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Abstract

In this study, a student participation-centered class based on student mathematical thinking as a the meaningful
subject was called a student thinking—based math class. And as a way to support these classes, I paid attention
to lesson design. For student thinking-based mathematics classes, it is necessary not only to anticipate student
thinking and teacher feedback, but also to plan in advance how to properly arrange and connect expected student
responses. The student thinking-based lesson design template proposed in this study is a modified
three-step(introduction, main topic, summary) lesson design template. The reason for revising the existing design
template is that it has limitation that it cannot focus on mathematical thinking. Using the conceptual framework of
student thinking—based mathematics lesson as a lens, the difference between the three-step lesson design prepared
by pre-service teachers and the students’ thinking-based lesson design prepared by the same pre-service teachers
was analyzed. As a result of planning lessons using the student thinking-based lesson design, more attention was
paid to the cognitive and social engagement of students. In addition, emphasis was placed in the role of teachers
as formative facilitator. This study is of significant in that it recognizes the importance of classes focusing on
students’ mathematical thinking and provides tools to plan math classes based on students’ thinking.
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[Table 1] Major activities in the lesson step(Choi, 2020, p.164)

step  main activity details
A Facilitate learning mood and
Motivation motivation
Intr Presentation of Present the learning goals to be
oduc learning goals  achieved in this lesson
tion . To achieve lesson goals, connect
Cr}éiciglsg what students have learned before
Eaamin with what they have learned in
g this class
. Present concepts and examples of
}v)vr}?:ﬁgml%am learning content according to the
goal
Mai  Student Group study, individual study, etc.
n participation corresponding to the lesson
topi  activities content
c . Present materials that consider
Eraeéﬁﬁtamn of learning content, student
materi agl s characteristics, and learning
environment
Summary of
learning Summarize and organize learning
contents
formative Activities that apply the learned
Sum  assessment content in various situations
mar  Presentation of

Present tasts and supplementary
materials appropriate for practice
to master learning

y tasks and
supplementary
materials
Announcing
the next class

Announcing the next class
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(3) Lesson Plan Template(LPT)
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[Table 2] Lesson design template for students’ thinking based math classes
Lesson design template for students’ thinking TTLP LPT
performance goals | Achievement standards presents in mathematics curriculum Selecting learning
goal Describe specifically what you want students to understand as a and setting goals
lesson goals .
result of the lesson up /evidence
task Tasks selected and modified by teachers(actual activities for students) : definitions, mathematica tasks
concepts, and ideas that students need to know | task
teacher(tool, resource, procedure) students(individual/group/whole-class)
Use of tools and resources,
structure of lesson
- What tools and resources will Structure individual/group/whole-class work .
stru o9 B . ) o Selecting
you use? How will you get your students to explore? and settin instructio
ctur | - How to deal with the problem? - How long will you keep exploring? " & nal
e - How will the activity be rr?athematica Supnort
recorded/reported? | task Pp
- How can we know that students
understand the context and
demands of the task?
anticipating students’ thinking teachers’ purposeful questions
Questionnaire check to connect students’ expected
responds and lesson goals
- What questions to ask for prior knowledge and
experience?
o . , - What tions d k to fi d
Monitoring the possible students a que.s 1ons do you asi to focus on an
. understand important ideas?
different approaches to the work .
~ approaches - What questions would you ask to encourage Supportin
p.p . students to share and evaluate their ideas? RO ,g
- misconceptions . students
- What questions do you ask to assess student .
- Errors . o . exploration
understanding of mathematical ideas, strategies,
. of the task
and expressions?
- What kind of help will you provide when a . tasks,
. . Sharing and | . .
student is embarrassed or asks for guidance? discussin instructio
mon - How to expand the task for additional task? s nal
.. . . the task
1tor1 - How if the student focuses on non-mathematical support(a
ng aspects? pproaches
- What if a student completes an task quickly? and
- What questions do you ask to expand and difficultie
discuss shared solutions? s)
- What questions do you ask to discover and
generalize the rules?
SesiE Selecting and sequencing topics to discuss among anticipated student ideas :
. What solutions to share? In what sequence should we present? the reason is
cing
that?
. Sharing and
Connecting expected responses to lesson goals, and discussing
- What questions do students ask to connect the different strategies
connec . the task
ti discussed?
ng - how can we know that all students understand?
- Based on this lesson, what will you do in the next lesson?
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[Table 4] Key features of math tasks presented in the literature

3
&

Keywords Stein & Smith(1998) Sullivan et al.(2013) Choy & Dindyal(2018)
conceptual Requires conceptual Support mgthemgtlcgl Support conceptual
. . understanding with important .
understanding understanding deas understanding
Require a process with Provides context and the
connecting connectivity based on mathematical connection

conceptual understanding

inherent in context

Exploring the characteristics of
concepts, procedures, and
relationships, analyzing and

reasoning and . .
€ investigating tasks

Requires to generate and
justify ideas and to identify

Provides an opportunity to
discover common patterns and
rules

justifyin, : — . .
! ving Demanding self-monitoring and  patterns inherent in tasks

self-regulation of cognitive

processes

. Require non-algorithm and Requires a variety of

productive .

