium state. Therefore, 
the reversible transformation of the evolution dynamics of 
two soliton states can be realized by adjusting those two 
parameters properly. Specifically, the breathing solitons 
formed in the interaction will propagate along trajectories 
ranging from a line to a sinusoidal path with the increase 
of initial amplitude in a certain range and the value of σ 
fixed (such as σ = 1.5). Meanwhile, the above evolution 
dynamics can be transformed to the reverse direction with 

FIG. 3. The propagation properties of a 1D Airy beam in nonlocal nonlinear medium with different degrees of nonlocality: (a) σ = 2, 
(b) σ = 5, (c) σ = 7, and (d) σ = 12.
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proper increase of the degree of nonlocality when the initial 
amplitude of the incident Airy beam is fixed. This phenom-
enon is of great significance to the modulation and control 
of the propagation characteristics of Airy optical solitons in 
nonlocal nonlinear medium.

3.3.  Anomalous propagation characteristics of an Airy 
beam in nonlocal nonlinear medium with different 
distribution factors

Finally, we come to the propagation properties of an 
Airy beam in nonlocal nonlinear medium with different 
distribution factors along the xz plane, under the conditions 

x0 = 130 μm, λ 0 = 632.8 nm, a = 0.15, and A = 5, which are 
shown in Figs. 4(a)–4(i). 

It can be seen from Fig. 4(a)–4(c) that the initial en-
ergy distribution of the Airy beam is constantly modulated 
with increase of the distribution factor. Its main lobe oc-
cupies more and more of the energy of the whole beam, 
and progresses from partial to complete self-trapping. At 
this time, alternating dark and light breathing spatial soli-
tons are formed from the interaction between Airy beam 
and nonlocal medium, as shown in Fig. 4(c). Continuing 
to increase the distribution factor of the incident beam, 
as shown in Fig. 4(d), it can be seen that the interaction 

FIG. 4. The propagation of a 1D Airy beam in nonlocal nonlinear medium with different distribution factors. (a) χ0 = 0.5, σ = 1.5, (b) 
χ0 = 1.5, σ = 1.5, (c) χ0 = 2.5, σ = 1.5, (d) χ0 = 3.5, σ = 1.5, (e) χ0 = 7.5, σ = 1.5, (f) χ0 = 12, σ = 1.5, (g) χ0 = 12, σ = 0.25, (h) χ0 = 12, σ = 
1, and (i) χ0 = 12, σ = 3.
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between the incident beam and the medium is further en-
hanced, which shows that the maximum light intensity of 
the optical soliton increases and maintains a relatively high 
level over a certain propagation distance. In addition, an 
interesting phenomenon can also be observed: As the newly 
constructed main soliton beam propagates along the path 
of approximately a line, and the independent side lobes 
propagate along the path of a parabola, the two tracks over-
lap in space. This leads to interaction between the soliton 
beam and the side lobes at some positions in the medium. 
As a result, the transverse self-acceleration motion of the 
side lobes is basically prevented, and the propagation path 
of the main soliton beam is modulated at these positions. 
With further increase of the distribution factor, as shown in 
Figs. 4(e) and 4(f), the main lobe occupies almost all of the 
energy of the incident beam, which is not helpful for the 
enhancement of the soliton state. Compared to the previous 
process, the interaction between the incident Airy beam and 
the medium is weakened, which is shown in the increase of 
the breathing period of the spatial solitons.

To further investigate the influence of the nonlocal coef-
ficients of the medium on the breathing states of the opti-
cal solitons, the evolution dynamics of a single Airy beam 
propagating in medium with different degrees of nonlocal-
ity are calculated respectively, with the distribution factor 
fixed as χ0 = 12. The results are shown in Figs. 4(g) further 
4(i). When the degree of nonlocality is fixed as σ = 0.25, as 
shown in Fig. 4(g), the interaction between incident beam 
and medium is greatly enhanced, compared to Fig. 4(f). It 
is shown that a series of spatial solitons with high bright-
ness, short breathing periods, and uniform arrangement are 
formed in the propagation path, and the optical solitons so 
formed propagate in a line in the vertical direction. When 
the degree of nonlocality is increased to σ = 1, but still less 
than that corresponding to Fig. 4(f), it can be seen from 4(h) 
that the interaction between incident beam and medium is 
weaker than in 4(g), but still stronger than in 4(f). When the 
value of σ is further increased and larger than that in Fig. 
4(f), the interaction is further weakened, as shown in 4(i). It 
can be seen that only one optical soliton appears over a cer-
tain propagation distance. It is concluded that spatial Airy 
solitons with arbitrary propagation states can be generated 
by dynamic adjustment of χ0 and σ when A is fixed.

IV. CONCLUSION

In conclusion, the anomalous propagation characteris-
tics of a single finite-energy Airy beam in nonlocal non-
linear medium are studied, utilizing the split-step Fourier-
transform method. The results show that when an Airy 
beam propagates in nonlocal nonlinear medium, it will 
be affected comprehensively by the initial amplitude, the 
nonlocal coefficient and the distribution factor of the inci-
dent beam. They affect each other and restrict each other. 
Through reasonable selection of the above parameters, spa-
tial optical solitons with different shapes and propagation 

paths can be produced in the interaction between Airy beam 
and nonlinear medium. Interestingly, the breathing optical 
solitons formed by the Airy beam can propagate not only 
along a straight trajectory, but also along the anomalous 
path of a sinelike curve, which can be adjusted arbitrarily 
by changing the values of the initial amplitude and nonlo-
cal coefficient. Within a certain range, the larger the initial 
amplitude, the smaller the period of the sinusoidal path. 
The smaller the nonlocal coefficient, the smaller the period 
of the sinusoidal path. In addition, the reversible transfor-
mation of the evolution dynamics of Airy soliton states can 
be realized by adjusting the values of the initial amplitude 
and nonlocal coefficient, with the two parameters playing 
completely opposite roles in constructing and changing 
the optical-soliton equilibrium state. Moreover, it has been 
shown that Airy spatial solitons with arbitrary propagation 
states can be generated by dynamic adjustment of distribu-
tion factor and nonlocal coefficient, when the initial ampli-
tude is fixed.
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