complex thinking approaches . .
struggle and R — - - o variation(objects,
various epre(sdeintatlon 1r]13.vanous bl ncludes mf) els, d tools th representation, etc.)
representation ways(diagram, objects, symbols, representations, and tools that

task situation)

are closely linked to concepts

Based on realistic context

task context -

typical problem(for example,
tasks in textbooks)

[Table 5] Conceptual framework for math tasks [Table 6] 48 Aol #3t MIdH &S ]8435t
descrioti £ AFA A8 £ AAREE £A% Aldleld 1
content escription ) _
P Alet Beele] S50l olalalof B Fod 4o
e mathematical ~ ideas: It  includes Wol Bojolz] Al BAMES] dmZolA] TAel A
important math concepts that students It ]_’ AA sl 3 HTIq_ 1 3HAe A
should understand closely related to the Aol o) 83 ZHA 945 XEsleA] AAE
fesson goals . FRL A 718} A, 2eln Az ge
* accessibility and challenging; The tasks _ s . o B
' is accessible to all students and offers SH S (e A, £, ofelto] §)& AZEsA
ncl}l( g;(g)ﬁgciuggls struggles at the current outelsl 7lsAo] EAES BAGL) i, TR 4
tasks : = ; . .
* justification: it provides opportunities to HAe] SRS WA xota defxl dAE Adet
express and justify various mathematical U EA dely = 7|ds)E atsE Ao
ideas and reasoning .
.. e =3 3} o] 3l E]»
* connectivity and generalization: It has M
connectivity with previous lesson ideas,
or is likely to generalize
* Are the procedures to be performed by
memor the students clear due to the previous
ization lesson content and the teacher's
explanation(experience)? It  requires
tasks memorizing or reacting facts, rules,
formulas, and definitions
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[Table 6] Case of analyzing math tasks by conceptual framework

elements description
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[Table 7] Conceptual framework for students’ engagement

content description

behavio | participation, effort, attention, positive

ral conduct, the absence of disruptive behavior
emotion | the extent of positive(negative) reactions to

a-affect | teachers. classmates, or schools,
ive identification with school or subject domain

understand paying attention to pattern
and analvsis or structure to understand
v and solve a task
representatio | clarify and justify student’s
n and own mathematical thinking
justification | about the problem
recognizing the connections
... | recognize between different
cognitiv . .
. and apply objects(concepts, ideas, etc.)
e-social . .
connectivity | and using them to solve
problem
Analyze the strengths and
svnthesis weaknesses of different
Y mathematical ideas and
and : .
. refine or generalize them by
evaluation . .
comparing them with
student’s own thinking

oulaaEl £ A 5% #4 87

A el B f38 BAS 98 g4 Su
Azl 23 F FYAAG W 98 B A7

qs

HE5S AEYHChapin et al. 2013; Hiebert et al,
1997; Leon et al, 2017; Smith & Stein, 2011; Stein et
al, 2009). g9 A AlRE FXE= WAL Ao
ek AT 2HES AES Zziﬂr [Table 8]l 2]
gom o5 EUIZ [Table 919} Zo] ME4 && s
o] ¢ AAle TdHE uAF S FA T

WA 12k 9 22F = AdACA wAReE
ol 7led W8S FHoE FAHH A (formative

o =
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Azt
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[Table 8] Key features of teacher’s role presented in the literature

Stein et g g
Hiebert et Chapin et Leon et L)
PEREEI R, al.(1997) al.(2019) Al | Ml D dleie
T Clarify why o

Anticipating is . Identifying

Guide to possible only Select a task Guide goals in lesson content  Clarify the things that are
e . for lesson and activities goal of the h

specific goals ~ with clear, oals the lesson plan are important tasks important or

explicit goals g oOF US e? ul valuable

) Talking with Recogm'zing
Creating a Promote the student’s Present rules
class culture that res?e‘:t and feelings in that respect
culture(respec ~ Provide adequate  values setting class and each other’s _
t for mistake  time to explore cooperative standards for exam, Show ideas and
and different communication fair non-directive give
ideas) and reflection language and responsibility
engagement behavior
Provide .. . Ask to write
it ; Recognizing Guide students ~ Offer :

opportunities Require student that, there are 10 €XOTEss meaningful down, explain

to express
and justify

justification and
explanation

many ways to

their thinking
clearly

choices, Focus
on the process

and interpret
student’s own

student ideas ffric\g d(teh:ngoal. thinking Pay attention
- Select an work opportunity to ) Encourage to student q
Inviting all to be discussion  fipq Guide all them to strategies an
students to in whole-class, ; : students listen  Recognizing present the mnterpret
information
an important  Every student i ,nd other and students’ flow of the understanding
mathematical ~ the main agent things by engagement in  mathematical whole
thinking of class and social other students’ ideas discussion
process deals with agreement reasoning and articulate
important math their thinking
. . Pay attention
Provides Angupate F Supports deep Oﬁ)tlllm al to key point
formative student Oocus on mathematical chalienge, Be a and difficult
feedback responses and smdeqts thinking using positive questioner, point and
based on select students to  reflective urposeful feedback, introduce NeW  connect with
p present according  thinking p rp : step-by-step ideas, sta i
evidence question : . , Stay the critical
to lesson goals instructions focused on point
important -
Linking Connect different Connecting Think about COECGDtS, and H%?ngﬁ;?fa |
: ideas and students’ ask PR :
different connects current how to Structure the  thinking-prov thinking with
mathematlcal mathematical thinking organize the lesson oking the 'broad
ideas and : ideas and core positions with main Pom‘ts. of question pnnc;ples' of
learning goals concepts feachers goals the discussion. teaching and

learning

[Table 9] Conceptual framework for teacher's role

content description

* Establish and guide class rules that respect and consider meaningful mistake, different ideas
* Setting specific goals to enable evidence collection

Formative * Supporting students to express and justify their ideas clearly

facilitator * Create opportunities for all students to participate in important mathematically thinking processes
* Providing evidence-based formative feedback, encouraging the comparison, evaluation, supplementation
of different mathematical thinking
* Connecting different mathematical ideas, connecting mathematical ideas with the goals

deliver * Deliver and demonstrate mathematical concepts, formulas, and procedures

evaluator * It judges the correct or incorrect answer to the student’s question or mathematical thinking, and

explains specific solutions and answers.

manager

* Classroom management (other than mathematical aspects), such as controlling class disturbing behavior
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[Fig. 1] Example of math tasks(1)
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[Fig. 71 Example of a change in the structure of students
engagement(2)

2nd

2 4 A ARTk el Ak WA 1% &

3}o]
A SHledY &8s FAE Y 1A 9 AAR}
2-0]

= H
AACt Y WARE  4Woew  FAE od A4
= b

ARG Al 195} W ARskE S AT g
ov we o] A7 AZAT Aole dAEEE A
o WS B3 24 A48 AL SdAgT A9
o Eal 3 4Re o] £olA A4 Tholme 714
1

=
Be A%e AFE Aolv AY% ¥Y BEL Fd o

FE gAe TR F AA =7 AYF Aol A
gt F, 12 9 AAA P50 BEEE e
A5e ALY A=rt BEA FAHA FPAT, 27
T AAdME £y Fx 9ol wAh dA9
S wet s, A dEolu BE 2F, e A4
=] FollA oWl BFor PTAE PAHOR V)&
& Aol FH ek

2) A4 ol B A

2] S A % 1570 e WEY BT
[Fig. 813 2o] wAHITh & the 5] 9 Azjeke
Ae) g F1Esa Sl ol gl Feld AdrE
AgsA eteh aea deiA 1719 5 A7l
shael 944 el B gl 7148 Aoz 3l
Holeh 4 Folel ZHAN 14 5 AW E ‘2
A,

_ =1
[¢) [¢)
&5 Aeth wabe] AHs

1o
t
o!

GAbEeh 2900 geth, ARe] get
BEdE fgedhRETY

HeRES HetRy)

g Aegic, eldd BAAE S, 2UE
£3 7|88

I29E 2 fFEEzRaPeR JHEE "
HEF oo, AREE Y d, 2AxYAE BA
Wed, 297 2%ez2 d HE7|§ Aodd, S8
o H TokE oEg

T Yoo, BeE EETY

Pl H3Yo2 Felsed B8 Ade dgud
AEF ged

e B - I s O = 2
NS 49¢ £t 45w, TE Hie ecd,
BAS FEA WEH .
AR} g o 3 SRS #ot, 3 A7
neFe Af 4 20

BART o A vz} SPHA S, AAEs B
PEW =4F 2880

BAZL A BE SH4/sEe] YEHL

TEAM 1Y Hug e, REEE
H330E ot

[Fig. 8] Example written in terms of students’ behavioral
engagement(1st)
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[Fig. 9] Examples of lesson design that have changed in
terms of students’ behavioral engagement(1)
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[Fig. 10] Examples of lesson design that have changed in
terms of students’ behavioral engagement(?)
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[Table 10] Examples of the contents of lesson design written

3

)

#19

in terms of students’ emotional and affective engagement

1st

2nd

They feel the need to know the point-to-dot distance with the
help of the teacher

They feel the need to mathematically define the word
possibility

They are interested in the teacher’'s question

I had a lot of homework on the weekend(share feeling
that it was hard)

Recognize the necessity and usefulness of sets and propositions
in connection with the various math contents

Know the usefulness of GeoGebra

Students can feel the usefulness and necessity of functions and
motivate them to learn mathematics through activities that
comprehensively associate previously learned functions, graph
expressions, and properties of graphs. When setting a =0 and
changing b, c, the linear function comes out and they puzzled.

Be curious about what they learn, Recognize that graphs
are useful for representing various changes, Recognize
that graphs are usuful tools to represent real life

Interested in the tasks. Looking forward to next lesson
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[Fig. 111 Examples of 1% lesson study that describes student
understanding and analysis
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[Fig. 12] Examples of 1% lesson study that describes
students’ representation and justifications
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[Fig. 13] Examples of 1% lesson design described in terms
of recognition and imitation of authoritative knowledge

e A F QR e sAle] g sl
£ 9 Agurks bt sk 442 S4Eol
4 glol wobEolm wsh ZWAN 49l Bl
BASIE(Fig. 13)), S F34 Aa

HAo FEA <l ;1.04 —rzﬂi
(passive learner)Z X1l
(learning)& 8439 Q1A]%] Alarado
gtk b kAol EA}Oﬂ AFA %
3{0 U/\X4O _ng] E]- :LEM ]
A ApaLAp7E opd Qﬂ% 837 94 %54 ﬂ{;—x}
&ol5 AR 8H4 AbaLaH(mathematical thinker)

sz BAE Ads) 9 e Fxst e Fo

%0
T
)

> o

m\}

¥

4 o
T e LA L

ol 1] 252

e A 57 2

95

£ 7120l Agsletal, Mds Atole] dAAS AdAlS
T, AR O ofoltlol5e WAe: 53t o] AXHA}
3oz FHojslhe TAE W3HOwens, 2008). 13y
54 S5 Hpassive learner)= M4 ARaLAR7} opd 8}
s Fdot7] A8 Zlox wAbe AW £l AAd w
2A, 5844 Aol Belahd] et
T S8
No.
WA} 8}A)
BE (o]0 S
= -5 BHE B | g 1-ma usol oo
2k _ 8101 BOIBHCI.
1 1-(2) 2HE HId= < Zam 2EEN WS us
S JIEN 0= USSE | o gpogs m2E B
BOpl 25l NES 92 | oy mzApin
8 2382 Rl
Gk EME UEOE 4 279 | Zed 249 SuE 26 N4
24 THedo| ZE FRHT FEE HE SuEnio Y THedE S|
2 HEE OB HEE FE ¢ ¥ HOHE JHEL SR YRR E|
5B 27 a0 TRt
-1 WM HOHH HE0 22
3| - F EEEEY @SHT el HE HUSHENM @8
2 m, 9ol HiE mi:a0ict| = OIS
. AEE DU 27 A FoE DEg A met
- SEE owy SHE 235D 25 THISDH BN 62
cHHOl el siEst=S EHo. e +8E Flol =ES=
4| - ssx oga 9 20 & = CEHY AME
& oial g pla 4abogE - 5 B2 s REYE 20,
J, EW OEM @ HIL 2E 4| @SHe D019 b A0
2 HHE 018
81 729 NAE =0 ZH| 3 ap 42 aizsn JaD
5 | 25 = ANRh. B UHIZH HASIE
0l M. SEZ2 BREH 0| =
gE JD.
OII8 & USZE &L
[Fig.14] Examples of 1% lesson design described in terms of

recognition and application of the connection of knowledge
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[Fig. 15] Examples of 1% lesson design described in terms
of synthesis and assessment
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[Fig. 16] Comparison of the contents described in the 1
and 2" lesson design in terms of students’ cognitive and
social engagement(1)
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[Fig. 171 Comparison of the contents described in the 1%
and 2" lesson design in terms of students’ cogniive and
social engagement(2)
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[Fig. 18] Examples of the role of teacher as a knowledge
deliver described in the 1% lesson design
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[Fig. 19] Examples of the role of teacher as a knowledge
deliver described in the 2™ lesson design
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[Fig. 201 Examples of the role of teacher as a evaluator
described in the 1% lesson design
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lesson design
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[Table 12] Examples of lesson goals described in different ways

different goals for learning mathematical ideas

goal 1 | learn trigonometric ratio
Know the meaning of the trigonometric ratio
goal 2 | and find the value of a simple trigonometric
ratio
Unless it is a right angle, the similarity
ratio is calculated by guessing that all
oal 3 right-angled triangles with the same size as
& A and all the same right-angled triangles
are similar, and a part of the similarity ratio
is expressed as sinA, cos A, tan A
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